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ABSTRACT
the influence of permeability tensor upon drainage of anisotropic soils under ponded water and steady
recharge (rainfall) is theoretically investigated. Tensorial permeability has led to the formulation of mixed
type partial differential equations. Since there is no analytical solution to this problem, the formulation is
therefore solved numerically by the method of finite elements. The finite element formulation is
implemented into a computer model which can be applied to any problem of seepage under steady state
conditions. Two different example problems representing two different flow conditions under full
anisotropy have been studied. Results of the model for the isotropic case were checked against exact
mathematical solutions derived analytically for isotropic soils and found to be accurate which indicates
that using this model for anisotropic soils is safe and sound.
KEYWORDS: Permeability tensor, Anisotropic soils, Finite elements, Drains.

ﺩﺭﺍﺳﺔ ﻧﻈﺮﻳﺔ ﻓﻲ ﺃﺛﺮ ﺍﻟﻜﻤﻴﺎﺕ ﺍﻟﻤﻤﺘﺪﺓ ﻟﻠﻨﻔﺎﺫﻳﺔ ﻓﻲ ﺑﺰﻝ ﺍﻟﺘﺮﺏ
ﻓﺮﻳﺪﻭﻥ ﻋﺒﺪ ﺃﻟﻤﺠﻴﺪ ﻋﻼﻭﻱ
:ﺃﻟﺨﻼﺻﺔ
ﺃﻋﺪ ﻧﻤﻮﺫﺝ ﺭﻳﺎﺿﻲ ﻟﺪﺭﺍﺳﺔ ﺃﺛﺮﺃﻟﻤﺘﺠﻬﺎﺕ ﺫﺍﺕ ﺍﻟﻜﻤﻴﺎﺕ ﺍﻟﻤﻤﺘﺪﺓ ﻟﻠﻨﻔﺎﺫﻳﺔ ﻓﻲ ﺑﺰﻝ ﺗﺮﺏ ﻏﻴﺮ ﻣﺘﻤﺎﺛﻠﺔ ﺗﺤﺖ ﻅﺮﻭﻑ ﻏﻤﺮ ﻛﻠﻲ ﺃﻭ ﺗﻐﺬﻳﺔ ﻣﺴ�ﺘﻘﺮﺓ
∂( ﻭﺍﻟﺘﻲ ﺗﻢx∂y)  ﺑﺴﺒﺐ ﻁﺒﻴﻌﺔ ﺍﻟﻜﻤﻴﺎﺕ ﺍﻟﻤﻤﺘﺪﺓ ﻟﻠﻨﻔﺎﺫﻳﺔ ﻓﺄﻥ ﺍﻟﻨﻤﻮﺫﺝ ﺍﻟﺮﻳﺎﺿﻲ ﺗﻀﻤﻦ ﻣﻌﺎﺩﻻﺕ ﺗﻔﺎﺿﻠﻴﺔ ﺟﺰﺋﻴﺔ ﻟﻠﺠﺮﻳﺎﻥ ﻣﻦ ﺍﻟﻨﻮﻉ.()ﺃﻣﻄﺎﺭ
 ﺗﻀ�ﻤﻨﺖ ﺍﻟﺪﺭﺍﺳ�ﺔ ﻣﺜ�ﺎﻟﻴﻦ ﻣ�ﻦ ﺃﻋﻤ�ﺎﻝ ﻫﻨﺪﺳ�ﺔ ﺍﻟﺒ�ﺰﻝ ﻓ�ﻲ ﺗ�ﺮﺏ ﻏﻴ�ﺮ ﻣﺘﻤﺎﺛﻠ�ﺔ.(Finite Elements ) ﺣﻠﻬﺎﻋ�ﺪﺩﻳﺎ ﺑﺄﺳ�ﺘﺨﺪﺍﻡ ﺃﻟﻌﻨﺎﺻ�ﺮ ﺍﻟﻤﺤ�ﺪﺩﺓ
 ﻓ���������������ﺄﻥ ﺍﻟﻨﻤ���������������ﻮﺫﺝ ﺍﻟﺮﻳﺎﺿ���������������ﻲ ﺍﻟﻤﻤﺜ���������������ﻞ ﻟﻠﺪﺭﺍﺳ���������������ﺔ ﻗ���������������ﺪ،ﻭﺑ���������������ﺎﻟﻨﻈﺮ ﻟﻌ���������������ﺪﻡ ﻭﺟ���������������ﻮﺩ ﺣ���������������ﻶ ﺗﺤﻠﻴﻠﻴ���������������ﺎ
ﻧﻔﺬ ﻋﻠﻰ ﺃﺳ�ﺎﺱ ﺗ�ﺮﺏ ﺫﺍﺕ ﻣﻮﺍﺻ�ﻔﺎﺕ ﻣﺘﻤﺎﺛﻠ�ﺔ ﻭ ﺗﺤ�ﺖ ﻅ�ﺮﻭﻑ ﺟﺮﻳ�ﺎﻥ ﻣﻤﺎﺛﻠ�ﺔ ﻟﺘﻠ�ﻚ ﺍﻟﺘ�ﻲ ﻁﺒﻘ�ﺖ ﻓ�ﻲ ﺃﻟﺪﺭﺍﺳ�ﺔ ﻟﻠﺘﺄﻛ�ﺪ ﻣ�ﻦ ﺻ�ﻼﺣﻴﺘﻪ ﻟﻠﺪﺭﺍﺳ�ﺔ
 ﺃﻅﻬﺮﺕ ﺃﻟﻨﺘﺎﺋﺞ ﺍﻟﺘﻲ ﺗﻢ ﺍﻟﺤﺼﻮﻝ ﻋﻠﻴﻬﺎ ﻣﻦ ﺃﻟﻨﻤﻮﺫﺝ ﺃﻟﺮﻳﺎﺿﻲ ﻟﺤﺎﻻﺕ ﺃﻟﺘﻤﺎﺛﻞ ﺩﻗﺔ ﻋﺎﻟﻴ�ﺔ ﻣ�ﻊ ﺍﻟﺤﻠ�ﻮﻝ ﺍﻟﺘﺤﻠﻴﻠﻴ�ﺔ ﻟﺘﻠ�ﻚ ﺍﻟﺤ�ﺎﻻﺕ ﻣﺒﻴﻨ�ﺎ.ﺃﻟﻤﻘﺘﺮﺣﺔ
.ﻣﻼﺋﻤﺔ ﺃﺳﺘﺨﺪﺍﻡ ﺍﻟﻨﻤﻮﺫﺝ ﻟﺤﺎﻻﺕ ﻋﺪﻡ ﺍﻟﺘﻤﺎﺛﻞ ﻓﻲ ﺍﻟﺘﺮﺏ
. ﻣﺒﺎﺯﻝ، ﻋﻨﺎﺻﺮ ﻣﺤﺪﺩﺓ، ﺗﺮﺏ ﻏﻴﺮ ﻣﺘﻤﺎﺛﻠﺔ،ﺃﻟﻜﻠﻤﺎﺕ ﺃﻟﺮﺋﻴﺴﻴﺔ ﺃﻟﻜﻤﻴﺔ ﺃﻟﻤﻤﺘﺪﺓ ﻟﻠﻨﻔﺎﺫﻳﺔ
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1- INTRODUCTION
experimentally the problem of ditch drainage in
layered soils. By using Girinsky's potential
theory they presented a mathematical solution
for subsurface drainage in layered soils with
different boundary conditions. They conducted
experimental work using Hele-Shaw model to
verify the results of their analytical solution.
Experimental results expressed in terms of drain
discharges and water table heights were found to
be in good agreement with those obtained from
the analytical solution.
By using potential theory Barua and Tiwari
(1996) derived an analytical solution to the
problem of seepage of steady rainfall or
irrigation recharge into homogeneous and
anisotropic soil medium drained by equally
spaced ditch drains resting on (a) an
impermeable barrier, (b) a gravel substratum.
The validity, of their proposed solutions,
expressed in terms of midway water table
heights, were tested against those of the upper
and lower bounds, of the water table heights
produced by Youngs (1965) and found to be
very reliable. In the study of Barua and Tiwari,
soil anisotropy was simply defined as the
permeability’s (Kx, Ky) in the horizontal and
vertical directions which were taken to be
coinciding with the principal axes of the flow
domain. Boger (1998) developed an analytical
solution for the problem of transient threedimensional unsaturated, anisotropic seepage of
layered slopes with and without the effects of
capillary forces. In his study Boger showed the
influence of the permeability tensor and
concluded that seepage flow depends on the
anisotropy of the soil. It further depends on the
slope of the principal axis of the permeability
tensor which has led to a new description of
lateral flow mechanism in slopes.
The primary objective of this study is to
investigate
the
influence
of
tensorial
permeability upon drainage of soils. When the
permeability of the soil is described as a full
tensor there is no certain drain spacing or drain
discharge formula that can be applied for the
calculations of spacing’s and discharges.
Therefore, it is intended to simulate numerically
a given set of drainage design parameters (s, r,

A traditional method of reclaiming salt affected
soils involves ponding water on the field to
leach the salts from the soil trough subsurface
tile drainage system. Subsurface drainage
provides a method to remove the excess water
from a waterlogged area. Kirkham (1949)
developed an exact mathematical solution for
the flow of ponded water into drain tubes
embedded in isotropic soil. Toksoz and Kirkham
(1971), presented an analytical solution; for
steady drainage of layered soils. Theoretical
formulas for the height of all points of an arched
shape phreatic surface were derived for layered
soil drained by tubes. Hinesly and Kirkham
(1966) solved the problem of simultaneous
upward and downward seepage to tube drains in
a homogeneous soil analytically.
Najamii, Kirkham and Dougal (1987) presented
a potential theory solution, of steady state
seepage, for equally spaced horizontal tubes in a
stratified two layer soil replenished by upward
and downward recharge. As well as the
influence of anisotropy of soils upon drain
spacing, they assumed; that the principal axes;
of anisotropy coincides with the global Cartesian
coordinates. Bazarra et.al. (1986) attempted to
study the influence of artesian as well as of
anisotropy of soils upon drain spacing; they
assumed that the principal axes of anisotropy
coincide with the global Cartesian coordinates.
Miles and Kitmitto (1989), derived a new drain
formula, which they suggest its applicability to
anisotropic and layered soils. Fipps, G. and
Skaggs, R.W. (1991) presented a numerical
solution to the Richards equation for combined
saturated and unsaturated flow towards
subsurface pipe drains. They used their
numerical solutions to illustrate various aspects
of the drainage process and, to evaluate some
simple analytical expressions for calculating
drain flow rates and water table elevations. They
also presented an approximate solution for
predicting transient drainage events. The
predictions of the approximate solution were
found to be in agreement with the numerical
solution for elliptic water tables. Sharma, H.C.
et.al (1991) studied analytically and
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P, d, and e) and check their influence upon the
height of the phreatic surface above drain level.
In modeling flow to horizontal subsurface
conduits (drains), it is necessary to obtain a
proper procedure for representing geometrically
the conduit. Vimoke and Taylor (1962)
represented the subsurface drain as a single point
in their electrical resistance network studies.
From the wave guide analogy, they calculated
adjustment coefficients (Cd) to adjust the values
of the resistors connected to the grid point
representing the drain. The values where found
to be function of the effective drain radius (r)
and the size (s) of the square mesh surrounding
the drain center. In this study the drain is
represented as a single point in the finite element
grids and the Vimoke and Taylor adjustment
factor (Cd) is divided by two to obtain solutions
that agreed well with the analytical solutions of
Kirkham (1949) and of Toksoz and Kirkham
(1971) for isotropic soils. Siyal, Skaggs and Van
Genuchten (2010) used Software HYDRUS
2D/3D to analyze the influence of partial
ponding on reclamation of salt affected soils.
Their study showed that areas above ponded tile
drains were more quickly leached than areas
between the ponded drains due to more rapid
infiltration and shorter travel distances along
such areas. Results of the computer model of
Siyal et.al were very consistent with the
theoretical studies of Youngs and Harrison
(2000) and the experimental results of the sand
tank model of Mirjat et.al (2008).
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[R] =

(3)

In the local coordinate system the generalized
form of Darcy's law is:
(4)
Substituting equations (1) and (2) into (4) and
-1
multiplying across by
gives:
-1

(5)

Equation (5) is the matrix form of Darcy's law in
the global coordinate system after introducing
the following identification:
[K] = -1
(6)
Equation (6) represents the mathematical
definition of full anisotropy which is due to the
rotation of the permeability tensor form local to
global coordinates.
The continuity equation for steady-state
conditions in two dimensions is:
(7)
Substituting equation (5) into (7) gives:

2- THEORY
The components of the discharge (q) and the
hydraulic gradient (grad h) in the global
coordinate system (x,y) are related to those in
the local coordinate system (x’,y’) through the
following transformations Wang and Anderson
(1982):

(𝛳) is the angle of inclination of the major xaxis. Equation (8) represents the governing
mixed partial differential equation of
groundwater flow in the global coordinate
system.

(1)
3- FINITE ELEMENT FORMULATION
(2)
The Galerkin technique is used to determine
approximate solutions of equation (8) under the
appropriate boundary conditions of the ponded

Where the rotation matrix [R] is defined as
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water figure (l) and the steady recharge figure
(2) of the considered drainage conditions. The
flow region, of each drainage condition as
shown in figures (l) and (2) is subdivided into
triangular elements with denser elements around
the drain as required by the principals of
electrical analogy. For each finite element mesh,
it is necessary to find the solution of the
following equation:

Where [A] is an (n) by (n) matrix defined as:

And {f} is a flux vector reflecting boundary
conditions and defined as:

Where (𝛤) is a boundary surface, ( ) and ( )
are the direction cosines and (e) refer to
elements.
Flow boundary conditions are incorporated into
column vector {f}. For all interior nodes and
nodes on a no- flow boundary, f = O.
The integrations in equations (13) and (14) are
done by Gaussian Quadrature. The system of
linear equations is solved by Guass-Seidel
iteration.

Trial solutions are chosen of the form given in
equation (10):
(10)
Where
(i =1, 2, 3... n) is a particular set
of spatial functions known as shape functions
that satisfy the boundary conditions. These
functions are defined piecewise element by
element. In the Galerkin method, the weighting
functions are set equal to the shape functions
which define the trial solutions. On the
other hand ( ) are the undetermined
coefficients of the (n) nodal points.
Hence the expression in equation (9) is set
orthogonal to all the functions of the system
( ). This is expressed as:

4- EXAMPLE PROBLEMS
The finite element model has been used to solve
two different flow problems under full
anisotropy as shown in figures (1) and (2).
Figure (1) represents the flow of ponded water;
case (a) whereas figure (2) represents the
problem of seepage under steady recharge; case
(b). In the first example, the influence of full
anisotropy upon drain rates of flow is studied for
different ratios of drain depths and for a given
ratio of anisotropy. In the second example, the
variation of phreatic levels midway between two
drain pipes is studied under the conditions of full
anisotropy and constant recharge for different
ratios of permeability and drain depths.
The boundary conditions of each case are as
follows:
Case (a): Ponded water
Boundary AD; h= b; 0 ≤ x ≤ 2s
Boundary AB; = 0; x = 0; 0≤ y ≤ b

(11)
If the shape functions (
are selected in such a
way that they have a value of unity at node (i)
and zero at all other nodes in the domain (Ω),
then the coefficients ( ) ( i = 1, 2, ... , n) are
at the (n)
equal to the required functions (
nodes.
Substituting equations (7); (9) and (10) into
equation (11) yields the following set of (n)
equations which can be written in the
following matrix form:
[A] {h} = {f}
(12)

Boundary BC;

= 0; y = 0; 0 ≤ x ≤ 2s

Boundary CD;

= 0; x = 2s; 0 ≤ y ≤ b

Boundary at drain; h = d
886
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drains are placed at the bottom of the
impermeable boundary (d/b = 0) or close to the
ground surface (d/b = 0.666), see figure (1).
Generally when the drain discharge versus depth
ratio (d/b) relationship is considered, anisotropic
soils behave in a manner similar to those of the
isotropic soils of figure (3).
The validity of the FE model of figure (2)
(represented by the calculations of the phreatic
surface heights (H) at x = s for different (b/2s)
ratios under isotropic conditions) is checked
with Toksoz and Kirkham (1971) solution and
found to be 100% identical as shown by the
straight lines (RA = l) of figures (5 -7).
Figures (5-7) show the variation of (H) with (𝛳)
for different (RA) values. For the given ratios of
soil anisotropy, water table heights (H) of
figures (5-7) show minimum values occurring at
(𝛳 = 0°) and (𝛳 = 180°) whereas maximum
values occurs at (𝛳 = 45°). This is
mathematically interpreted in terms of the
influence of the (cos𝛳sin𝛳) term of eq. (8)
which is maximum at (45°) and minimum at any
other angle. The figures also indicate that water
table heights of isotropic soils are higher than
those of anisotropic soils, a reason which is
simply justified by letting (
) in
equation (8) and dropping the cross product term
) cos𝛳 sin𝛳 thus leaving equation (8)
(
in a form identical to Laplace’s equation since,
+
) of
for any desired (𝛳) the term (
equation (8) is always one.

Case (b): Steady recharge
Boundary AD; Recharge boundary = (P) (s)
Boundary AB; = 0; x = 0; 0≤ y ≤ b
Boundary BC;

= 0; y = 0; 0≤ x ≤ s

Boundary CD;

= 0; x = s; 0 ≤ y ≤ b

Journal of Engineering

5- NUMERICAL RESULTS
The validity of the finite element model of
figure (1) is checked with the analytical solution
of Kirkham (1949) for the isotropic conditions
and presented graphically in figure (3) as the
black line whereas the analytical solution of
Kirkham (1949) is represented by the black line
of figure (3). The figure shows the variation of
the drain discharges for the conditions of b = 0.6
m, r = 0.01 m, 2s = 1.2 m and ratio of anisotropy
= 1.The behavior of the finite element solution is
expected to be similar to Kirkham's analytical
solution. Both solutions verified the influence of
drain position on drain discharge rates. Drain
discharges were found to increase when the
drains were raised above the impervious base of
the tank. Up to a certain height, drain flow rates
started to decrease due to reduction in the
available hydraulic head difference between the
ponded soil surface and the drain center. The
maximum deviation in the calculated (Q) values
by the FE model as shown in the figure are not
more than 6% of those of the analytical solution.
The reason for this slight deviation is attributed
to the density of the elements chosen around the
drain pipe. Figure (4) shows the variation of
drain discharges with angle of anisotropy for an
anisotropic soil (RA= 4) and (d/b) ratios of 0,
0.165, .333, .5 and .666. The figure indicates the
following:
1- The behavior of each curve is symmetric
about (𝛳 = 90°) which is an interesting property
of the rotated permeability tensor.
2- Minimum drain discharge occurs at the start
(𝛳 = 0°) and end (𝛳 = 180°) of each curve,
whereas maximum drain discharges of any curve
occurs at (𝛳 = 60°) and (𝛳 =120°).
3- At any (𝛳), maximum drain discharge of the
plotted curves occurs at (d/b = 0.1333).
Minimum drain discharges occurs when the

7- CONCLUSIONS
For a given (𝛳) the higher the (RA) value the
smaller will be the value of (H). However the
figures show a sort of increasing fluctuations in
the values of (H) with an increase in (RA)
values. The reasons behind such fluctuations are
due to the effect of the cross product of the
permeability tensor (
). The effect of
the cross product of this tensor vanishes at (𝛳) =
0, 90 and 180 degrees of rotation and is
distinguishable at any other value of (𝛳).
The conclusions regarding the behavior of
tensorial permeability and its influence upon
DRAINAGE of soils are considered helpful in
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deriving an analytical
complicated problem.

solution

to

such
Kirkham, D, “Flow of Ponded Water into Drain
Tubes in Soil Overlying An Impervious Layer",
Trans. Am. Geophs. Union, Vol.30, 1949.

6- NOTATIONS

Miles, J .C. Kitmitto, K “New Drain Flow
Formula", Journal of Irrigation and Drainage
Div., ASCE, vol.115, no.2, 1989

H = hydraulic head
[ ] = global permeability tensor.
[ ] = local permeability tensor.
{ } = discharge vector.
x, y = global coordinate axes.
x', y' = local coordinate axes.
𝛳 = angle of rotation of (x) axis to (x') axis.
(RA) = ratio of anisotropy (
).
[R] = transformation (rotation) matrix.
Nj = shape function.
Q = drain discharge.
P = recharge (rainfall) rate.
H = water table height at mid spacing of drains.
r = drain radius.
b =depth of flow region.
d = height of drain above datum level (x-axis).
s = semi-spacing of drains.
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