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Abstract 
 The Image denoising naturally corrupted by noise is a classical problem in 

the field of signal or image processing. Denoising of a natural images corrupted 

by Gaussian noise using multi-wavelet techniques are very effective because of 

its ability to capture the energy of a signal in few energy transfer values. Multi-

wavelet can satisfy with symmetry and asymmetry which are very important 

characteristics in signal processing. The better denoising result depends on the 

degree of the noise. Generally, its energy is distributed over low frequency band 

while both its noise and details are distributed over high frequency band. 

Corresponding hard threshold used in different scale high frequency sub-bands. 

In this paper proposed to indicate the suitability of different wavelet and multi-

wavelet based and a size of different neighborhood on the performance of image 

Denoising algorithm in terms of PSNR value. Finally it's compare wavelet and 

multi-wavelet techniques and produced best denoised image using neighbor 

mapping and multiwavelet technique based on the performance of image 

denoising algorithm in terms of PSNR Values. 

Keywords: PSNR peak signal to noise ratio. 
1. Introduction 

This paper investigates the suitability of different wavelet bases and the 

size of different neighborhood on the performance of image de-noising 

algorithms in terms of PSNR. Over the past decade, wavelet transforms have 

received a lot of attention from researchers in many different areas. Both 

discrete and continuous wavelet transforms have shown great promise in such 

diverse fields as image compression, image de noising, signal processing, 

computer graphics, and pattern recognition to name only a few. In de-noising, 

single orthogonal wavelets with a single-mother wavelet function have played 

an important role. De-noising of natural images corrupted by Gaussian noise 

using wavelet techniques is very effective because of its ability to capture the 

energy of a signal in few energy transform values. Crudely, it states that the 

wavelet transform yields a large number of small coefficients and a small 
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number of large coefficients. 

The problem of Image de-noising can be summarized as follows. Let 

A(i,j) be the noise-free image and B(i,j)the image corrupted with independent 

Gaussian noise Z(i,j), 

          B(i,j)= A(i,j)+σ Z(i,j)                            …(1) 
Where Z(i,j) has normal distribution N(0,1) . The problem is to estimate 

the desired signal as accurately as possible according to some criteria. In the 

wavelet domain, if an orthogonal wavelet transform is used, the problem can be 

formulated as 

         Y(i,j)= W(i,j)+N(i,j)                                …(2) 

where Y(i,j) is noisy wavelet coefficient; W(i,j) is true coefficient and N(i,j) 

noise, which is independent Gaussian. 

In multi-wavelet aspects, the symmetry and dissymmetry of the wavelet is 

rather important in signal processing. But single-wavelets with orthogonal 

intersection and compact-supporting are not symmetric except Harr. Recently, 

research on multi-wavelet is an active orientation. As multi-wavelet can satisfy 

both symmetry and asymmetry which are very important characters in signal 

processing. Multi-wavelet is commonly used in image compression, image de-

noising, digital watermark and other signal processing field, so it is especially 

appropriate to processing complex images. 

There are r compact-supporting scaling functions φ=( φ1, φ2,….φ r)T and 

they are inter-orthogonal with the wavelet functions ψ=(ψ1,ψ2,……ψr)T  

φr(t)(l=1,2,…r). The orthogonal basis of L2(R) space is                2j/2 ψr(2jt-

k)(j, k∈Z,l=1,2,…,r). Hk,, Gk are the N*N matrix finite response filters with 

orthogonal basis, then the following specific equations can be obtained: 

                          Φ(t)= 2 ΣHK Φ(2t-k)                           …(3)                                                                                             

 

                         ψ(t)= 2 ΣGK  ψ(2t-k)               …(4)                                                                                            

2. Multiwavelet Transform 

In multiwavelet transform, we use multiwavelet as transform basis. 

Multiwavelet functions are functions generated from one single function ψ by 

scaling and translation: 

                                      ψa,b(t)=                                   … (5) 

The mother wavelet ψ (t) has to be zero integral,   ψa,b(t)dt = 0. From (1) 

we see that high frequency multiwavelet correspond to a > 1 or narrow width, 

while low frequency   multiwavelet corresponds to a < 1 or wider width. The 

basic idea of wavelet transform is to represent any function f as a linear 

superposition of wavelets. Any such superposition decomposes f  to different 

scale levels, where each level can be then further decomposed with a resolution 

k=-∞ 

k=-∞ 
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adapted to that level. One general way to do this is writing   f as the sum of 

wavelets ψm,n(t)over m  and n . This leads to discrete wavelet transform: 

                                   ƒ(t) = m,n ψm,n (t)                                            … (6) 

By introducing the multi-resolution analysis (MRA) idea by Mallat 
[3]

, in 

discrete wavelet transform we really use two functions: wavelet function ψ(t) 

and scaling function  φ(t). If we have a scaling function φ(t)L
2
(R), then the 

sequence of subspaces spanned by its scaling and translations ψj,k (t)=2
j/2

 φ(2
j
 t - 

k) , i.e  

                                 Vj = span { φj,k (t),j,k  Z}                                      … (7) 

Constitute a MRA for L
2
(R). 

φ(t) must satisfy the MRA condition: 

           φ(t)=√2 h(n) φ(2t-2)                          … (8) 

 

For nZ. In this manner, we can span the difference between spaces V j by 

wavelet functions produced from mother wavelet: ψ j,k (t)=2
j/2

 φ(2
j
 t - k) Then we 

have: 

                                 ψ j,k (t) = √2 g(n) φ(2t-2)              … (9) 

For orthogonal basis we have: 

                                 g(n) = (-1)
n
 h(-n+1)                       … (10) 

If we want to find the projection of a function ƒ(t)  L
2
(R) on this set of 

subspaces, we must express it in e as a linear combination of expansion 

functions of that subspace 
[4]

:  

 

                                      ƒ(t) =      c(t) φ(t)+             d(t) ψj,k                    … (11) 

  

Where φk(t) corresponds to the space  V0 and ψj,k (t)  corresponds to wavelet 

spaces.By using the idea of MRA implementation of wavelet decomposition can 

be performed using filter bank constructed by a pyramidal structure of lowpass 

filters h(n) and highpass filters g(n)
[3, 4]

. 

The Multi-Wavelet Transform of image signals produces a non-redundant 

image representation, which provides better spatial and spectral localization of 

image formation, compared with other multi scale representations such as 

Gaussian and Laplacian pyramid. Recently, Multi-Wavelet Transform has 

attracted more and more interest in image de-noising. 

Multi-wavelet iterates on the low-frequency components generated by the 

first decomposition. After scalar wavelet decomposition, the low-frequency 

components have only one sub-band, but after multiwavelet decomposition, the 

low-frequency components have four small sub-bands, one low-pass sub band 

and three band-pass sub bands. The next iteration continued to decompose the 

Σ 
n= −∞ 
 

∞ 

Σ 
n= −∞ 
 

∞ 

Σ   
n= −∞ 
 

∞ 
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low frequency components L= {L1L1, L1L2,L2L1, L2L2}. In this situation, a 

structure of 5(4*J+1) subbands can be generated after J times decomposition, as 

shown in figure 1. The hierarchical relationship between every sub-band is 

shown in figure 2. Similar to single wavelet, multi-wavelet can be decomposed 

to 3 to 5 layers. 

The Gaussian noise will nearby be averaged out in low frequency Wavelet 

coefficients. Therefore only the Multi-Wavelet coefficients in the high 

frequency level need to hard are threshold. 

 

 

 

 

 

 

  

           Figure 

(1): The structure of sub-band distribution                                     

 

3. Proposed method for Image Neighbor 

During experimentation, it was seen that when the noise content was high, 

the reconstructed image using Neighshrink contained mat like aberrations. These 

aberrations could be removed by wiener filtering the reconstructed image at the 

last stage of IDWT. The cost of additional filtering was slight reduction in 

sharpness of the reconstructed image. However, there was a slight improvement 

in the PSNR of the reconstructed image using wiener filtering. The de-noised 

image using Neighshrink sometimes unacceptably blurred and lost some details. 

The reason could be the suppression of too many detail wavelet coefficients. 

This problem will be avoided by reducing the value of threshold itself. So, the 

shrinkage factor is given by 

B(i,j) = ( 1- (3/4)*T2/ S2 (i,j)).  

The key of wavelet threshold in image de-noising is how to evaluate the 

coefficients. Although the methods of hard and soft threshold are used widely in 

practice, there are many faults in their nature. Hard threshold is to keep datum 

greater than the threshold, and all data less than the threshold are put to zero, the 

formula is as following: 

         

                                                                                                           
… (12)                                                                                             

 

 

        Figure (2): The hierarchical relationship 

between every sub-band 

A'j,k = 

Aj,k 

=  

 ...... | Aj,k| >= 

σ 

…........... | Aj,k| 

< σ 
0
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Where σ is threshold and Aj,k  in formula (5) the wavelet coefficients. In 

hard threshold, Aj,k  in formula (12) which are discontinuous at σ will bring 

some concussions and large mean-square deviation to the reconstructed signal. 

4. Denoising Process for Multiwavelet 

If the noised image 

       I(i,j)=X(i,j)+n(i,j) i,j=1,2,…,N                    …(13) 
Where n(i, j) is white Gaussian noise whose mean value is zero, σ is its variance, 

and X(i,j) the original signal. The problem of de-noising can be thought as how 

to recover X(i, j) from I(i, j). Transform the formula (13) with multiwavelet, 

formula (14) is obtained  

                    WI (i,j)= Wx(i,j)+ Wn (i,j)                 …(14) 

It is known from multi-wavelet transformation that, the multi-wavelet 

transformation of Gaussian noise is also Gaussian distributed, there are 

components at different scales, but energy distributes evenly in high frequency 

area, and the specific signal of the image has projecting section in every high 

frequency components. 

So image de-noising can be performed in high frequency area of multi-wavelet 

transformation. 

5. Evaluation Criteria for Wavelet and Multiwavelet 

The above said methods are evaluated using the quality measure Peak 

Signal to Noise ratio which is calculated using the formulae, PSNR= 10log 10 

(255) 2/MSE (db) where MSE is the mean squared error between the original 

image and the reconstructed de-noised image. It is used to evaluate the different 

de-noising scheme like Wiener filter, Visushrink, Neighshrink, Modified 

Neighshrink and multi-wavelet. 

6. Results and Discussion 

For the above mentioned Wavelet and Multi-Wavelet methods, image de-

noising is performed using wavelets from the second level to fourth level 

decomposition and the results are shown in figure (3) and table if formulated for 

second level decomposition for different noise variance as follows. It was found 

that three level decomposition and fourth level decomposition gave optimum 

results. However, third and fourth level decomposition resulted in more blurring. 

The experiments were done using a window size of 3X3, 5X5 and 7X7 for 

Multi-Wavelet. The neighborhood window of 3X3 and 5X5 are good choices. 
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Figure (3): Results of Various Image Denoising Methods 

(a) Original Image,(b) Noisy Image,(c) Denoising image by Visushrink (d) Denoising Image 

by Neighshrink (e) Denoising Image by Mod.Nei  (f) Denoising Image using Multiwavelet 

Table (1): PSNR Values Comparison for Wavelet and Multiwavelet 
Window 

Size 

 

 

 

 

3×3 

 

5×5 

 

7×7 

 

Wavelet 

Variance 0.02 0.04 0.06 0.08 0.02 0.04 0.06 0.08 0.02 0.04 0.06 0.08 

Noisy  16.86 14.10 12.64 11.67 16.83 14.09 12.67 11.68 16.84 14.10 12.64 11.65 

Wiener 24.05 21.34 19.94 19.02 26.41 24.1466 22.89 21.98 26.63 24.82 23.73 22.90 

 

Harr 

 

Visushrink 22.29 19.77 18.37 17.38 22.27 19.7681 18.37 17.431 22.28 19.80 18.33 17.40 

Neighshrink 24.57 23.30 22.29 21.54 24.58 23.2459 22.37 21.55 24.55 23.25 22.28 21.57 

Mod.Ne 25.96 25.01 24.12 23.40 25.96 24.9922 24.20 23.43 25.95 24.98 24.09 23.38 

Multiwavelet 26.87 26.04 25.24 24.96 27.18 26.73 26.12 25.11 27.34 26.877 25.87 25.00 

 

db 16 

 

Visushrink 22.62 20.00 18.45 17.53 22.61 19.97 18.47 17.50 22.61 19.97 18.50 17.53 

Neighshrink 23.36 22.38 21.59 21.01 23.35 22.41 21.61 21.04 23.36 22.35 21.62 21.02 

Mod.Ne 24.33 23.70 23.08 22.59 24.31 23.76 23.14 22.627 24.33 23.68 23.12 22.59 

Multiwavelet 25.41 24.94 24.60 24.01 25.45 24.94 23.14 22.627 24.33 23.68 23.12 22.59 

 

Sym 8 

 

Visushrink 22.60 19.97 18.50 17.47 22.56 19.95 18.51 17.517 22.60 19.98 18.45 17.49 

Neighshrink 23.42 22.50 21.65 21.11 23.46 22.48 21.73 21.05 23.41 22.48 21.62 21.04 

Mod.Ne 24.38 23.87 23.20 22.73 24.42 23.82 23.27 22.68 24.36 23.83 23.15 22.66 

Multiwavelet 25.13 25.14 24.47 23.94 25.41 24.94 24.96 25.13 25.26 24.97 24.56 23.98 

Coif 5 Visushrink 22.56 19.93 18.50 17.50 22.61 19.98 18.45 17.49 22.61 19.91 18.48 17.49 

(a) (b) (c) 

(f) (e) (d) 
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Neighshrink 26.07 24.27 23.18 22.22 26.03 24.32 23.08 22.28 26.06 24.27 23.12 22.26 

Mod.Ne 27.27 26.00 25.01 25.01 27.27 26.01 24.92 24.16 27.29 25.98 24.99 24.15 

 

 

7. Conclusion 

In this paper, the image de-noising using Discrete Wavelet Transform and 

Multi-Wavelet transform is analyzed. The experiments were conduced to study 

the suitability of different wavelet and multi-wavelet bases and also different 

window sizes. Experimental Results also show that multi-wavelet with hard 

threshold gives better result than Modified Neighshrink, Neighshrink, Weiner 

filter and Visushrink. 
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 الخلاصة:
عاااً مع لجً اااار   لاااعيم   تي ج ااار   باااع أن ااا ع ي ااايه واااعي لااا   واااع ي   ب اااع   ع   باااع بااا ع              

 يضعضًء   لً ي عا    للا ي ع  باع ب ات ن ب و ار وًماي   لع ااًع بلاع  نجً ار اا  ع ي ايه ما يم   تي  ار
لبج     لع اًع   لب تع ع  ذي  ، تًلبرع ل  تلاي و ي تًمر  لا ًيم ع  تي ق وًمييم ً لالَأْ ي تًمرِ  

للل      ح ث ل  تلاي   بوًظي  ع ع ن   بوًظي ع   بع بجبيي ل    تلًئص   لهلر اا   ناع لجً اار 
 لا ااًي ع   يمل اارت بجبلاا  تي  اار   ضااًء   ضعضااًء عماا    تًماار   لعيعاار نااع   ااايء   ااذي  لااع  ذ ع   بااي   

اااايء ذ ع   باااي     جاااً عت   جبيااار   لاااجير   لتًي ااار    اااع تعء ي ولاااً باًلااا ي   لاااعيم بلاااع  لعيعااار  ع ناااع
  بجلمع نع بذيذه   ل  ًس   جً ع   لتبمف نع  لااي ء   لتبمار لا    لاعيمت ناع  اذ    يحاث بان  مباي   
تي  اار ا  اا م لا اابجلًي وًمااي لبجاا     لع اااًع  لجً ااار  لا ااًي ع لتبمااار   اابو ع عماا    حااان   حااع نااع 

ع ييل ر  عبل ع عم  م لار  لا اًيم   و  ار يً و اير   ا    ضعضاًءت  ت اي ع  ابن علم ر   ضًء   ضعضًء ع   ت
ل ًيور وًمي لبج     لع اًع ع ب و ر وًمي   لع اًع ع   بع بن  لا بوً  عم    ضًء   ضعضًء ناع   لاعيم 

                                           ع ع و ير  لا ًيم   و  ر نع   لعيم      لا ًيم   ل ع  ت  يع إس إ  آي ل  تلاي ل ًيور م ن  ي

 


