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Abstract

Let R be an associative ring with identity and M a non-zero unitary R-module. We introduce the
concept of &(M)- Supplement Submodule that if A,.B<M and M=A+B then B is called

&(M) — supplement of A if AnB< &(B) We give some properties of this kind of module.

1. Introduction and Preliminaries

For an associative ring with identity and a
right R module M , a submodule N of M is
said to be small in M (N <<M) if whenever
N+X=M,then X=M. let U be a submodule of
an R- module M, A submodule V< M is called
supplement of U if V is minimal element in
the set of submodules L<M with U+L = M ,V
is a supplement of U if and only if U+V=M
and UNV<<V.,

An R — module M is called supplemented
if every submodule of M has supplement in
M [1].

Let M be a module the concept of & -small
submodules was introduced by Zhou in [2].
Let M be an R-module and N <M, N is said to

be -small (N<; M) if N+X=M with =
singular then X=M. A submodule N of an
R-module M is called & -supplement of L if
M =N+L and N+L<«; N, M is called
d—supplemented module if for each submodule
A of M there exists a submodule B of M such
that M=A+B and ANB <z B [3]. A module M
is called & - hollow if every proper submodule
of M is & — small [4]. A submodule N of M is

called essential in M if for every non-zero
submodules L< M we have NNL # 0 and we
write N =, M

The following lemma show the properties
of & — small submodules .

Lemmallf[2]:
let M be an R- module
1- For submodules N,K, L of M with N<K we
have N <<z M if and only if K <<z M and
~ <5 = and N + L <z M if and only if N

«z MandL <«<; M.

2-1f K&z M and f1 M—-N is a
homomorphism then f (K) «;M <N in
particular if K <<z M <N then K <; N.

3-LetKi<M; <M , Ko <M, <M and M=M;
+M; then K;+Ky<<; M+ My if and only if
Ki<z; My and Ky<<z; M,

Let M be an R-module and N<M let
(M) =N{N <M | % € p} where g is the class

of singular simple modules [3]. The following
lemma shows some properties of 5(M).

Lemma (1.2)[2]:

1-6 (M) =X {L< LE is & - small submodule of
M} .

2-1f f : M — N an R-homomorphism then
f(d M) <é (N).

3- If every proper submodule of M contained
in a maximal submodule the &(M) is
largest d—small submodule of M

4-1f M= & . ,Mithen & (M) = ,o; & (Mi).

The concepts of generalized supplemented
module introduced in [5], let M be a module if
A, B < M and M=A+B then B is called
generalized supplement of A in case
ANB<Rad (B). M is called generalized
supplemented module if each submodule A
has a generalized supplement B [6]. In
this paper we introduce the concept of
&(M)-supplemented module as a generalized

supplemented module (GS-module) and some
properties of this kind of modules was given.

2. 6 (M) — Supplemented Modules

Let M be a module. If A, B < M and
M = A+B then B is called a generalized
supplement of A in case ANB < Rad (B) [2].



M is called a generalized supplemented
module or GS-module in case each submodule
A has a generalized supplement B. In this
section as a generalization of generalized
supplement submodule, &(M)-supplemented
modules are introduced many properties of
& (M)-supplemented module are given .

Definition 2 .1:

Let M be a module, and let A, B
be submodules of M, B is called
d(M)- supplement of A, if M=A+B and
ANB< & (B).

M is called a &(M)-supplemented

module in case each submodule A has a
&(M)-supplemented B. hollow modules and

d-hollow modules are &(M)-upplemented
module

It clear that M is &(M)-supplemented of
d(M) in M.

Clearly each GS-module is
d(M)-supplemented module but the converse

IS not true in general as we see in the next
remark.

Remark 2.2:

It is easy to check that if R is a semisimple
ring and M a nonzero right R-module then M
is nonsingular and semisimple. for any
nonzero N< M , N is direct summand of M and
hence is not small in M. but every submodule
of M is é-small in M then M is &-hollow and
then M is 6(M)-supplemented module.

Proposition 2 .3:
let A, B be submodules of an R- module
M, if B is (M) supplement sub-module of
A then:

1-If W+B=M for some W = A then B is a

&(M)-supplement of W.

2-If K <<z M then B is & (M) — supplement of
A+ K.

3-For K «z;M then KNB <3z B and so
5(B)=BN& (M) .

4-For LcA, (B+L) / L is §(M)- supplement of

AinM
L L’
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Proof:
. Let M=A+B, since B is §(M) - supplement

of A then ANB < §(B) and AN B <;zB . Let
W <A, WNB <ANB < §(B ) then WNB <
d(B ) we have B is &(M) - supplemented of

W.
2. If K<z M then for X< B with (A+K)+X=M,

A+X=M. Since B is §(M) - supplemented of

A and M=A+B then X=B. We have B
is §(M)- supplemented of A+K.

3. Let K<z M and X< B with
M=A+B=A+ (KNB) +X=A+X
Then M=A+X is there for X=B and since BE

[EEN

is singular then % is singular. That means
KNB «<zB. this yields BN& (M)<5(B).
Since (B)<vN &§(M) always holds we get
5(B)=BN &(M)

4.For L<A, we have AN (B+L)
—B+(ANL) by (Modularity) fm %Since

ANB< &(B) [B is &(M)-supplemented of A

that ~ means if ANB«;B then

ANEB+L B+L
{ —_
; <5 ; ].
ANEB +L B +L
It follow that . < 5( - ) Then
A B+ L B+ L A B+ L M
“n=—<(—)ad =+ —= —
L L L L L L

Lemma 2.4 [7]:

Suppose that K;<M;<M, K< M, < M and
M:Ml'@Mg then Ky & Kgﬂg M, & M, if and
only if Ki =, M; and K; £, M, .

Proposition 2.5 :
Let M be &(M)- supplemented modules
then :
1-If A submodule of M with AN&(M) = 0
then A is semisimple
2- M=A+B for some semi simple and some
module B with (B =, B.

Proof:
1- Let B<A. Since M is §(M) - supplemented

module then there exists C <M such
that B+C =M and BNC<&(C) thus
A=ANM =ANB+C)=B+ANC we have
A=B+(ANC), BNC<&(C) and
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BN(ANC)=BNC<AN 6(C)< AN 8(M)=0
We have BN(ANC)=0 since A=B& (ANC)

then A is semisimple.
2-For 4(M), let A<M such that AN&(M)=0

and A@ §(M)=_ M see[2,prop.1.3].since M
is d(M)-supplemented module then there
exist B < M Such that M =A+B, ANB<
d(B), ANB=ANANB) ANd (B) <
AN&(M)=0Then ANB=0 by (1) M=A&EB,
A is semisimple Since §(M)= §(A)+&(B)=45
(B) and since AE §(M) =_M=AEB and
A=_A and §(M)=_.B by [Lemma 2.4]
§(B)=.B.

Proposition 2.6 :
Let A, B be submodules of R. module M.
and A is §(M)-supplemented module if A+B

has &(M)- supplement submodule in M then B
is §(M)-supplemented submodule.

Proof:
Since A+B be §(M)- supplemented module

then there exist X<M such that X+(A+B)=M
and XN(A+B)< & (X) For (X+B)NA, since A
is 6(M)- supplement submodule then there
exist Y< A such that (X+B)NA+Y=A and
(X+B)NY<4(Y) since X+B+Y=M that is Y is
d(M)- supplement of X+B in M. Next show
X+Y is 4d(M)- supplement of B in M,
since (X+Y)+B=0, so it is to show
that (X+Y)NB<J(X+Y). Since Y+B<A+B,
XN(Y+B)<XN(A+B)<8(M), thus  (X+Y)
NB<XN(Y+B)+YN(X+B)< 8(X)+8(Y)<8(X+
Y)

Corollary 2.7 :
Let M;,M; be &(M)-supplemented module

such that M=M; +M, then M s
& (M)-supplemented module .

Proof:

Let U be submodule of M, since
M=M1+M,+U trivially has d(M)-
supplemented in M. My+U has &(M)-

supplemented in by [Proposition. 2.6] thus U
has &(M)- supplemented in M by [proposition.

2.6] so is M is d(M)-— supplemented module .
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Proposition 2.8 :
Every factor module of &(M)-

supplemented module is &(M) —supplemented
module.

Proof:
Let M be &(M)- supplemented module

and % any factor module of M, for any

submodule L < M cautioning N. since M is
&(M) — supplemented module then there exist

K<M such that L+K=M and LNK< §(K).

M L | K+N i N+E LniN+K)

—= =4+ — and—-N—= - =

'l N N N N N
N+(LNKE) N+E . N+K .
—— < @ (T Jthat is —— s

&(M) — supplemented module of % in % :

Proposition 2.9 :
If M is 6(M) — supplemented module then

8 (M)

is semisimple.

Proof :
Let N < M contain &(M), there exist

&d(M)-supplement submodule K of N in M
such that M =N + K.

H M — N KE+é& |:}|-I:|
Since (M)  &(M) @ 5 (M) then
M - .
every submodule of 5o 1 direct summand.
LI

M
& (M)
3- & (M)- amply supplement Modules

M is called generalized amply
supplemented modules or briefly GAS-
module in case M=A+B implies that A has a
generalized supplement K < B.

In this section as a generalization of
g(M)-supplemented module we introduce

d(M)-amply supplemented Modules

we have

is semi -simple.

Definition 3.1 :
M is called & (M)- amply supplemented

modules in case M=A+B implies that A has a
& (M)- supplement K < B.

Is clear every & (M)- supplemented module
is §(M)- amply supplemented module.

Proposition 3.2:

Let M be & (M)-amply supplemented
module and K a direct summand of M then K
isa d (M)- amply supplemented module.




Proof:
Since K is a direct summand of M, there
exists L = M such that M=K&L

suppose that K=C+D, then M=D+(C&L)
since M is a & (M)-amply supplemented
module, there exist P=D such that
M=P+(C&EL) and pn (C EL)< &(P).
Therefore K=KnM= Kn(P+(C¢&tL)) =P+C
and PNC=Pn(C&:L)= &(P), as required.

Proposition 3.3:
Let M be a module. If every submodule of
M is a 6(M)- supplemented module, then M is

a d(M)-amply supplemented module.

Proof :
Let K, N=M ancl M=M+L. By

assumption, there is H=L such that (LNN) +H
= L and (LNN)nH=NNH =< &§(H). thus
L=H+(LNN) = H+N and hence
M=N+L= N+H .therefor M=H+N as required.

Corollary 3.4:
Let R be any ring. Then the following

statement are equivalent:

1.Every module is a
supplemented module

2. Every module is a &(M)-supplemented-

module.

&(M)-amply
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