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Abstract
Our aim in this paper is to solve some kinds of partial differential equations of the second
order with variable coefficients, which have the general form
Fl(er)Zxx + Fz(x:y)ny + F3(x:y)Zyy + F4-(x'y)Zx + Fs(x'Y)Zy + Fé(x'y)z =0
SUCh that Fl(xry)fFZ(xry)v F3(x,y), F4(x,y), F5(x,y) and F6(xﬂy)

U) n
are functions of xand y.By using the assumptionsZ (x, y) = el > @+ 7"V 34y g4
Z(x,y) = e/ V@dx+[V)dy  these assumptions will transform the second order partial
differential equations to linear first order ordinary differential equation with two independent
functions U(x) and V(y) .
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1.Introduction

Differential equations play an important role in plenty of the fields of the sciences as Physics,
Chemistry and other sciences, and therefore the plenty of the scientists were studying this subject
and they are trying to find modern methods for getting rid up the difficulties that facing them in the
solving these equations.
Kudaer, in 2006 studied the linear second order ordinary differential equations, of [1] the form:
y"'+ Py +Qx)y =0,
and she used the assumption the y = e/Z@4dx g find the general solution of it, in which the
solution depends on the forms of P(x) and Q(x) .
Abd Al-Sada, in 2006 studied the linear second order (P.D.Es) with constant coefficients, of [2]the
form:
A1Zyy + ApZyy + A3Zyy + AyZy + AsZy, + AgZ = 0,
where A; are constants. (i=1,2,...,6) . She used the assumption
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Z(x,y) = e/ U@ax+[v)dy g find the complete solution of it, and the solution depended on the
values of A; .

Hani, in 2008studied the linear second order (P.D.Es),which have three independent variables, of
[3] the form:

AZyy +BZy, +CZy +DZ,, + EZ), + FZ, + GZ, + HZ, + 1Z, + ]Z = 0,

where A, B,C, ...,Iand ] are arbitrary constants , and she used the assumption

Z(x,y) = el U dx +[V(y)dy+[ w(t)dt

to find the complete solution of it . The solution depended on the values of A, B, C, ..., I and J.
Hanon, in 2009 studied the linear second order (P.D.Es), with variable coefficients, of [4] the form:
A(x,y)Zyx + B(x,¥)Zyy + C(x,¥)Zyy, + D(x,y)Z, + E(x,¥)Z,, + F(x,y)Z = 0,

where some ofA(x,y),B(x,y),C(x,y),D (x,y), E(x,y)and F(x,y)are functions of x only or y
only or both x and y .

To solve this kind of equations , she used the assumptions

Z(x,y) = o Flaxt [V dy , Z(x,y) = e UGIdx +f@dyand Z(x,y) = el
These assumptions represent the complete solution of the above equation and the solution depends
on the forms of A(x, y), B(x,y),C(x,y),D(x,y),E(x,y)and F(x, y) .

Mohsin, in 2010studied the nonlinear second order (P.D.Es) ,of homogeneous degree, of [5] the
form:

F1(0,9,2, 23, Zy, Zos Zooys Zyyy ) 2w + F2(%,9, 2,2, 23, Zos Zy Zyy ) 2y +

F3(,9,2,Z2,Zy, Zoxs Zys Zyy ) Zyy + Fa( %, 5, 2, 2, 23y, Zos Zy Zoyy ) 20 +

Fs(, 9,2, 2,2y, Zx, Zoeys Zyy) 2y + B (%, ¥, Z, Ze, Zyy, Zos Zonys Zoyy ) Z = O

where A,B,C,D,E and F are linear functions of dependent variable Z and partial derivatives of
dependent variable with respect to the independent variablesx and y, by the following assumptions

Z(x,y) = e/ U@ax+[vydy Z(x,y) = ef@dﬂfV(y) dy
V) e} V&)
Z(x,y) = el U+ 5574y 5 g Z(x,y) = el a5y

she found the complete solutions of the above kind of equations.

Finally, ketap, in 2011 studied the linear third order partial differential equations, of [6] the form
AZyyx + BZyyy + CZyyy + DZyyy + EZyy + FZ,, + GZyy + HZ, + 12, +]Z2 =0,

and it depend on the values of A,....I and J. He used the assumption Z(x, y) = e U®)dx +[V(y)dy
to find the complete solution of it.

These ideas made us to search functionsU(x) and V(y), that give the complete solution of the
linear second order partial differential equations with variable coefficients,

Fi(x,y)Zxx + F2(,¥) Zyy + F3(x,¥)Zy, + Fy(x,y)Zy + Fs(x,¥)Z,, + Fs(x,y)Z =0 and this
solution depends on the forms of the functionsF; (x,y),F,(x,y), F;(x,y), F4(x,y), Fs(x,y)and
F6 (x, y)

2. Basic definitions

In this section we present the fundamental and necessary definitions related to this work.

2.1 Definition[7]: A partial differential equation is an equation involving one or more partial
derivatives of an unknown function of several variables.

2.2 Definition[8]: Any relation between dependent variable and independent variables which
satisfies( P. D. E.) and is free from partial derivatives is said to be a solution of the partial
differential equation.

2.3 Definition[8]:The solution of the partial differential equation , which contains only arbitrary
constants, is called complete solution.

2.4 Definition[7]: A linear partial differential equation of second order in the independent variables
x and y is an equation of the form

Fl(x:y)zxx + Fz(xJY)ny + F3(x’y)Zyy + F4(X,_’V)Zx +
62
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Fs(x,y)Zy + Fs(x,y)Z = 0 ..(1.1)
Such that F (x, y),F,(x,¥), F5(x,¥), F4(x,y), Fs(x,y) and Fg(x, y)
are functions of xand y.

3. Finding the complete solution

In order to solve the equation (1.1), we will choose some kinds of linear second order partial
differential equations with variable coefficients and divide them into two kinds, according to the
assumptions that we will suggested it help us to solve these equations.

Kind(1)

1) AxZ, +B +D ny—O (y # 0ifn € R*) and n € R,
3 A, B and D are not |dent|cally zero.

2)A +B ny+DZ—0 ;(y # 0ifne R*)and n € R,

3 A, B and Dare not identically zero.
3) AxZ, +B ny+DZ—0 (y # 0ifn e R*)and n € R,

3 A, Band Dare not |dent|cally zero.

4) AxZ, +B ny+D 2+ EZ =0;(y # 0if neR*) and ne R, 3 A, B, D andEare not
identically zero

5) AxZ, + B%+ Cx?Zx + B2 Zyy = 03 (v # 0if n € R¥) and n € R, 3 A, B, C and Eare ot
identically zero.

6) AxZ, + Bj—fl + Cx%Z,, + Eyinzxy +FZ=0;(y#0ifneR*)andn € R, 2 A, B, C, EandFare
not identically zero.

Kind(2)
1)Atannyx+BZ =0
2)AZ,., +BZ, +D —0 such that f(y) # 0

sz+Fz
3)AZy, +BZ, + ——— ) = 0, such that f(x) # 0

such that A, B, D and F are arbitrary constants and not identically zero.
In kind (1), we search about functions U(x) # 0 and V (y) # 0 such that the assumption

U@ n
Z(x,y) = el = w4 .. (1.2)
gives the complete solution of the equations in kind (1). By finding Z,,Z,,, Z,,, Z,, and Z,,, from
(1.2), we get
7, = V&) f 29 gx+ [ y™v(y) dy

9€3) n
Zy — ynv(y)edex"‘fy V(y)ady

xU' (x)+U2(x)-U(x) f@axﬂy”vry)dy
x2

Zey = L UGV ()l IO
By substltutlng Zyy Zy, Zyx, Zyyand ny in the equations of kind(1), we get
1) [AU(x) + BV (y) + DU(x)V(y)] Hax[ymay _
2) [AV(y) + BU(x)V(y) + D]e f dx+r Yy _
3) [AU(x) + BU(X)V(y) + D]e’ dx+f y“vrm W _
4) [AU(x) + BU(x)V(y) + DV (y) + E]e/ TRax+[yVmdy _
5)[AU(x) + BV () + C(xU'(x) + U%(x) — U(x)) + EU(x)V(y)]e 29 gt [ymv(yyay _ -0
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U(

6)[AU(x) + BV () + C(xU’ + U%(x) — U(x)) + EU(X)V(y) + F]efo)d“fynV(y) dy _ g

since e/ % VO o o g0

DAU(x) +BV(y) + DUx)V(y) =0

2)AV(y) + BUx)V(y)+D =0

AU(x) +BUX)V(y)+ D=0

4)AU(x) + BU(x)V(y) +DV(y)+E=0

5 AU(x) + BV(y) + C(xU’(x) + U?(x) — U(x)) +EU(x)V(y) =0

6) AU(x) + BV(y) + C(xU' + U*(x) = U(x)) + EU(X)V(y) + F=0

The last equations are of the first order (O. D. Es.) and contain two independent functions U (x) and
V(y).

Solution(1):
Since AU(x) + BV (y) + DU(x)V(y) = 0, so, we can separate the variables in this equation[9].So:

_ _BV» _
= —UQ) = A+DV(Y)
—2A

ThereforeU(x) = Aand V(y) = TR
Then the complete solution is given by:

A o+
Z(x,y) = kx*e BADmD” whenn # —1

A
and Z(x,y) = k— whenn = -1
yB+AD
where k = e9 and A are arbitrary constants.

Solution(2):

Since AV (y) + BU(x)V (y) + D = 0, this equation is with separate variables. So:

D
=-V() = revTriia AeD
+

ThereforeV (y) = Aand U(x) = — IO
Hence the complete solution is given by:

_A_n+1
Z(x,y) = kS whenn # —1
x AB
A
and Z(x,y) = k—x5 whenn = -1
x AB
where k = e9 and A are arbitrary constants.
Solution(3):

Since AU(x) + BU(x)V(y) + D = 0, this equation is with separate variables. Then by the same
method in case (2), we get the complete solution which is given by:

D-2A n+1
B
Z(x,y) =k — whenn # —1
D-AA
and Z(x,y) = kX— whenn = —1

xA
where k = e9 and A are arbitrary constants.

Solution(4):
Since AU(x) + BU(x)V(y) + DV(y) + E = 0, this equation is with separate variables . So:

DV+E
=-Ux) = A+BV 1
ThereforeU(x) = A and V(y) = _Dfl;AE

Hence the complete solution is given by:
(—AA—E)ﬂ
Z(x,y) = kx*e\D+Bx /041 when n # —1
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(—AA—E)
and Z(x,y) = kx*y\p+Ba
where k = e9 and A are arbitrary constants.

Solution(5):
Since AU(x) +BV(y) + C(xU'(x) + U%(x) — U(x)) + EU(x)V(y) = 0, this equation is with
separate variables. So:
=AU+ V(B; +EU)+ (U +U?-U) =0,
such that A, = % B, = %and E, = %
_ _ AU+(xU'+UR-U)
==V = B,+E U =—4
=V(@)=2Aand xU'(x) + U*(x) + HU(x) + H, =0

whenn = —1

. H,? au dx _
i)IfH, # — - we get T U, + 7 =0
w+myeepz T x 0 b*=H; -~
Therefore U(x) = —btan(bIn(cx)) — % ;cx >0

Then the complete solution is given by:
<—b tan(b 1n(cx))—%

Z(x,y) =e *

— eln(cos(b ln(cx)))——ln(x)+ly

n+1
M At cos(bln(cx))

) dx+[ Ay™dy

;cos(bIn(cx)) >0and cx > 0

=k when n# —1:;k=e9andcx >0

%+AE—1
X 2
and Z(x,y)—k%:fx» whenn = —1 ;k = e%and cx > 0
X 2
where k, ¢ and A are arbltrary constants.
dx
ii) IfH, = — , we get R Hl)z —= 0
- _ 1 _H .
=>U+% + In(x) = —In ¢, Therefore U(x) = e 2 ;x>0
Then the complete solution is given by:
1 Hp
Z(x, y) — eI(M) dx+f/1y dy f(xln(lclx) 2x)dx+f/1y dy
n+1
A=
= e nH when n# —1;k=e9and ¢;x > 0
cHic1
X 2
and Z(x,y) = ky lniclx) when n=—-1;k=e9andc;x >0
x 2
where k, ¢; and A are arbitrary constants.
Solution(6):

Since AU(x) + BV(y) + C(xU' + U%(x) — U(x)) + EU(X)V(y) + F =0
this equation is with separate variables. So:
=AU+VB;+EU)+ U +U?-U)+F, =0,

A B E F
such that A; = E'(Bl —g, l?l =< and F; = c

_ AUH(xU'+U-U)+F, _

=-V(y) = By+E,U =—A
=V(y) =Aand xU'(x) + U*(x) + H U(x) + H, = 0,
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2
i) If H, # HTI , we getU(x) = —btan(bln(c,x)) — % ;cp,>0andx >0
Then the complete solution is given by:
<—b tan(b ln(czx))—%> dx+flyn dy
Z(x,y) =e *
_Hy yn+l
= n(cosbIn(cX))=ZFIn()+475+g - cos(bIn(c,x)) > 0and c,x > 0
n+1
An—
= g2 ZOS(:IH(CZJC)) whenn # —1;k=e9and c,x >0
€+AE—1
x 2
A
and Z(x,y) =k% whenn = —1; k = e9and c,x > 0
xC 2C
where k, ¢, and A are arbitrary constants.

H Hy

2
. _Hy _ _H _
iIf Hy = =, we get U(x) = e 2 ;c3x >0
Hence the complete solution is given by:

1 Hq
In(czx) 2. 1 Hy

n+1
ln(cg.x)e’1 n+1

=k—5—= when n# —1;k=e9and c3x >0
E+AE—1

X 2

A1n(csx)

and Z(x,y) = kZ when n# —1:k=e9and c3x > 0

%+/1%—1
X 2
where Kk, c¢3 and A are arbitrary constants.

In kind (2), we search about functions U(x) # 0 and V (y) # 0 such that the assumption

Z(x,y) = eI UDdx+[V(dy . (L1.3)
gives the complete solution of the equations in kind (2). By finding Z, Z,,, Z,,, Z,,, and Z,,, from
(1.3), we get

Z, = U(x)er(x)dX+fV(y)dy

Z = (U'(x) + Uz(x))ef U(x)dx + [ V(y)dy

Z, = V(y)el Uax+[vay

Zyy — (V’(y) + Vz(y))er(x)dx +[v(y)dy

Zyy = U(x)V (y)el Vxax +[vydy

by substituting Zy, Z,,, Zyx, Z,, and Z,,, in the equations of kind(2), we get

1) Atany (U'(x) + U?(x)) + BUX)V(y) =0

2) AU’ (x) + U2(x)) + B U(x) + 22 = ¢

f»
AAV' () + V() +BV(Y) +

DU(x)+FZ _
)

The last equations are of the first order (O. D. Es.) and contain two independent functions U (x) and

V().

Solution(1):

Since Atany (U'(x) + U%(x)) + BU(x)V(y) = 0, this equation is separate variables. So:
_U+Uix) _ -B _

— U(x) - AtanyV(y) = -4

=V(y) =2 and U'(x) + U2(x) + AU(x) =0 (L.4)

The equation(1.4) is similar to Bernoulli equation[2].
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—Ax

Then U(X) = _—de , [2]

Hence the complete solution is given by:
AL

Z(x,y) = (cos(y))_?(dle_” + dz)

where d; = _Tk ,d, = _kTm , A, kand m are arbitrary constants.

Solution(2):

Since A(U (x) + U? (x)) +BU(x)+ va((;;) 0, this equation is with separate variables. So:
=(U'() + U2@) + V() = -2 = -

Therefore V(y) = %}‘ f(y) and

U'(x) +U?(x) +B,U(x)+B, =0 ...(1.5)
such that B; = %and B, =21

The equation (1.5) is similar to Riccati's equation [9][10].

i) If B, # Ble , We get U(x) = btan(f — bx) — % . b2 =B, — Ble and f is constant.
Then the complete solution is given by:

A_}‘_Ex B2 . B2
Z(x,y) = F(y)eD 28" |dycos |A— —7x + dasin A — —x

where k,d; = kcosf, d, = ksinf and A are arbitrary constants and F(y) = el Fayis an arbitrary
function of y

i) IfB, = —, we get Ulx) = % — =, Then the complete solution is given by:

Z(x,y) = kF(y)e b A (x — )
where k , c;and A are arbitrary constants, and F(y) = el FMyis an arbitrary function of y.

Solution(3):

Since A(V'(y) +V2(y)) + BV (y) + ——=—
can solve it as follows:
=V'+V*())+BV(y) = -
Therefore U(x) = @ and
V') +V*(y) +BV(y) +B; =0 ..(1.6)
such that B1 = E and B, = 5 are arbitrary constants.

DU(x)+F

o = 0, this equation is with separate variables[10].we

DU(x)+F

- A

2
i) If B, % 2L , We get V(y) = btan(f — by) — — . b2=B, - B% and f is constant.
Then the complete solution is given by:

2 Fx—m A B2 . [» B2
Z(x,y) = G(x)ed Frmony Id1COS /z—my+dzsln /X—EYl

where d; = kcosf, d, = ksinf and A are arbitrary constants, and G(x) = el F@dx g an arbitrary

function of x.

2
ii) If B, = B% ,we get U(x) = y% — %. Then the complete solution is given by:
—C2

A B
Z(x,y) =k G(x)ed T2 (y — c3)
where k , c,and A are arbitrary constants, and G(x) = el F()dx s gn arbitrary function of x.
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4.Examples

In this section, some illustrative examples are given for completeness purposes .
Example (3.1):To solve the (P. D. E):-

3xZ, + 5% + 2;—any = 0 by using the (kind(1), 1).Then the complete solution is given by:

1 34 yn+1
Z(x,y) = kx*e G+a2)n+n) whenn = —1
AA A
L |
and Z(x,y) = kxte G2 "O = — whenn = -1
y5+2X

where k = e® and A are arbitrary constants.

Example (3.2):To solve the (P. D. E):-
2xZ,+5 %ny + 7% + Z = 0Oby using the (kind(1), 4). Then the complete solution is given by:

n+1

(—21—1)y_

Z(x,y) = kxte\7+sx )1 when n # —1
—22-1

and Z(x,y) = kxly( 75y whenn = —1

where k = e9 and A are arbitrary constants.

Example (3.3):To solve the (P. D. E):-
6tany Zy, + 5Zy, = 0 by using the (kind(2), 1).Then the complete solution is given by:
61
Z(x,y) = (cos(y)) s (dre™ +d;)
—km

where d; = _Tk ,dy = — A, k and m are arbitrary constants.

Example(3.4): To solve the P.D.E. :- 3xZ, + \/Eyinzxy +Z=0,(y#0ifneR*)AnER.
A =3,B=+5and D = 1, we use the formula (kind(1),3), then the complete solution is given by:

1-32 n+1

Z(x,y) = keVsrmn’ xA whenn # —1
1-31
and Z(x,y) = kyvsax=4 whenn = —1

where k = e9 and A # 0 are arbitrary constants.

Example(3.5): To solve the P.D.E. :-
Zxe+5%+szxx+33%ny+2Z=0, A=2 ,B=5C=1,E=3and F=2, (y#0 if
n € R*) andn € R, we use the formula (kind(1),6), Then the complete solution is given by:

n+1

3431
Z(x,y) =k e}‘};T cos (\/(57\ +2)— @ln(czxg x "z whenn # —1and c,x > 0

3431

and Z(x,y) = ky* cos (\/(57& +2) — @ln(czxg X z whenn = —1and c,x > 0

where k = €8, ¢, and A are arbitrary constants.
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