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Abstract- In this work, the design of three types of robust controllers is presented to 
control the magnetic levitation system. These controllers are: basic H∞ controller, 
robust Genetic Algorithm (GA) based PID (GAPID) controller and robust Particle 
Swarm Optimization (PSO) based PID (PSOPID) controller. In the second and third 
controllers, the GA and PSO methods are used to tune the parameters of PID 
controller subject to multi-objective cost function (H∞ constraints and time domain 
specifications). The use of GA and PSO methods is used to simplify the design 
procedure and to overcome the difficulty of the resulting high order controller of the 
basic H∞ controller. The ability of the proposed controllers in compensating the 
system with a wide range of system parameters change is demonstrated by simulation 
using MATLAB 7.14. 
 

Keywords: Magnetic levitation, Robust control, Multi-objective optimization, PSO, 

Optimal control. 
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1. Introduction 
 The magnetic levitation system is a 
method by which an object is suspended 
in the air with no support other than 
magnetic fields. The magnetic levitation 
systems have gained a great interest in 
the entire world due to their great 
practical importance in engineering 
fields. However; the magnetic levitation 
systems are characterized as unstable 
open loop, highly non linear and 
uncertain systems. Furthermore, these 
systems have high steady state error and 
they can be destabilized with a small 
change in system parameters. Magnetic 
levitation technology has an increase 
attention since it helps to eliminate 
friction losses due to mechanical 
contact. Some engineering applications 
include high-speed trains, magnetic 
bearings and high precision platforms. 
Magnetic levitation trains are recently 
tested and some lines are already 
available as for example in Shanghai. 
Magnetic bearings are used in turbines 
since low friction in the bearing itself. 
Already many turbines are used 
commercially where the rotating shaft is 
levitated with magnetic flux. Some 
other magnetic bearings applications 
include pumps, fans and other rotating 
machines [1]. 
 There have been a number of works 
in the direction of the control of 
magnetic levitation system. Anupam et 
al [2] introduced an efficient controller 
to suspend the steel ball using an 
interval type-2 single input fuzzy logic 
controller. Huann et al [3] presented a 
2nd order sliding mode controller 
combined with fuzzy control to suspend 
a magnetic ball and to satisfy the 
required robustness by rejecting the 
external disturbance and compensating 
the parameters variations.  
 The aim of this work is to design a 
simple robust controller for magnetic 

levitation system. This controller can 
achieve the robustness and a desirable 
time response specifications for the 
system with the presence of wide range 
of system parameters change and 
disturbance. 
 
2. System Description and 
Mathematical Model 
 The magnetic levitation system 
considered in this work is consisting of 
a ferromagnetic ball suspended in a 
voltage-controlled magnetic field. 
Figure (1) shows the diagram of 
magnetic levitation system [4]. 
 Electromagnetic units play an 
important role in magnetic levitation 
control. They allow measured signals to 
be transferred to the personal computer 
(PC) via an input/output (I/O) card. The 
Analogue Control Interface is used to 
transfer control signals from the PC to 
magnetic levitation and back [5]. The 
mechanical and electrical units provide 
a complete control system setup as 
presented in Figure (2). 
 

 
 

Figure (1): Electromagnetic levitation system 
[4]. 
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Figure (2): Magnetic levitation control system 

[4]. 
 On the other hand, the magnetic 
levitation system consists of an 
electromagnetic, a metal sphere and an 
infra-red sphere position sensor. The 
magnetic ball suspension system can be 
categorized into two parts: mechanical 
system part and electromagnetic system 
part. 
 The mechanical part of the magnetic 
levitation system is considered at first, 
where the free body diagram of 
ferromagnetic ball suspended by 
balancing the electromagnetic force fem 
and the force due to gravity fg is shown 
in Figure (3). 

 
Figure (3): Free Body diagram of magnetic 

levitation system [4]. 

 Net force fnet acting on the ball is 
given by Newton’s 3rd law of motion 
while neglecting friction, drag force of 
the air is given by [6]: 

fnet = fg - fem                                       (1) 

m�T�7 = mg - fem                                    (2) 

where fem = c �Ü�.

�ë�. and c is a constant 
depending on the coil (electromagnet) 
parameters, i is the current in the coil of 
electromagnet and x is the position of 
the ball.  fem denotes the magnetic force 
generated by the coil. At equilibrium 
state the magnetic becomes equal to the 
gravitational force on the object and the 
acceleration of the object is zero. 
Consequently, Equation (2) will be [6]:  

mg = c �Ü�â�.

�ë�â�.
                        (3) 

where io is the current in the coil of 
electromagnet at equilibrium point, xo  
is the position of the ball at equilibrium 
point, m is the metal sphere mass and g 
is the gravitational force. After 
substituting the values of m, g, and xo in 
Equation (3), c will equal to 2.29×10-5.  
 The magnetic ball position will be 
influenced by the inductance of the 
electromagnet coil. Also the levitating 
point between the electromagnetic force 
and gravity is inherently unstable. This 
problem can be solved by linearizing 
the nonlinear electromagnetic force.  
At equilibrium state, the following 
equation is obtained [6]: 

m�T�7 = c (�6�Ü�â�.

�ë�â�/
) x - c (�6�Ü�â��

�ë�â�.
) i                  (4) 

and by Laplace transform, the 
relationship between X(s) and I(s) is 
obtained as: 

 ms2X(s) = c (�6�Ü�Ú�.

�ë�Ú
�/ ) X(s) - c (�6�Ü�Ú

����

�ë�Ú
�. ) I(s)   (5) 

and the resulting transfer function for 
the mechanical part is: 

�Ñ�:�æ�;

�Â�:�æ�;
 = 

�?���Ö���:
�.�Ô�Ú

��

�ã�Ú
�. �;��

�:�à �q�. �?�Ö���:
�.�Ô�Ú

�.

�ã�Ú
�/ �;�;

                             (6) 
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On the other hand, the 
electromagnetic part of the system is 
shown in Figure (4). After applying 
Kirchhoff's voltage and current laws, 
the following equations are developed: 

ein - eout = L �×�Ü�½
�×�ç

                                  (7)   

eout = iR R                                            (8) 

ein - L �×�Ü�½
�×�ç

 - eout = 0                             (9) 

iL = iR + iout = iR + 0 = i                  (10) 

ein - L �×

�×�ç
 (�Ø�Ú�à�ß

�Ë
) - eout = 0                  (11) 

Taking Laplace transform yields: 

( �Å
�Ë
 s +1) Eout = Ein                            (12) 

�Ü�Ë���Ë

�¾�Ô�Ù
 = �5

�½
�Ã

���æ�>�5
                                    (13) 

�Ü

�¾�Ô�Ù
 = 

�-
�Ã

�½
�Ã

���æ�>�5
                                  (14) 

The resulting transfer function of the 
electromagnetic part is: 

�Â�:�æ�;

�¾�Ô�Ù�:�Þ�;
 = 

�-
�Ã

�½
�Ã

���æ�>�5
                                      (15) 

where I(s) is the current passes through 
the inductance and the resistance 
according to Equation (10). 

Consequently, the total model of the 
magnetic levitation system can be 
expressed by: 

�Ñ�:�æ�;

�¾�Ô�Ù�:�æ�;
 = 

�7
l
�. �Ô�Ú��

�ã�Ú�.

p���Î

�Ã
�Ø�½
�Ã

���q�/ �>���à �q�. ���?���Ö��
l
�. �Ô�Ú�.

�ã�Ú�/

p��

�½
�Ã

�q���?���Ö���:
�.�Ô�Ú�.

�ã�Ú�/
�;
 

...(16) 

 
Figure (4): Magnetic levitation system 

(electromagnetic part). 
 

On the other hand, the magnetic 
levitation system can be expressed as a 

state space model as:  
 


e
�T�6�5
�T�6�6
�T�6�7


i = 
f

�r �s �r
�r �r �s

�Ö���:
�. �Ô�Ú�.

�ã�Ú�/
�;�Ë

�à�Å

�Ö���:
�.�Ô�Ú�.

�ã�Ú�/
�;

�à

F

�Ë

�Å


j 
e
�T�5
�T�6
�T�7


i + 
f

�r
�r

�?�:
�.�Ô�Ú��

�ã�Ú�.
�;��

�à�Å


j �' �Ü�á                                      

...(17) 

x(t) = 
d��
�?�:

�. �Ô�Ú��

�ã�Ú�.
�;��

�Ë
�r �r
h
e

�T�5
�T�6
�T�7


i             (18) 

where, 

�T�5 (t) = �T�§, (position of the metal sphere 
ball) 
�T�6 (t) = �T�§�6, (velocity of the metal sphere 
ball)                                         
�T�7 (t) = �T�§�7, (acceleration of the metal 
sphere ball) 
 The nominal values of the 
system parameters and their variation 
range are illustrated in Table (1). 
  

Table (1): List of system parameters and their 
variation ranges [6]. 

Parameter Minimum 
value 

Nominal 
value 

Maximum 
value 

R 17���× 34 �× 51���× 
L 77×10−3 H 154×10−3 231×10−3 

M 0.004 kg 0.008 kg 0.012 kg 
G - 9.81 m/s2 - 
io - 0.31 Amp - 
xo - 0.0053 m - 
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3. Uncertainty Model Construction 
 If an accurate gain and phase 
uncertainty regions have been 
presented for a particular system, such 
shapes will be difficult to work with. 
i.e. their mathematical description is 
complicated. A common solution is to 
replace these complicated structured 
uncertainty regions with circular disk 
unstructured region at every frequency. 
The reason for using disk is that it can 
be easily described in the complex 
plane. On the other hand, the plant with 
structured uncertainty can be expressed 
in terms of unstructured multiplicative 
uncertainty by selecting a set of 
nominal plants to evaluate the disk of 
uncertainty as in the following 
Equation [7]: 

Gp(s) = Gn(s) (1+Wm æm)                 (19) 

For æm =1, the multiplicative 
uncertainty function, Wm can be 
expressed as:     

Wm(s) =�À�Û�:�q�;�?���À�Ù�:�æ�;

�À�Ù�:�æ�;
                            (20) 

where Gp(s) is the uncertain parameters 
of the system, Gn(s) is the nominal 
plant. Thus Wm represents the frequency 
response of all plants resulting from the 
variation of system parameters. The 
procedure for uncertainty model 
construction using curve fitting method 
is summarized by the following steps: 

1. Plotting the frequency response of the 
system with all uncertain parameters. 

2. Obtaining the largest magnitudes of 
the frequency response plot of the 
uncertain system. 

3. Plotting a curve that fits the large 
magnitudes points. 

4. Selecting the order of the curve that 
fits the large magnitudes points. 

5. The uncertainty model can be 
constructed after choosing a suitable 
order of the large magnitudes curve. 
  In this work, the uncertainty 
model has been determined for 50% 
change in system parameters. The 
obtained uncertainty model is: 

Wm(s) = �4�ä�5�4�<�;���æ�. �>���4�ä�4�5�7�7���æ�>���4�ä�4�4�5�7�9�7

���æ�. �>���4�ä�5�:�;�6���æ�>���4�ä�4�6�<�8�8
   (21) 

Figures (5) and (6) show the frequency 
response characteristics of the obtained 
uncertainty model and its inverse. 

 

Figure (5): Frequency response characteristics 
of the uncertainty model (Wm). 

 
Figure (6): Frequency response characteristics 

of the inverse of uncertainty model (Wm
-1).
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4. H∞ Control Problem and 
Weighting Functions 
  The H∞ optimal control design 
technique deals with the problem of 
robustness by deriving controllers, 
which maintain system response, and 
error signals to within prescribed 
tolerance, despite the presence of 
uncertainty and disturbance in the 
system [8].  

The performance analysis is defined 
in the frequency domain in terms of 
sensitivity function S(s), and 
complementary sensitivity function 
T(s). These functions can be expressed 
as [8, 9]: 

���Í �:�æ�;���@���À�Ù�:�æ�;�Ä�:�æ�;���:�Â���>�À�Ù�:�æ�;�Ä�:�æ�;�;���7�-����
�Ì�:�æ�;���@���:�Â���>�À�Ù�:�æ�;�Ä�:�æ�;�;���7�-����        (22) 

where �)�á�:�O�; is the nominal plant, K(s) 
is the controller to be designed. The 
relation between the sensitivity 
function and the complementary 
sensitivity function is: 

S(s) + T(s) =1                                  (23) 
The robust optimal control consisting 
of finding a stabilizing controller K(s), 
such that the H∞ -norm of the 
sensitivity function �!�5�:�O�;�!Ð and the 
complementary sensitivity function 
�!�6�:�O�;�!Ð are to be minimized. The 
robust H∞ condition is satisfied when 
the following conditions are satisfied 
[6, 8]: 

�+�9�ã�:�O�;���5�:�O�;�+ <1                              (24) 

���9�à �:�O�;���6�:�O�;�� < 1                            (25) 

 On the other hand, to improve 
the performance of the plant to follow 
some given reference signal and to 
reject the disturbance by designing a 
controller, a suitable selection of 
performance and control weighting 
functions is required. This procedure of 
the selection is not easy and often 
needs many iterations and fine tuning 

and it is hard to find a general formula 
for the weighting functions that can 
work in every case. In this work the 
selected structures of the performance 
and control weighting functions 
respectively are [6]: 

Wp(s) = 
�:

�Þ


¥�¾�Þ
���>���ê�Í �;

�.

���:�æ���>���ê�Í ��
¥�Ø�Þ�Þ�;�.
                         (26)                                                                       

where wb is the minimum acceptable 
frequency bandwidth (for disturbance 
rejection), and Ms is the maximum 
peak magnitude of sensitivity ���5�:�F�S�;�� 
and ess is the allowed steady state error. 

Wu(s) = 
�Ì�>�:

�â�Í�Î
�¾�à

�;

���Ì�>�ê�Í�Î
                                (27) 

where Mu is the maximum peak 
magnitude of ���- �:�O�;�5�:�F�S�;��, �Ý is a small 
value and wbc is the controller 
bandwidth. 

5. Basic H∞ Controller Design 
 The transformation into standard 
configuration can be done using Lower 
Fractional Transformation (LFT) 
technique: LFT is a technique which 
specifies grouping signals into sets of 
external inputs (w) and outputs (z), 
input to the controller (v) and output 
from the controller (control signal u) 
[8]. Figures (7) and (8) show the lower 
fractional transformation block and the 
block diagram of the system with 
weighting functions respectively. 

 
Figure (7): Lower fractional transformation 

(LFT). 

K

P
w z

vu
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Figure (8): Block diagram of the system with 
weighting functions. 

 The relationship between z and w 
can be expressed as: 

z(s) = �H
�9�ã 
F�)�á�9�ã���- ���:�+��
E�)�á�- �;���?�5

�9�è���- ���:�+��
E�)�á�- �;���?�5 �I���S�:�O�;                                            

...(28) 

 To add the uncertainty model to the 
system, the Lower Fractional 
Transformation (LFT) is transformed 
to the Upper Fractional Transformation 
(UFT) by obtaining N which is equal to 
Fl (P,K)w as shown in Figure (9) [6]. 
 

 
Figure (9): Lower fractional transformation 

(LFT) to upper fractional transformation 
(UFT). 

 

 
 The H∞ control design deals with 
both structured and unstructured 
uncertainty. However, the design 
scheme that involving unstructured 
uncertainty gives more control over the 
system (since it can cover unmodeled 
system dynamics at high frequencies) 
[8]. Figure (10) shows the block 
diagram of the system with the 
multiplicative uncertainty model. The 
input signal d represents the external 
disturbance.  
 

 

 
Figure (10): Block diagram of system with 

weighting functions and uncertainty. 

 The uncertainty model is added to 
the system as shown in Figure (11) to 
form the Upper Fractional 
Transformation (UFT). 

 

Figure (11): Upper fractional transformation 
(UFT). 

 The transfer function with 
uncertainty that relates w to z can be 
found using Upper Fractional 
Transformational (UFT) function as: 

N(s) = �N

F�9�à ���6 �9�à �6 
F�9�à �6

F�9�ã�5 �9�ã�5 
F�9�ã�5


F�9�è�-�5 �9�è�-�5 
F�9�è�-�5
�O 

w(s)                                                                 
...(29) 

 In the H∞ controller design the cost 
function to be minimized is: 
�!�(�è�:�0�á�¿�;�!Ð< γ                              (30) 

where �Û represents the bound to be 
minimized. 
 The performance and control 
weighting functions used in the design 
of basic H∞ controller are set by trial 
and error to meet the required robust 
stability and performance. The selected 
weighting functions are: 

�9�ã�:�O�; = �4�ä�7�q
�. �>���6�6�q���>���5�<�4�4�4�4�4�4

�:�5�æ�. �>�5�4�4�æ���>�5�4
           (31) 

�9�è�:�O�; = �7�æ
�/ �>���4�ä�=�æ�. �>���4�ä�:�æ���>���4�ä�4�:

�4�ä�:���æ�/ �>���æ�. �>���6�æ�>���5
           (32) 
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 The objective of the H∞ control is to 
find the controller K(s) that internally 
stabilizes the system such that the cost 
function in Equation (30) is minimized. 
The H∞ control minimizes the cost 
function in Equation (30) using γ-
iteration to find the stabilizing 
controller such that the cost function in 
Equation (30) is minimized. This 
means that the conditions in Equations 
(24) and (25) are satisfied. 

 The interval of �Û iteration is selected 
between 0.1 and 10 and the obtained 
suboptimal H∞ controller for the 
magnetic levitation system is:  

K(s) = 
�?�5�6�<�:���q�=���?���<�ä�7�6�8�c�4�;���q�<���?���7�ä�9�<�6�c�6�6���q�;���?���5�ä�9�;�c�6�9���q�:���?���6�ä�6�=�=�c�6�;���q�9���?���5�ä�8�7�=�c�6�=���q�8

���?���7�ä�7�;�<�c�7�4���q�7���?���9�ä�:�=�<�c�7�4���q�6���?���5�ä�4�:�=�c�7�5���q���?���9�ä�6�6�<�c�7�4
�æ�-�, ���>���=�ä�6�=�7�c�4�8���æ�5�>���8�ä�7�6�7�c�4�=���æ�4�>���5�ä�6�8�:�c�5�8���æ�3���>���6�ä�6�7�6�5�<���æ�2�>���6�ä�4�9�5�c�6�6���æ�1���>��

�7�ä�8�=�9�c�6�7�æ�0���>�����7�ä�4�4�9�c�6�7���æ�/ ���>���5�ä�6�9�9�c�6�8���æ�. ���>���;�ä�9�5�9�c�6�7���æ���>���;�ä�9�4�6�c�6�4

            

...(33) 

 

6. H∞ based Robust PID Controller 
Design 
 The selected PID controller is 
considered to provide a suitable loop 
transfer function and to satisfy H∞ 
norm specifications. The PID 
controller is commonly used because 
of making PID controllers with 
automatic tuning, automatic generation 
of gain schedules and continues 
adaptation. The PID structure used in 
this work is: 

K(s) = Kp +
�Ä�Ô

�æ
+ Kd 

�á

�5�>��
�Ù
�Þ

                     (34)                                                                               (23) 

where Kp, Ki and Kd are the controller 
parameters, n is a filter coefficient. 
These parameters are tuned such that 
the closed loop system is 
asymptotically stable, and the required 
robust performance specifications are 
achieved. 
 In this work, the cost function that 
will be used to be minimized is:  

Jmin= �æ�9�à �6
E�9�ã�5�æÐ + �ì ���A�:�P�;��
�ç�Ñ

�4 dt 
...(35) 

where, tf  is chosen to be the settling 
time of the system and e(t) is the error 
signal of the system. 
 This cost function is a combination 
of H∞ -norm specifications and time 
domain specifications represented by 
the performance index (IAE) integral 
of absolute value of error. That is the 
proposed cost function is wanted to 
meet multiple design requirements. 

6.1 Genetic Algorithm (GA) Based 
Controller Design 
 Genetic Algorithms (GA) are 
stochastic global search methods based 
on the mechanics of natural selection 
and natural genetics. They are iterative 
methods, widely used in optimization 
problems in several branches of the 
sciences and technologies [9]. 
 The most crucial step in applying 
GA is to choose the objective functions 
that are used to evaluate fitness of each 
chromosome. The cost function in 
Equation (35) is used to be minimized 
using GA method. The PID controller 
is used to minimize the error signal, or 
we can define more rigorously, in the 
term of error criteria: to minimize the 
value of cost function in Equation (35). 
The performance index of the 
chromosome is defined as [9]:  

Fitness value = �5

�É�Ø�å�Ù�â�å�à�Ô�á�Ö�Ø���Ü�á�×�Ø�ë
   (36) 

 After many simulation tests, it was 
found that the maximum number of 
iterations of (1000) iterations was 
sufficient to obtain the best 
minimization of the cost function 
where any other increasing in the 
number of iterations did not improve 
the convergence of the GA  
significantly. The population size was 
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selected to be 10, the selection function 
has been selected to be "Normalized 
geometric function", the probability of 
selecting the fitness chromosome of 
each generation was set to be 0.32, 
"Arithmetic crossover" was chosen as 
the crossover procedure, and "Multi 
non-uniformly mutation" was used as 
mutation operator where the total 
number of mutations was normally set 
to 32.  
 The obtained PID controller and 
weighting performance function using 
GA respectively are: 

K(s) = �?�5�ä�<�=�5�c�4�:�æ�. �?���7�ä�:�<�9�c�4�;�æ�?���7�ä�9�<�5�c�4�;��

�æ�. �>�8�6�9�9���æ
 

...(37) 

where 
Kp = -8659, Ki = -8417, Kd = - 442.4, 
and n = 4255. 

Wp(s) = �4�ä�4�4�5�æ�. �>���4�ä�4�4�6�æ���>���4�ä�4�6

�4�ä�4�5�æ�. �>���4�ä�4�7�æ���>�4�ä�4�5
             (38) 

 The overall block diagram of the 
system with Genetic Algorithm (GA) 
tuning process of PID controller are 
shown in Figure (12), where d is an 
external disturbance.  
 
 

 
Figure (12): The overall block diagram of the 

controlled system. 

 

6.2 Particle Swarm Optimization 
(PSO) Based Controller Design 
 Particle Swarm Optimization (PSO) 
is a stochastic population based 
optimization algorithm, firstly 
introduced by Kennedy and Eberhart in 

1995. In PSO algorithm, each member 
of the population is called a 
‘‘particle’’, and each particle ‘‘flies’’ 
around in the multidimensional search 
space with a velocity, which is 
constantly updated by the particle’s 
own experience and the experience of 
the particle’s neighbors or the 
experience of the whole swarm [10]. 
The basic concept of PSO technique 
lies in accelerating each particle 
towards its Pbest (previous best 
position) and Gbest (global best 
position) locations, with a random 
weighted acceleration at each time 
step. The velocity and position of the 
particle are changed according to the 
following velocity and position 
equations respectively [11]: 

�8�Ü
�ç�>�5

 = w Ĭ �8�Ü�ç + �%�5 Ĭ U Ĭ (�: �Ü
�Õ - �: �Ü

�ç) 
+ �%�6 Ĭ U Ĭ (�: �Ü

�Ú - �: �Ü
�ç)                          

(39) 

�: �Ü
�ç�>�5 = �: �Ü

�ç + �8�Ü�ç�>�5                           (40) 

where �8�Ü�ç is the particle velocity, �: �Ü
�ç is 

the current particle position, w is the 
inertia weight, �: �Ü

�Õ and �: �Ü
�Ú are the best 

value and the global best value 
respectively, U is a random function 
between 0 and 1, �%�5and �%�6 are learning 
factors [12]. 

 The PSO algorithm can be 
summarized by the following steps: 
1. Creating a ‘population’ of agents 
(called particles). 
 
2. Evaluating each particle’s position 
according to the objective function. 
 
3. If a particle’s current position is 
better than its previous best position, it 
will update it. 
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4. Determining the best particle 
(according to the particle’s previous 
best positions). 
 
5. Updating particles’ velocities 
according to Equation (39). 
 
6. Moving the particles to their new 
positions according to Equation (40). 
 
7. Going to step 2 until the stopping 
criteria are satisfied. 
 
8. Evaluating each particle’s position 
according to the objective function. 
 
 In this work the cost function to be 
minimized using PSO method is 
expressed in Equation (35). 
 After many simulation tests, it was 
found that the maximum number of 
iterations of (1000) is sufficient 
iterations to obtain the best 
minimization of the cost function, 
where any other increase in the number 
of iterations did not improve the 
convergence of the PSO algorithm 
significantly. On the other hand, for 
carrying out the design of the 
controller using PSO, the PSO 
parameters have been selected as: 
swarm size=10,���%�5= �%�6 = 2, w = 2. The 
obtained PID controller and weighting 
performance function using PSO 
method respectively are: 

K(s) = �?�5�5�7�6�4�4�æ�. �?���8�ä�7�7�7�c�4�:�æ�?���8�ä�5�=�7�c�4�;��

�æ�. �>�<�=�:���æ
 

...(41) 

where 
Kp = -4784, Ki = -46798, Kd = -121, 
and n = 896. 

 

Wp(s) = �4�ä�4�4�5�æ�. �>���4�ä�4�4�6�æ���>���4�ä�4�6

�4�ä�4�5�æ�. �>���4�ä�4�7�æ���>�4�ä�4�5
             (42) 

 The overall block diagram of 
the system with PSO tuning algorithm 
is shown in Figure (13).  
 

Figure (13): The overall block diagram of the 
controlled system.  

 
7. Results and Discussion  

Figure (14) shows the time response 
specifications of open loop and closed 
loop system without controller. It is 
clear that the system is highly unstable 
and the design of suitable controller is 
required.  

 
a. Basic H∞ Controller Results 

The robust stability and performance 
can be achieved as shown in Figures 
(15) and (16) respectively that explain 
the resulting sensitivity and 
complementary sensitivity functions. 
From these figures it is shown that the 
magnitudes of sensitivity S, and 
complementary sensitivity functions T, 
are always less than the magnitude of 
the inverse of uncertainly function Wp, 
and performance weighting function 
Wm, respectively. This shows that the 
condition of robust stability and 
performance in Equations (24) and 
(25) has been satisfied. Figure (17) 
shows the time response specifications 
of the resulting control signal using 
basic H∞ controller. The obtained time 
response specifications can be shown 
in Figure (18). The obtained time 
response specifications are: rise time tr 
= 0.08 s and settling time ts = 0.13 s. 
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(a)

(b) 
Figure (14): Time response specifications of 

the system without controller. 
(a) open loop. (b) closed loop. 

 
 
 

 
Figure (15): Singular values of the sensitivity 

function S (dotted) and the corresponding 
weighting function Wp

-1 (solid) using basic H∞ 
controller. 

 

 
 

Figure (16):  Singular values of the 
complementary sensitivity function T (dotted)  

and the corresponding uncertainty function Wm
-

1 (solid) using basic H∞ controller. 
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Figure (17): The resulting control signal using 

basic H∞ controller. 

 
 
 

 
Figure (18): Closed loop time response 

specifications of the system using basic H∞ 
controller. 

 

 

b. Robust GAPID and PSOPID 
Controllers Results 

To demonstrate the effectiveness of 
the proposed robust GAPID and robust 
PSOPID controllers, extensive tests on 
the magnetic levitation system have 
been performed as shown in Figures 
(19) to (22). From these figures it can 
be seen that the magnitudes of 
sensitivity and complementary 
sensitivity functions are less than the 
magnitudes of the inverse of 
performance and uncertainty weighting 
functions for all frequencies and for 
both robust GAPID and PSOPID 
controllers. This means that the robust 
stability and robust performance 
conditions in Equations (24) and (25) 
have been achieved. 
 
 On the other hand, the obtained time 
response specifications for robust 
GAPID controller can be shown in 
Figure (23), where Mp = 28%,  tp  = 
0.23 s, ts  = 3.4 s and tr = 0.12 s, and 
the obtained time response 
specifications for robust PSOPID 
controller can be shown in Figure (24) 
where Mp = 18%, tp = 0.2452 s, ts = 
0.8223 s and tr =   0.12 s. Furthermore, 
the time response specifications of the 
control efforts using GAPID and 
PSOPID controllers are shown in 
Figures (25) and (26) respectively. The 
step response of the uncertain system 
with GAPID controller and PSOPID 
controller are shown in Figures (27) 
and (28) respectively. 
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Figure (19): Singular values of the sensitivity 

function S (dotted) and the corresponding weighting 
function Wp

-1 (solid) using robust GAPID controller. 

 

 

 

Figure (20): Singular values of the sensitivity 
function S (dotted) and the corresponding weighting 

function Wp
-1 (solid) using robust PSOPID 

controller. 

 
Figure (21): Singular values of the complementary 

sensitivity function T (dotted)  and the corresponding 
uncertainty function Wm

-1 (solid) using robust 
GAPID controller. 

 

 

 
Figure (22): Singular values of the complementary 

sensitivity function T (dotted)  and the corresponding 
uncertainty function Wm

-1 (solid) using robust 
PSOPID controller. 
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Figure (23): Closed loop time response 

specifications for the designed robust GAPID 
controller. 

 
 

 
 

Figure (24): Closed loop time response 
specifications for the designed robust PSOPID 

controller. 

Figure (25): The resulting control signal for the 
designed robust GAPID controller. 

 
 
 

 
 

Figure (26): The resulting control signal for the 
designed robust PSOPID controller.
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Figure (27): The step response of the uncertain 
system with GAPID controller. 

 
Figure (28): The step response of the uncertain 

system with PSOPID controller. 

 On the other hand, to show the 
robustness of the proposed robust 
PSOPID controller, several tests on the 
magnetic levitation system with 
applying different disturbances signals 
have been performed as shown in 
Figures (29) to (34). A sine wave 
disturbance of amplitude equal to 
0.008, sample pulse of amplitude equal 
to 0.001 and step signal with 
(amplitude equal to 0.001, phase=0, 
period=10 and pulse width=10) and 
step signal with amplitude equal to 
0.008 have been applied to the system. 
From these results, it can be noted that 
the robust PSOPID controller can 
effectively compensate the 

disturbances. Further, the system can 
converge to the desired position 
without any dynamic oscillation in 
case of sinusoidal and step 
disturbances and with small effect in 
case of sample pulse disturbance. 

 

 

 
Figure (29): Time response specifications of 
the system using robust PSOPID controller 

with d=0.008sint. 

 

 
Figure (30): The resulting control signal using 
robust PSOPID controller with d=0.008sint. 
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Figure (31): Time response specifications of 
the system using robust PSOPID controller 

with d=0.008sint+pulse signal having 
(amplitude=0.001, phase=0, period=10 and 

pulse width=10). 

 

 

Figure (32):The resulting control signal using 
robust PSOPID controller with 

d=0.008sint+pulse signal having 
(amplitude=0.001, phase=0, period=10 and 

pulse width=10). 

 

 

 

 

 

 

 

 

 

 

 

 

Figure (33): Time  response specifications of 
the system using robust PSOPID controller 

with d=0.008 step signal. 

 

Figure (34):The resulting control signal using 
robust PSOPID controller with d=0.008 step 

signal. 
 
 
8. Conclusions 
 H∞ technique is a popular robust 
feedback control strategy that is used 
to achieve the system objectives in the 
presence of system uncertainties and/or 
disturbance. On the other hand, the 
magnetic levitation system is one of 
the high non linearity and uncertain 
systems, therefore, it is an important 
step to design a simple robust 
controllers based on H∞ technique. The 
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first designed controller is the basic H∞ 
controller which is a powerful 
technique to design a robust controller. 
The disadvantage of this method is that 
the design procedure is complex and 
difficult to fine tuning the weighting 
functions in order to achieve the robust 
performance and robust stability. 
Furthermore, the resulting basic H∞ 
controller is high order. 

 On the other hand, the use of GA and 
PSO method to design robust PID 
controller, simplifies the design 
procedure of H∞ controller and 
overcomes the difficulty of the 
resulting high order controller. Further, 
the design of robust controller using 
specific structure controllers like PID 
is very efficient and it can effectively 
compensate the uncertain system with 
a wide range of system parameters 
change. Finally, the proposed robust 
PSOPID controller can achieve the 
required robustness with a desirable 
time and frequency responses 
specifications. 
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