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Abstract:  

         In this Paper, we will use the Paley functions definition to correcting 
codes, as well as, we will give some properties of Paley functions in linear 
codes. Also, we will construct the first, second and third of Paley functions. 
These orders are representing as binary code which take only two value 0 
or 1. 
         Such a Paley function (matrix) generator can be used to encode and 
decode the message transform. 
         Finally, we give some examples to show how this method work.  
 
 
Key Words:- Paley Function, Linear Cods, Hamming Distance, Hamming 
Weight, Paley Matrices.     
 

 
 

 الخلاصـــة:
 

في هذا البحث سوف نتناول تعريف دوال البيلي لتصحيح الشفرات و خواص  دوال البيلي في الشفرات 
الخطية، ومن ثم نشتق دوال البيلي من الرتب الأولى و الثانية والثالثة وهذه الدوال تمثل بالشفرة الثنائية 

  .1 أو 0والتي تأخذ القيم 
حيث استخدمنا مصفوفة دالة البيلي بعد اشتقاقها لتشفير و إلغاء تشفير الرسالة المرسلة وبعض الأمثلة 

 أعطيت لتوضيح كيفية عمل هذه الطريقة.
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Introduction: 
         The Paley function were first defined by the American mathematician 
Paley, [7]. His definition is based on finite products of Rademacher function,[1]. 
         Paley functions are belong to class of orthogonal functions which contain 
only the value +1 and -1, which is very useful in error correcting codes. These 
functions are used to define a new way to generate Walsh functions, [2],[3],[6]. 
         Walsh functions are orthogonal functions on the half interval [0,1), which 
take only the value +1 and -1. These functions are used in many field, like, signal 
processing  ( spectroscopy, speech processing, medical applications and 
seismology ) and communications ( multiplexing system, coding system and non-
sinusoidal electromagnetic radiation ),[1],[2]. 
 
 
 
1- Definitions of Terms and Operations: 

 
Definition(1): 

         A linear code of length  n   over the alphapet  pF . where, p   is a positive 

integer and  F   be a field is a subspace of  n
pF . The dimension k  of linear 

code c   is  the dimension  

of  c  as an  pF -vector space ,[4]. 
 

Definition(2): 

         A word of length n  over  the  alphapet  pF   is a  vector 
n
pn Fxxxx ∈= ).,..,,( 21 . Let 

n
pn Fxxxx ∈= ).,..,,( 21  and 

n
n Fyyyy 221 ).,..,,( ∈=  be two vectors of length n  ; then their Hamming 

distance is defined by: 
 

         )11(...}.,..,2,1,:{#),( −=≠= niyxiyxd iiH             
 

i.e it is the number of positions in which the two words differ,[4]. 
 

For example: Let )1,0,1,1,0(=x and )1,1,0,1,0(=y . Then, the Hamming 
distance is 2 . 
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Definition(3): 
         The Hamming weight )(xWt  of an element n

pFx∈  is the number of its 
nonzero coordinates, [4]. 
 
 
For example: The Hamming weight of )1,0,1,1,0(=x  is 3 . 
 
The vector space used in this paper composed of strings of length m2 . Where 
m  is a positive integer of numbers in field }1,0{2 =F . Vectors can be 
manipulated by three main operations: addition, multiplication and the dot 
product. 

         For two vectors 
n

n Fxxxx 221 ).,..,,( ∈=  and  
n

n Fyyyy 221 ).,..,,( ∈= , 
addition is defined by: 
 

)21(...).,..,,( 22211 −∈+++=+ n
nn Fyxyxyxyx   

 
Where, each  ii yorx  is either  01 or  , nii ,...,2,1, =∀    and   

000,101,110,011 =+=+=+=+ . 
 
For example: if  x   and  y   are in  8

2F   as follow:  
 

)0,1,1,1,1,0,0,1(=x    and     )1,0,0,0,0,1,1,1(=y , then 
 
the sum of  x   and  y    is 
 

)1,1,1,1,1,1,1,0(
)10,01,01,01,01,10,10,11(

)1,0,0,0,0,1,1,1()0,1,1,1,1,0,0,1(

=
++++++++=

+=+ yx

 

 
The addition of a scalar  }1,0{2 =∈ Fα  to vector x   is  defined by: 
 

)31(...),...,,( 21 −+++=+ nxxxx αααα  
 
Multiplication is defined by the formula: 
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)41(...).,..,,( 2211 −∗∗∗=∗ nn yxyxyxyx  

Where, each  ii yorx  is either  01 or  , nii ,...,2,1, =∀    and   
000,001,010,111 =∗=∗=∗=∗ . 

 
 
For example: Let  
 

)0,1,1,1,1,0,0,1(=x    and     )1,0,0,0,0,1,1,1(=y , then  the 
multiplication of  x   and  y    is 
 

)0,0,0,0,0,0,0,1(
)10,01,01,01,01,10,10,11(

)1,0,0,0,0,1,1,1()0,1,1,1,1,0,0,1(

=
∗∗∗∗∗∗∗∗=

∗=∗ yx

 

 
The multiplication of a scalar  }1,0{2 =∈ Fα  to vector x   is defined by: 
 

)51(...),...,,( 21 −=∗ nxxxx αααα  
 
An example: 
 

)0,0,0,0,0,0,0,0(
)00,10,10,10,10,00,00,10()0,1,1,1,1,0,0,1(0

=
∗∗∗∗∗∗∗∗=∗

 

 
The dot product of  x  and  y  is defined by : 
 

)61(...)...( 22211 −∈∗++∗+∗=• Fyxyxyxyx nn

 
 
For example: using  x   and  y   from above 

1
01

00000001
1001010101101011

=
+=

+++++++=
∗+∗+∗+∗+∗+∗+∗+∗=•yx
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2-Paley Functions: 
         For integer ),1,0[,12,...,1,0 ∈−= ti n  the Paley function is 

     )12(...)1()()(
11

−−∏=∏=
==

kk ti
n

k
k

n

k
i tRtP  

 
Where, R   is the Rademacher function,[5]. 

..,..,2,1,,}1,0{

),...,,.0(12,...,1,0,
2

,...,2,1,,}1,0{,),...,,(

2

,211

2211

nkkFt

ttttandiit

nkkFiiiii

k

nnk
n

n

knn

=∀=∈

=−==

=∀=∈=

−

−

 

The first order of Paley functions (n=1): 
 
If  1=n , then, we have: 

:1,0,,1,0 2 === iti i  
 

Where, 0=i    then 2
1,0=t  :  

 

1)1()1())1.0(()5.0()(

1)1()1()0(

0
1

1
2002

1
0

0
1

1
0

=−=−∏===

=−=−∏=

=

=

kk

kk

ti

k

ti

k

PPP

P

   

Where, 1=i , then 2
1,0=t : 

1)1()1()5.0()(

1)1()1()1()0(

1
1

1
12

1
1

0
1

1
1

11

−=−=−∏==

=−=−=−∏=

=

=

kk

kk

ti

k

titi

k

PP

P

 

 
We can represent the first order of Paley functions in the matrix form:                                             
 

            
)(

)(

0

1
11

11 tP

tP








−         
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Also, we can represent the first order Paley matrix in the binary form by 
replacing "1"  with  "0"  to express the matrix using in the logic elements 

}1,0{  : 

              







01
11

 

 
The second order of Paley Functions (n=2): 
if 2=n , then , we get: 

:3,2,1,0,,3,2,1,0 4 === iti i
 

Where 0=i    , 4
3

2
1

4
1 ,,,0=t  

 

1)1()1()1()1()1())01.0(()25.0()(

111)1()1()1()1()1()0(

00
2

1
2004

1
0

00
2

1
0

2211

2211

=−−=−−=−∏===

=∗=−−=−−=−∏=

=

=

tititi

k

tititi

k

kk

kk

PPP

P

1)1()1()1()1()1())10.0(()5.0()( 00
2

1
2002

1
0

2211 =−−=−−=−∏===
=

tititi

k

kkPPP

1)1()1()1()1()1())11.0(()75.0()( 00
2

1
2004

3
0

2211 =−−=−−=−∏===
=

tititi

k

kkPPP

 
Where 1=i   , 4

3
2
1

4
1 ,,,0=t  

 

1)1()1()1()1()1())01.0(()25.0()(

111)1()1()1()1()1()0(

01
2

1
2114

1
1

00
2

1
1

2211

2211

−=−−=−−=−∏===

=∗=−−=−−=−∏=

=

=

tititi

k

tititi

k

kk

kk

PPP

P

1)1()1()1()1()1())10.0(()5.0()( 00
2

1
2112

1
1

2211 =−−=−−=−∏===
=

tititi

k

kkPPP

1)1()1()1()1()1())11.0(()75.0()( 01
2

1
2114

3
1

2211 −=−−=−−=−∏===
=

tititi

k

kkPPP

 
Where 2=i   , 4

3
2
1

4
1 ,,,0=t  
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1)1()1()1()1()1())01.0(()25.0()(

111)1()1()1()1()1()0(

00
2

1
2224

1
2

00
2

1
2

2211

2211

=−−=−−=−∏===

=∗=−−=−−=−∏=

=

=

tititi

k

tititi

k

kk

kk

PPP

P

1)1()1()1()1()1())10.0(()5.0()( 10
2

1
2222

1
2

2211 −=−−=−−=−∏===
=

tititi

k

kkPPP

1)1()1()1()1()1())11.0(()75.0()( 10
2

1
2224

3
2

2211 −=−−=−−=−∏===
=

tititi

k

kkPPP

 
Where 3=i   , 4

3
2
1

4
1 ,,,0=t  

 

1)1()1()1()1()1())01.0(()25.0()(

111)1()1()1()1()1()0(

01
2

1
2334

1
3

00
2

1
3

2211

2211

−=−−=−−=−∏===

=∗=−−=−−=−∏=

=

=

tititi

k

tititi

k

kk

kk

PPP

P

1)1()1()1()1()1())10.0(()5.0()( 10
2

1
2332

1
3

2211 −=−−=−−=−∏===
=

tititi

k

kkPPP

1)1()1()1()1()1())11.0(()75.0()( 11
2

1
2334

3
3

2211 =−−=−−=−∏===
=

tititi

k

kkPPP  

 
The second order of Paley function can be represent as matrix: 
 

             

)(
)(
)(
)(

1111
1111
1111

1111

3

2

1

0

tP
tP
tP
tP



















−−
−−
−−

 

 
This matrix can be transform to binary form as follows: 
 

             


















1001
0011
0101
1111
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      The third order of Paley functions(n=3): 
 
if 3=n , then: 

:7,6,5,4,3,2,1,0,,7,6,5,4,3,2,1,0 8 === iti i  
Table (2-1) shows the third order of Paley functions. 
 
 

,...,0( 1 ttt =
 

)0,0,0.0(
 

)1,0,0.0(
 

)0,1,0.0(
 

)1,1,0.0(
 

)0,0,1.0(
 

)1,0,1.0(
 

)0,1,1.0(
 

)1,1,1.0(
 

21),...( iii n=
 

2)0,0,0(  1 1 1 1 1 1 1 1 

2)1,0,0(  1 1−  1 1−  1 1−  1 1−  

2)0,1,0(  1 1 1−  1−  1 1 1−  1−  

2)1,1,0(  1 1−  1−  1 1 1−  1−  1 

2)0,0,1(  1 1 1 1 1−  1−  1−  1−  

2)1,0,1(  1 1−  1 1−  1−  1 1−  1 

2)0,1,1(  1 1 1−  1−  1−  1−  1 1 

2)1,1,1(  1 1−  1−  1 1−  1 1 1−  

 
 
 

Table (2-1) the third order of Paley functions 
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Also, we can be represent the third order of Paley functions in the form of 
matrix: 
 

      

































−−−−−−
−−−−

−−−−
−−−−

−−−−
−−−−
−−−−

11111111
11111111
11111111
11111111

11111111
11111111
11111111

11111111

        

 
       The binary form of this matrix is shown as follows: 
 

       

































01101001
11000011
10100101
00001111
10011001
00110011
01010101
11111111

                           

 
Table (2-3) shows the Hamming distance and the Hamming weight, for first, 
second   and third order of Paley functions. 
 
 

norder  cedisgHam tanmin  weightgHammin  
1 1 1,2  
2  2,2  2,2,2,4  
3  4  4,4,4,4,4,4,4,8  

        
             Table (2-3): the Hamming distance and Hamming weight     
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3- Encoding messages by using Paley matrices: 
 
         In this section, we will generate the first , second and third order of paley 
matrices the form of binary form to encode the messages transform. These are 
shown as follows: 
 
The generating matrix of the first order Paley matrix is 

                    )1,1(
1
=pG       

 
To encode the message, we multiply each vector of length  one in }1,0{2 =F  

with  1pG  as follows: 
 

                  )0,0()1,1(00
1

=∗=∗ pG      

                  )1,1()1,1(10
1

=∗=∗ pG        
     
Also, the generating matrix of the second order Paley matrix is: 
 

                







=

0011
0101

1pG       

 
 
 

         To encode the message, we multiply each vector of length two in 
2

2F    

with     2pG . This is shown as follows: 
 

)0,0,0,0(
0011
0101

)0,0()0,0(
2

=







∗=∗ pG  

 )0,0,1,1(
0011
0101

)1,0()1,0(
2

=







∗=∗ pG  

 )0,1,0,1(
0011
0101

)0,1()0,1(
2

=







∗=∗ pG  
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   )0,1,1,0(
0011
0101

)1,1()1,1(
2

=







∗=∗ pG  

 
Also, the generating matrix of the third order Paley matrix is: 
 

    















=

10011001
00110011
01010101

1pG   

To encode the message, we multiply each vector of length three in 
3

2F  with  

3pG , as follows: 
 

)0,0,0,0,0,0,0,0()0,0,0(
3
=∗ pG  

)1,0,0,1,1,0,0,1()1,0,0(
3
=∗ pG    

)0,0,1,1,0,0,1,1()0,1,0(
3
=∗ pG  

)1,0,1,0,1,0,1,0()1,1,0(
3
=∗ pG  

)0,1,0,1,0,1,0,1()0,0,1(
3
=∗ pG  

)1,1,0,0,1,1,0,0()1,0,1(
3
=∗ pG  

)0,1,1,0,0,1,1,0()0,1,1(
3
=∗ pG                                                                                                          

)1,1,1,1,1,1,1,1()1,1,1(
3
=∗ pG  

 
Figure (3-1) shows the block code of first, second and third code of Paley 
matrices: 

     







=

11
00

1P        ,          


















=

0110
0101
0011
0000

2P  

             a- first block code                                                b- second block code 
                of Paley matrix                                                      of Paley matrix 
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































=

11111111
01100110
11001100
01010101
10101010
00110011
10011001
00000000

3p
 

                         c- third block code of Paley matrix  
  
                     Figure (3-1) shows the block codes of Paley matrix 
 
 
 
 
4- Decoding messages by using  Paley matrix codes: 
 
         In this section, we will use 321 ,, PPP  of Paley matrix code to decode the 
messages transform. 
This method is shown as: 
Before, we begin, we will give mention to the error-correcting code capabilities 
of  Paley matrix code of order 3,2,1 . 

          The distance between any two code word in 321 , PandPP  are 12 −p  , 

where , tuplesp − over the field 2F . The received word w is multiplied by 

a Paley matrix code ),,( 321 PPP to form nPw∗ , where n is the order of 
Paley matrix code.  
         If )(, vectorzeroisPw n θθ=∗ ,then , the received word  
w  is in Paley matrix code  ),,( 321 PPP  but if  θ≠∗ nPw , then ,the 

received word is not in Paley matrix code , this means that , the received word 

is received in error. In order to find the location of error in w in nPr ∗ , with 
the each column of Paley matrix which gives the location of error in w . Some 
examples are given to show how this method work: 
 
Example (1): 
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         If the original message is  )1,1,0(=m using 3P , then, the encoded 

massage is )1,0,1,0,1,0,1,0( because the distance in 3P  is 42 13 =−  , this 
code can correct one error. Let the encoded massage after the error be  

)0,0,1,0,1,0,1,0(=w . we decoded it as follows:  

)0,1,0,1,0,1,0,1(

11111111
01100110
11001100
01010101
10101010
00110011
10011001
00000000

)0,0,1,0,1,0,1,0(3

=

































∗=∗Pw

 
This vector is similar to eight column of , then , we an see that, the error was in 
the eight place, and we write )1,0,1,0,1,0,1,0(=w , then, we can see 

that, the original message was )1,1,0(=m . 
 
Example (2): 

         If the original message is  )0,1,1(=m using 3P , then, the encoded 

massage is )0,1,1,0,0,1,1,0( . Let the encoded the massage after the error 

be )0,1,1,0,0,1,1,1(=w  we decoded it as follows: 
 
                 )0,1,1,0,1,0,0,1(3 =∗Pw  
 
This vector is similar to one column of 3P , then, we can see that, the error was 

in the one place, and we write )0,1,1,0,0,1,1,0(=w , then, we can see 

that, the original massage was )0,1,1(=m . 
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5- Conclusion: 
 
1- in this paper, we construct the first, second, third and fourth order of paley 

functions and transform these order to binary form to use in error correcting 
codes. 

 
2- Since, Paley functions are belong to class of orthogonal functions, they are 

can be used in coding theory, and error correcting codes and others. 
 

3- Finally, the encode and decode messages transform by 
          using Paley matrix code is very easy. 
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