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Abstract
The problem in the design of a cam is the analyzing of the mechanisms and dynamic forces that effect on the family
of parametric polynomials for describing the motion curve. In present method, two ways have been taken for
optimization of the cam size, first the high dynamic loading (such that impact and elastic stress waves propagation)
from marine machine tool which translate by the roller follower to the cam surface and varies with time causes large
contact loads and second it must include the factors of kinematics features including the acceleration, velocity,
boundary condition and the unsymmetrical curvature of the cam profile for the motion curve.
In the theoretical solution the unidirectional impact stress waves with the Mushkelishvilis inverse of the singular
integral equation for contact stress have been used for analytical solution and a numerical solution have bean solved
using F.E.M (ANSYS 10) for stress analysis in a cam surface at condition of rise-dwell-return (R-D-R) motion of the
follower, also to compare the analytical and numerical results that have been used different pressure angles in the rise
and return of the motion curves in unsymmetrical cam profile for optimum design.
Keywords: Stress analysis; dynamic loading; impact loading; cam design.

1. Introduction
In the design of cam-follower mechanism
many factors have been affected on the
performance of the translation the working loads
from the electric or marine motors to the machine
system by the follower system make the dynamic
analysis becomes quite complex. These working
loads may be classified for useful work performed
by a machine to relative categories, gradually
applied, suddenly applied and impact forces. The
impact load arises in the machines which have
either slow speed with heavy loads as in punching
holes in tough sheet metal or high-speed system
causes as a mechanical shock referring to an
extreme abruptly applied force.
In cam follower system the cam size
minimization is one of the important topics in cam
mechanism design. These problems have been
solved by many methods using graphical methods

[1, 2], which take the effect of cam motion on the
curvature of the cam profile and the amount of
offset of the follower that need in a specific
design. In recent years [3], designer use CAD
digitized packages to generate the cam profile on
the drawing and used optimization techniques for
cam-follower designs begin with crude sketches
using Cartesian coordinates.
A spline functions have also been used to
produce very flexible motion for cam synthesis.
Splines afford the designer greater local control
and therefore are more adaptable when design
constraints which must satisfy discrete cinematic
constraints and preserve continuity locally. In
[4,5] a method used for unsymmetrical cam
design employ splines in particular piecewise
continuous polynomials called loasis-splines (BSplines) to have continuous derivatives up to any
order and often need only be cubic functions,
regardless of the number of constraints present.
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Spline functions have been used to produce very
flexible motion for cam synthesis taking into
consideration the kinematic features such as
velocity and acceleration with formulation up to
five parameters which are independent functions
used to modify the cam profiled.
Automatic assembly machines have many
cam-driven linkages that provide motion to
tooling, the dynamic behavior of the components
includes both the gross kinematic motion and selfinduced vibration motion developed by Kalil [6]
used
solid
works
CAD
software
(Pro/Engineering). A three-mass two-degree of
freedom dynamic model was created in Simulink
taking in a count the impact and the over-travel
event of cam follower system machine to obtain
improved performance. In [7] several dynamic
models that are suitable for the determination of
dynamic behavior and residual vibrations within
cam-follower systems, as well as providing the
means to predict follower jump, the follower
motion were defined using 3-4-5 polynomial in
rise and return using MATLAB to determines the
cam profile as well as cam displacement, velocity
and acceleration diagrams. [8] Presented a
mathematical model of a cam-driven pattern
mechanism by setting differential equations
describes the behavior of the system motion of the
cam and the follower taking into account the
elasticity of its elements and the inertia forces
resulting from the oscillatory motion of the
pattern cause the speed of driving the cams to
fluctuate. [9] Shows that for high-performance
engines its need cam shaft design system for
computing programs for the design of different
types of valve trains. This system is the
development of high-quality valve acceleration
curves that comply with the hydrodynamic fringe
conditions of the charge cycle while providing an
oscillation-attenuated valve train which subjected
to little dynamic stress.
In this study a present design method for cam
synthesis to solve the design task due to the
complete non-linear relationships for the
constraints including acceleration, velocity and
boundary conditions in the process of
optimization taking into consideration the effect
of impact loading on the curvature of the cam
profile and the amount of offset of the follower. A
numerical solution using a proper programming
for solving the stress analysis in the cam contact
using (ANSYS 10) for supporting the analytical
solution.

2. Theoretical
Conditions

Analysis

of

Boundary

2.1. Impact Forces
Impact is often called mechanical shock
referring to an extreme abruptly applied force
[10]. The sources of impact in cam-follower
mechanisms could be the result of:1- Backlash in a positive drive cam and roller
follower.
2- High speed systems which are non-linearly
elastic so that a rapid change occurs
with
results similar to impact.
3- The working load action as a cam-driven
punching mechanism.
In presented study the contact between the cam
and the follower is under dynamic load at low
speed of engine, but at high speed the contact load
becomes very high at infinitesimal time causes a
sudden impulse load. The response of the cam and
follower materials to low velocity impact it must
be determined the impacter – induced surface
pressure and its distribution and then finding the
internal stresses distribution in the cam surface
which may be causes failure modes in the contact
region of cam-follower mechanism.
If the mass and velocity of the follower as m1
and v1 , and the cam mass velocity as m2 and v 2
respectively.
Then the rates of change of velocity during impact
as:-

dv1
 p
dt
dv
m2 2   p
dt
m1

…(1)

If y dente the distance that the follower and cam
approach each other then for low velocity impact
[11]:-

y   v1  v 2

…(2)

In Fig. 1 it is shown that the contact region
between the followers as an elastic rod with the
edge of the cam as an elastic half-plane, the roller
of the follower at the motion on the cam surface
may be extended as a straight part of the roller
boundary of length a and the corners are of
radius R .
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1
m1v12   pdy
2
0
v2  0

Since

and

dy   x.c sec  .d  cot  .dx
2



b

 y  r1 sin 

 y   r1 cos 

2
1
 m1 y    p.x.c sec2 .d   p.cot.dx …(6)
2

b

Fig.1, Geometry of Cam-Follower Contact Near
Circular Limit.

The general solution in the case of
asymmetrical complete or incomplete contact over
the
range
b  x  b
is
given
by
Mushkelishvilis inverse of the singular integral
equation as [12]:p(x)  

x

 (b  x )
2

2

[P 

h (t) (b  t )
dt]
tx
b

* b

E
2



/

2

2

…(3)
where

b  the contact length for which the contact
load is ceases and depend on the
pressure
applied between the two surface of contact.
E *  measure of the composite stiffness of the
follower and cam.
1
1
1

(1  v12 ) 
(1  v 22 )
*
E1
E2
E

y   r1 cos  .w  sin 

dr
d
 sin  1
dt
dt

dr1
dt

…(7)

Substituting eq. (7) into eq. (6) gives:-

1
dr
m1 (r1 cos  .w  sin  1 ) 
2
dt






b

…(8)

p.x.c sec 2  .d   p. cot  .dx
b

2.2. Solving the Boundary Condition
In this research the new technique that have
been considered for finding the profile of the cam
which is defined in to circles of radius ri for rise
and return stroke and at a distance d from the
center of rotation of the cam as shown in Fig. 2.

h / ( x)  the slope at each point on the profile of
the contact region.
From [13] it was developed that the value of
/
h could be obtained as:-

h / ( x) 

2 1
E* 



P (  ) d
x

…(4)

and the value of applied load P is in equilibrium
with the pressure distribution taking p ( b)  0
is obtained as:b

P    p ( x)dx  
b

E*
2

b

h / (t )tdt

b

(b 2  t 2 )



…(5)

now assuming that the cam is stationary and the
follower is moving at velocity v1 , then the energy
balance

Fig.2. The Effect of Radius of Curvature and
Pressure Angle for the Cam Contact with Circular
Ended Follower.
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This boundary condition required to be solved
by two statements:1- For the same point on the contact region
between the follower and the cam the same
velocity must be taken into consideration, that
is:-

y  d  ri sin 
dri
d
sin   ri cos 
…(9)
dt
dt
dr
For constant ri then i  0
dt
2- The pressure angle  must have two value for
 y 

the max value of both the rise interval  1 max

and the return interval  2 max, with satisfying
the condition for determine its value which can
be calculated as:-

y   r.w. tan 

…(10)

2.3. The
Polynomial
Optimum Design of Cam

Solution

for

where  1 max and  2 max can be obtained by
substitute eq. (10) in eq. (9) and differentiating
with respect to ri , then equating to zero. This
procedure will give the specified value of  that
solved eq. (12).
The acceleration of the follower a is an
important factor for reducing the forces exerted by
the follower on the cam edge in rise and return
section which can be compared with the a. max
for minimum cam size by using the following
relation

a  a. max  0

…(13)

Taking the absolute value for the acceleration
in the form of eq. (13) for negative and positive
value of acceleration in rise and return sections
while a max can be obtained by differentiate eq.
(9) twice and then equating to zero which give
min ri for a max. eq. (12) and (13) are very
complicated and must be solved by using two
programming methods in (Mathlab 2000 and
Mobile) package.

3. Sample of Calculation
The application of algebraic polynomials must
satisfy the differential equations of motion of the
cam-follower system R-R-D which have the
form:-

y  C0  C1  C2 2  ..................  Cn n
…(11)
Eq. (11) is normalized such that the rise h and
max cam angle  will both be set equal to unity.
The number of terms of eq. (11) must be
limited to desire design so that it will be
acceptable at high speeds and this can be solved
by satisfying the boundary condition of the
motion.
For the strength of the follower and the cam
the polynomial equation of y must satisfied eq.
(6) and eq. (8) for dynamic loading with eq. (9)
and eq. (10) for the curvature of cam profile and
specified pressure angle. In the graphical method
to minimize the cam size, two important factors
that affect the cam size are the permitted
maximum pressure angles of both the rise and the
return intervals of the cam angle, so that

 1   1 max  0
 2   2 max  0

…(12)

In this review some restriction must be
modified for the curve motion of the follower
with the cam profile used for optimum design. For
example the system motion of R-R-D used in
cutting machine have the max lift of the follower
is 16 units, the main radius of the base circle for
the cam is 15 units, the permitted pressure angles
for both the rise and the return intervals are
 1  30  and  2  45  ,and this is because the
force acting in the return section is not from the
cam as in the rise, so that the pressure angle in the
return is larger value compared with rise motion.
The maximum acceleration of the follower is
a max  9 units / sec 2 for the cutting machine.
For solving this problem two boundary
conditions have been taken to satisfied and
obtained the polynomial functions as follow:1- Taking the initial condition as:-

 0 ,
///
y 0

y0 ,

y/  0 ,

y //  0 ,

where y / , y // , y /// are the velocity, acceleration
and jerk of the motion of the follower,
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y max  16 units ,

,

y

///

y/  0

,

0

So the polynomial functions y  C n n must
be of n  7.
2- For optimum design of the cam profile, the
kinetic conditions have been used by solving
eq. (8), (9), (10), (12) and (13) added to the 8
boundary conditions that have been taken in
step 1.
So that the polynomial functions of 12 orders
will take the value of n  11 and the velocity and
acceleration diagrams have less values than for 8
polynomials as shown in Figures 7, 8, 9, and 10
respectively.

(a)

4. Numerical Analysis
Finite element method is one of the most
accepted and widely used tools for the solution of
linear and non linear partial differential equations
which arises during the mathematical modeling of
various processes.
Two models of cam are considered cam(1) and
cam(2) using the commercial code ANSYS 10,
the cam bodies are modeled using PLANE 42
solid structural includes four nodes and SOLID 95
solid structural with 20 node surface elements,
respectively as shown in Fig.3. The material
employed in this modeling for the tow types of
cam was steel, the element material properties
defined as linear-elastic-isotropic with modulus of
elasticity of 210 GN/m^2 and poison ratio of 0.3.
the two types of cam are identical in the base
circle (5 cm diameter), wide surface of cam (1
cm), and the sequence operation of the follower
Rise-Return-Dwell (R,R,D), but differed in the
position and size of the rise and return circle.
Cam(1) have a rise circle of 16 cm diameter
with a center position of 120  from the ground
circle start Dwell and a return circle of 12 cm
diameter with a center position of 225  from the
ground circle, the cam rise-return-dwell motion is
as follows: rise angle 14   184  , return angle
184   300  and dwell angle 300   14  .
Cam(2) have a rise circle of 18 cm with a center
position of 135  from the ground circle start
Dwell and a return circle of 14 cm diameter with
the same center position as cam(1), the cam risereturn-dwell motion is as follows: rise angle
8   192  , return angle 192   315  and dwell
angle 315   8  as shown in Fig. 4.

(b)
Fig.3, Element Geometry; (a) Plane 42, (b) SOLID
95.

a- Cam (1)

b- Cam(2)
Fig.4, The Curvature of Cam Profile for; (a) First
Polynomial, (b) The Size Optimization of Cam.
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The accuracy of the FEM depends on the
density of the mesh used in the analysis; the outer
surface of cam loaded by the follower so that to
obtain the correct stress and displacement
function in the region of high stress it was
necessary to have a more refined mesh in this
region.
The roller follower is the most commonly
follower used, so that the contact surface between
the follower and cam assumed to be a line contact.
The forces are taken from the calculation of the
dynamic polynomial function are used as input for
the follower rotation to calculate the stress and
deflections. The pressure on the top surface of the
cam applied as a line pressure with parabolic
shape having a maximum value at the center, with
25 different position / angles each interval have
15  .
Figures 5 and 6 gives a sample of stress and
deflection ANSYS analysis of cam (1) with a
pressure load in rise cycle at angle of 105  ,
respectively.

5. Results
For the optimization of the results it can be
shown from Fig.7 and 8 that the act of additional
parameters on the boundary conditions which
have been used in this research give minimization
in the radius of curvature ri for the cam in the rise
and return motions of the follower which are
bound by max pressure angles  1 max and

 2 max .

Fig.7. The Distribution of Contact Pressure Along
The Edge of Cam (1) by Analytical Solution.

Fig.5. Stress Analysis.

Fig.8. The Distribution of Contact Pressure Along
The Edge Of Cam (2) by Analytical Solution.

Fig.6. Deflection Analysis.

Both the velocity continuity along the edge of
the curvature of the cam and the discontinuity of
acceleration at the rise and return section with
using the conservation of energy which result
from low velocity impact between the follower
and the cam give some simplicity for solving the
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200˚ with 350 N/cm² while for cam (2) the
analytical solution gives minimum value at angle
140˚ with 110 N/cm² and maximum value of 310
N/cm² at angle 205˚ as shown in fig (8) when
compared with the numerical one which have
minimum stress of 100 N/cm² at 150˚ and 300
N/cm² at 210˚ with the same trend as shown in
fig. (12).
Also it can be seen the variation of the
dynamic displacement along the contact angle
between the follower and the cams (1) and (2) as
shown in Fig. 13 and 14, which confined with the
distribution of the absolute values acceleration
because the acceleration multiplied by the mass of
the follower give the forces which as a result
indicate the deflection and displacement in the
direction of the force at any (  ) of cam angle.
4.00
n=3 _____
n=5 - - - - n=7 __ . __ . __

2.00

acceleration

integration of the equations which used to find the
optimum size of positive and negative curvature.
The results shows also that the stress
distribution in the cam surface must be minimized
especially that the contact force have different
values along the rise and return motion of the
follower and different accelerations which results
from this variation, the external forces will be
minimized for optimum design of the cam.
In
Fig. 7 and 8 it can be shown the position of 
that at which the stress will be minimum depend
on the order of the polynomial functions used to
solve the equations.
In Fig. 7 the analytical solution for cam (1)
shows that the pressure contact for polynomial
n  7 have great values and become stable for
polynomial degree of varying n  11 which has
less difference when compared with polynomial
n  9.
When the dimensions of the cam change with
respect to the same radius of curvatures but with
different pressure angle as in cam (2) it can be
shown in Fig. 8 that for for the same contact load
as in cam (1), the pressure will be decrease and
become more stable for polynomial function of
n  9 and n  11 , this is because the kinetic
motion which have induced in the design of the
radius of curvature for the cam become more
stable than cam (1).
For any cam mechanism it must be drawn the
acceleration diagram with cam angle (  ) to
illustrate the type of acceleration for the motion of
the follower and this can be shown in Fig. 9 and
10 , for cam (1) and cam (2). The cycling of the
acceleration for the polynomial functions are
more stable for cam (2) and this is because the
parameters of the analytical solution for each of
rise and return intervals are limited to max and
min pressure angle but the different between the
six polynomials resulting cam profiles have
limiting values of the constraint on the radius of
the positive curvature have less effect than the
negative curvature and give a critical factor in the
size minimization.
These results have confirmed by the numerical
solution using ANSYS 10 which have been
shown in Fig. 11 and 12, for the distribution of the
effective stress with the angle of contact along the
cam edge which give low variation of the values
of the stress with the optimum design for cam (2)
rather than for cam (1). It can be seen when
comparing figure 7 with figure 11 for cam (1) the
analytical and numerical results shows the same
minimum value of stress at angle 100˚ with stress
100 N/cm² and then become maximum at angle

0.00
0.00

0.20

0.40

0.60

0.80

1.00

-2.00

-4.00

Fig.9. The Acceleration Curve of The Optimum
Results with Normalized Cam Angle for Cam (1).

2.00
n=3 ______
n=5 - - - - n=7 __ . __ . __

1.00

acceleration
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Fig.10. The Acceleration Curve of The Optimum
Results with Normalized Cam Angle for Cam (2).
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Fig.11. Stress Function Cam (1) FEM.
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For optimum design of a cam with roller
follower a modified method have been
studied in this paper taking in the
consideration the kinetic boundary condition
with low velocity impact with the kinematic
condition for solving the parametric
polynomial function that proposed to satisfy
the curvature and minimum cam size.
In this method it have been taken the
optimum stress distribution along the contact
between the follower and the cam edge which
give good agreement with the numerical
analysis using F.E.M. and the results shows
some advantage in solving non-linear
programming for prescribing the motion,
velocity, and acceleration curves as well as
the various constraints related to the pressure
angle for return-rise-dwell system of motion
of the follower.
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أن ﺗﺼ ﻤﯿﻢ اﻟﺤ ﺪﺑﺎت ﯾﺤﺘ ﺎج اﻟ ﻰ ﺗﺤﻠﯿ ﻞ ﻣﯿﻜﺎﻧﯿﻜﯿ ﺔ ﺣﺮﻛ ﺔ اﻟﺤﺪﺑ ﺔ ﻣ ﻊ ﺗ ﺄﺛﯿﺮ اﻟﻘ ﻮى اﻟﺪﯾﻨﺎﻣﯿﻜﯿ ﺔ اﻟﻤﻮزﻋ ﺔ ﻋﻠ ﻰ ﻃ ﻮل ﺣﺎﻓ ﺔ اﻟﺤﺪﺑ ﺔ وﻋﻠ ﻰ اﻟﻌﻮاﻣ ﻞ اﻟﺨﺎﺻ ﺔ
ﻟﻠﺤﺪﺑ ﺔﻲ .ھ ﺬا اﻟﺒﺤ ﺚ ﺗ ﻢ اﺳ ﺘﺨﺪام ﻃ ﺮﯾﻘﺘﯿﻦ ﻟﻐ ﺮض
ﺑﺎﻟﻤﻌﺎدﻻت اﻟﺮﯾﺎﺿﯿﺔ ﻟﺴﻠﺴﻠﺔ اﻟﻤﺤﺪدات)(parametric polynomialsواﻟﺘﻲ ﺗﺼﻒ اﻟﺤﺮﻛ ﺔ اﻟﺪوراﻧﯿ ﺔ ﻓ
اﻟﻄﺮﯾﻘ ,ﺔ اﻷوﻟ ﻰ ﯾ ﺘﻢ ﻓﯿﮭ ﺎ ادﺧ ﺎل اﻟﻘ ﻮى اﻟﺪﯾﻨﺎﻣﯿﻜﯿ ﺔ اﻟﻌﺎﻟﯿ ﺔ اﻟﻘﯿﻤ ﺔ واﻟﺨﺎﺻ ﺔ ﺑﺎﻟﺼ ﺪﻣﺔ
ﺗﺤﻠﯿﻞ اﻟﻤﻌﺎدﻻت اﻟﺮﯾﺎﺿﯿﺔ واﻟﺤﺼﻮل ﻋﻠﻰ أﻓﻀ ﻞ ﺗﺼ ﻤﯿﻢ ﻟﺸ ﻜﻞ اﻟﺤﺪﺑ ﺔ
واﻟﺘﻲ ﺗﺆﺛﺮ ﻋﻠﻰ ﺣﺮﻛﺔ اﻟﺘﺎﺑﻊ وﺗﻜﻮن ﻣﺘﻐﯿﺮة ﻣﻊ زﻣﻦ ﺗﻼﻣﺲ اﻟﺘﺎﺑﻊ ﻣﻊ ﺣﺎﻓ ﺔ اﻟﺤﺪﺑ ﺔ ﺧ ﻼل زﻣ ﻦ اﻟﺼ ﺪﻣﺔ.واﻟﻄﺮﯾﻘ ﺔ
واﻟﻤﻮﺟﺎت اﻟﻤﺮﻧﺔ اﻟﻨﺎﺗﺠﺔ ﻣﻦ ھﺬه اﻟﺼﺪﻣﺔ
ﺣﺮ ﺔ اﻟﺤﺪﺑ ﺔ وﻋ ﺪم
اﻟﺜﺎﻧﯿﺔ ھﻲ أدﺧﺎل اﻟﻌﻮاﻣﻞ اﻟﻜﯿﻨﺎﻣﺘﯿﻜﯿﺔ ﻓﻲ اﻟﻤﻌﺎدﻻت اﻟﺮﯾﺎﺿﯿﺔ واﻟﺘﻲ ﺗﺸﻤﻞ اﻟﺘﻌﺠﯿﻞ واﻟﺴ ﺮﻋﺔ وﻏﯿﺮھ ﺎ ﻣ ﻦ اﻟﻈ ﺮوف اﻟﻤﺤﯿﻄ ﺔ ﺑﻤﯿﻜﺎﻧﯿﻜﯿ ﺔ ﻛ
ﺗﻤﺎﺛﻞ اﻟﻤﻨﺤﻨﯿﺎت اﻟﺨﺎﺻﺔ ﺑﺸﻜﻞ اﻟﺤﺪﺑﺔ.
ﻟﺤ ﻞ ﺳﻠﺴ ﻠﺔ
أن اﻟﺤ ﻞ اﻟﺮﯾﺎﺿ ﻲ ﻟﮭ ﺬه اﻟﻤﻌ ﺎدﻻت ﯾﺤﺘ ﺎج اﻟ ﻰ اﺳ ﺘﺨﺪام ﻗ ﺎﻧﻮن اﻟﺼ ﺪﻣﺔ ﺑﺄﺗﺠ ﺎه واﺣ ﺪ ﻣ ﻊ ﻗ ﺎﻧﻮن اﻟ ﺘﻼﻣﺲ اﻟﺨ ﺎص ب Mushkelishvilis
اﻟﻤﺤﺪدات اﻟﺮﯾﺎﺿﯿﺔ .ﻟﻘﺪ ﺗﻢ اﺳﺘﺨﺪام ﺣﻠﻮل ﻋﺪدﯾﺔ ﺑﺄﺳﺘﺨﺪام ANSYS10ﻟﻤﻄﺎﺑﻘﺔ ﻧﺘﺎﺋﺠﮫ ﻣﻊ ﺣﻠﻮل ﻣﻌﺎدﻻت وﺻﻒ ﺣﺮﻛﺔ اﻟﺤﺪﺑﺔ ﻷﻓﻀﻞ ﺗﺼ ﻤﯿﻢ ﻟﺸ ﻜﻞ اﻟﺤﺪﺑ ﺔ
اﻟﺨﺎﺻﺔ ﺑﻨ ﻮع ﺣﺮﻛ ﺔ اﻟﺘ ﺎﺑﻊ )
Rise-Return-Dwellأﻧ( ﻮاع ﻣ ﻦ زواﯾ ﺎ اﻟﻀ ﻐﻂ اﻟﺨﺎﺻ ﺔ ﺑﺄرﺗﻔ ﺎع ورﺟ ﻮع اﻟﺘ ﺎﺑﻊ ﻣ ﻊ ﻋ ﺪم ﺗﻤﺎﺛ ﻞ اﻧﺤﻨ ﺎء ﺣﺎﻓ ﺔ اﻟﺤﺪﺑ ﺔ
وﻟﻌ ﺪة
ﻟﻠﺤﺼﻮل ﻋﻠﻰ أﻓﻀﻞ ﺗﺼﻤﯿﻢ ﻟﮭﺎ.
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