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Abstract

The main purpose of this work is to find Artin’s exponent of finite
special linear group from any arbitrary characters of cyclic subgroups of
these special linear groups and denoted by a(SL(3,p)) where p is any prime
number such that p > 5 and we found that a(SL(3,p)) is equal to 2.

Key Words: Special linear group, Artin’s exponent, conjugacy class,
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1- Introduction

In 1968, Lam.T., [6] proved a sharp form of Artin’s theorem, he
determined that least positive integer A(G) such that A(G)y is an integral
linear combination of the induced principle characters of cyclic subgroups
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for any rational valued character y of G, A(G) is called the Artin exponent
of G.

In 1978, David Gluix, [2] considered integral Linear combinations of
any arbitrary characters induced from cyclic subgroups of G, he determined
a(G)y is an integral linear combination of characters induced from cyclic
subgroups, for all y of G.

Recentely, Mohammed Serdar and Simaa Hassan introduced and
discussion new concept of Artin’s exponent for any arbitrary character of
finite linear group in 2008, [5], and Mohammed Serdar and Lemia Abd
Alameer are find Artin’s exponent of special linear group SL(2,2%), k is an
natural, k > 1 in 2009, [4].

In this paper concentrates on the constructing of the character table of
the irreducible rational representation and Artin’s character induced from
all cyclic subgroups of SL(3,p) where p is prime number, p > 5. We have
found in this work that a(SL(3,P)) = 2.

2- Some Basic Concepts of SL(3,p)

We give some basic concept of SL(3,p), p is prime number, p > 5 with
some properties of these set and some theorems.

Definition 2.1 : [3]

The general linear group of degree n is the set of nxn invertible
(non-singular) matrices, together with the operation of ordinary matrix
multiplication. These form a group because the product of two invertible
matrices is a gain invertible and the inverse of an invertible matrix is
ivinvertible.

Definition 2.2 : [2]

The general linear group over the field F is the group of invertible
nxn matrices denoted by GL(n,F). The determinant of these matrices is a
homomorphism from GL(n,F) into F". Thus SL(n,F) is the subgroup of
GL(n,F) which contains all matrices of determinant one and it is called
special linear group.
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Theorem 2.3 : [3]
The order of SL(2,p), where p is prime number, p > 5 is p ( p°— 1)

denoted by  [SL(2,p)| =p (p*-1).

Lemma 2.4 :

|SL(3,p)| =p (p®—1), p is prime number, p > 5.

Proof :
Theorem (2.3).

Examples 2.5 :
The order of SL(3,5) = 5(5° — 1) = 5(24) = 120.
The order of SL(3,7) = 7(7° — 1) = 7(48) = 336.

Theorem 2.6 : [4]
Let G=SL(2,p) has exactly p + 4 conjugacy classes namely 1, z, c, d, zc,

p-3 p-1
zd,a,a% ...,a2 ,bb% ... b2
e v be the generator of the cyclic multiplicative group F~
o 1<¢<(p-3)2

o I<Sm<(p-1)2.

Thus this conjugacy classes is satisfying.
So table (2.1) represented the
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Table (1)
conjugacy classes of SL(2,p"), k > 1

xample 2.7 :

To compute the conjugacy classes of the group G = SL(3,5)
|SL(3,5)| =5(5%- 1) = 5(24) = 120.
This group has exactly 5 + 4 = 9 conjugacy classes, v = 2,
1<6<(5-3)2 = 1<¢<1 , 1<m<(5-1)/2 = 1<m<2,
So these conjugacy classes are: 1, z, ¢, d, zc, zd, a, b, b®.
These conjugacy classes are given in table (2).

Table (2)
conjugacy classes of SL(3,5)

ge G Notation | C, | Cq | | Cs(9) |

-0 1 C 1 2-1

01 L p(p°-1)
-10 )

0 _1 z C. 1 p(p-1)

10
(1 J c Ce | (P*=-1)2 2p

10 )

1 d Cq | (p°-1)2 2p
0 C 2_1)2 2
-1 ZC zc (p - ) p
-1 0
L 1] zd Cu | (p°—1)2 2p
v 0 ¢ ,

N a Ca’ p(p+1) p-1
Element of m .
order (p*+1)m b Com | plp-1) p+1
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Example 2.8 :

To compute the conjugacy classes of the group G = SL(3,7)
This group has exactly 7 + 4 = 11 conjugacy classes, v = 3,
1<6<(7-3)2 = 1<¢<2 , 1<m<(7-1)/2 = 1<m<3.

So these conjugacy classes are: 1, z, ¢, d, zc, zd, a, a7, b, b?, b°.
These conjugacy classes are given in table (3).
Table (3)
conjugacy classes of SL(3,7)

ge G Notation | C; | |Cy]| | | Cs(9) |
1 00
010 1 C, 1 120
0 01
1 00
040 4 C, 1 120
0 0 4
1 00
010 c C. 12 10
011
100
010 d Cq 12 10
021
1 00
040 ZC Cue 12 10
0 4 4
100
040 zd Cu 12 10
03 4
1 00
020 a Ca 30 4
003
1 00
032 b Cy 20 6
0 4 3
1 00
022 b’ Co2 | 20 6
04 2
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3- Artin Exponent of SL(3,p), p=5

In this part we study the method to find the Artin exponent of induced
any arbitrary characters from cyclic subgroup of the finite special linear
group and denoted by a(G) the least integer.

ge G Notation | C; | |Cy]| | | Cs(9) |
100
010 1 C1 1 336
001
100
060 4 C, 1 336
00 6
100
010 C C. 24 14
011
100
010 d Cq 24 14
031
100
060 ZC Cye 24 14
06 6
100
060 zd Cu 24 14
04 6
100
030 a C. 56 6
005
100
020 a’ C.2 | 56 6
00 4
100
006 b Cp 42 8
01 3
100
06 4 b? Cy | 42 8
031
100
046 b® Cy | 42 8
010
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Definition 3.1 : [1]

Let H < G and y a character of G, well-known that X‘LH IS a character
of H by restriction we consider now the process, where charcters of G are
induced from characters of H.

Definition 3.2 : [2]

The character induced from the trivial character of a subgroups of G is
called Artin character.

Definition 3.3 : [1]

Let G be a finite group and let  be any rational valued character on G.
The smallest positive integer number n is such that:

=Y a4,

where a; € Z and ¢ is Artin’s character, is called the Artin exponent of G
and denoted by A(G).

Theorem 3.4 : [6]

Let G be a finite group of order pg, where p and g are primes (not
necessarily distinct). Then:

{ 1 if G is cyclic

AG)=4 . : _ :
min(p,q) if G is not cyclic

Example 3.5 :

For the finite special linear group SL(3,5):
2ri

=1 = o-1=0 ie. o=¢?
o+’ + o’ +o=—1,

In addition, this group has exactly 5 + 4 = 9 conjugacy classes and v = 2,
1<f{<1,1<m<2.

Therefore these conjugacy classes are: 1, z, ¢, d, zc, zd, a, b, b?.
Now:

59



Lyl 442 A2,

FAl <dill asanll

(1) |[

0
0] = ] =1
1

0
1
0

— O O

=1

Order of I: o(l)

o O o O -
O 1 ™M O +H O
— O O — O O
o
o O - o O
O 1 N O dH <
— O O - O O
O O - o o
O A - O o
— O O - O O
f f
o O o O -
O 4 «N O d <
— O O — O O
,(_|_|\ {
o O - o O -
O O 4 ™M
— O O — O O
o O - o O -
O I O I
— O O — O O

. 0o(c)=5

=1

cCzo+o+o’+o'=—1

(4)

60



Lyl 442 A2,

FAl <dill asanll

O 1 N

O 1 N

O 1 N

o O

O 1 O

O «— ™M

O 1 «N

O 1 N

. o(d)=5

=1

o+t +on=-1

d=

0
0
4

0
4
4

i

1 0 O
=0 -1 O
0 -1 -1

() zc

61



Lyl 442 A2,

FAl <dill asanll

©co <Y o o«
O T o T o
— O O - O O

[ {
o o - S o
© — o <
- O o — O O
©co Y © o«
o < < o < <
- O o — O O
f f
o O o o -
O +H o <
— O O — O O

I I
o o < o o <
o < < o <
— O o — O O
o o < o o <
o < < o < <
— O o — O O

O O < O O <
O MM O I <
— O O « O O
Il Il
O O «+1 O O «
O 1 1 O <« ™M
— O O « O O
O O ¥ O o <
O I ¥ O I <
— O O «+H O O
N 0
O O 4 O O o O
O d +d O 1 ™M O 4 O
— O O <« O O — O O
I Il Il
O O ¥ O O < o o <
O J O O I ™m o <
— O O «+H O O — O O
O O ¥ O O < o O <
O I ¥ O I < o T <
— O O «+H O O — O O

=10

. 0(zc)

62



Lyl 442 A2,

FAl <dill asanll

2 3 4
C=ot+to+to+o =-1

=+ +o +o'=-1

(6)

o O <

o < ™

1
0
0

1 0 O 1 0 O
0 -1 0|=(0 -1 O
0O v -1) (0 -2 -1

zd =

© o < o o < o o <
o I < o < o o < -
- O o — O O — O O
I { ,{__\
© o o o - o o «
o < O - m O -
- O o — O O — O O
© o < o o < o o <
o < ™ o ™ o ™
- O o — O O — O O
f ) N
o o - o o - o o -
o - < o « m O 4
— O o — O o — O o
I I I
o o < o o < o o <
o ™ o < < o < o
- O o - O o - O o
o o < o o < o o <
o ™ o ™ o ™
- O o - O o - O o

63



Lyl 442 A2,

FAl <dill asanll

— O O

o < ™

0
0
1

0
1
1

1
0

0 0
0
1

1

1
0

0

1 0 01 0 O
0 3 401 4

1 0 01 0O

0 4 0|0 4 0|=|0

0 3 40 2 4

0(zd) =

10

o+t +on=-1

d=

o+rol+rol+roi=—1

zd =

o O ™M

O N O

1
0
0

1 0 0
0O ve O
0O 1 v-/

|

(7) a

o N O

o < O

o NN O

— O O

o O m

o NN O

— O O

O O «l

O 1 O

o ™M O

— O O

o O ™M

o N O

— O O

. 0(@)=4

64



Lyl 442 A2,

FAl <dill asanll

1
1

z

=2 = a=2(-1)=-2
(8) b”‘{

¢

a

O N ™M

o oM <

— O O

o O < o MmO o™
o I O o M
— O O —t O O
I {
oSNNS e
O N < o N
— O O — O O
O N ™ o N ™M
o M < o MM <
— O O -t O O
fr f
O N o Mm N o O
O AN < O N o «—+H O
— O O - O O — O O
Il Il Il
O N ™M o O < o M ™M
o Mm < o < O o ™M
— O O — O O — O O
O N ™M O N M O N ™M
o Mm < o M < o Mm <
— O O — O O — O O

. o(b™ =6

o+’ +o+ot=—1

b

bm

=2(-1)=-2

b" =

65



FAl <dill asanll ﬂfﬁlﬂ&ﬂ

b?=2(-1)=-2.
Then the Artin character table for SL(3,5) is:

Table (4)
Artin Character of SL(3,5)
Cy 1 z | c|d|zx|z| a|b|b
| Cq 1 1 12 |12 |12 |12 | 30 | 20 | 20
|Cs(g)| | 120 | 120 |10 |10 |10 |10 | 4 | 6 | 6
0, 120 0 o|o0jO0OjO0O|O0O|O0]0O
0, 60 60 (60| O | O | O | O] OO
0, 24 O |-2/ 00| 0|0]O0]O
0, 24 0 0O|-2|0]0|0|0]0O0
05 12 2 |-1, 0 |-1|{ 0] 0] 0O
05 12 12 O|-1]0(|-12/0|0]0
0, 30 30 o000 |-201]0
0g 40 40 O/ 0] 00| 0 |-2]|-2
Now, from the Artin character:
Loy | X x|
1] 1 1 1 1 1
1l o || e|e|-1
1l || o || 1
10| o |0 | o®|-1
1o ||| o |1
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_%98_%97—96—95%2:111111111
—%98:—20—200000011

1

-39, 1 <15 <15 0 0 0 0 1 0 0
9, - -12 -12 0101000
9, : 12 -12 1010000
9, : 60 60 0000000

1 1 1111111

Now, from this equations we get, the Artin exponent of SL(3,5) is equal to
2

a(SL(3,5)) = 2.
Example 3.6 :

On the same way to compute the Artin’s exponent of SL(3,7), see
table (5)

Table (5)
Artin Character of SL(3,7)

Cy 1 z | c|d|z|zd|a|a]|b|b|b
| Cyl 1 1 |24 (24|24 |24 |56 |56 | 42|42 | 42
|Co(g)| | 336 | 336 |14 |14 |14 |14 | 6 | 6 | 8 | 8 | 8
0, 33| 0 /0| 0|0|0|0]0|0]0]|O
0, 168 (168 | 0 ([0 | 0|0 |O|O|O0]|O0]|O
0; 48 | 0 |-2{ 0|0 |0 ]0|0|0|O0]O
0, 48 | 0 |0 |-2/0|0]O0|0|0]|O]O
05 24 | 24 |-1| 0 |-1|0|0|O0|O0]|O0]|O
05 24 | 24 |0 |-1|0|-1/0]0[0]0]0O
0; 112 [ 112 | 0 |0 | 0| 0O |-2|-2[ 0| 0| O
0g 126 [ 126 | 0 [0 | 0| 0O | O | O [-2|-2|-2
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Now, from the Artin character:

—198 : 63 63 0 0 00O O 1 11
2

—%97 =5 56 0 0 0 01 1 0 OO
-0, : 24 -24 01 01 000 O0O
-0, : 24 241 01 00 0O 0O

+0, = 168 168 0 0 0 0 O O O O O

1 1 111111111

Now, from this equations we get, the Artin exponent of SL(3,7) is equal to

2

a(SL(3,7)) = 2.
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