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Abstract
In this paper we introduced the notion " bt- dense sets" in bitopological spaces and
proved some of their properties and related theorems by using the concept of bt -open set .
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Introduction:

In 2007, M. Ganster and M. Steiner [6] introduce the concept of bz-closed set, which the
complement of it is called bz-open set where they defined a subset A of a topological space X to
be br-closed if cl,(A)cU whenever AcU and U is open, where cl,(A) denoted to the

intersection of all b-closed sets containing a subset A.in this paper we used a corresponding
concept, i.e. T1T2bt-0pen in bitopological spaces, where the study of Bitopological space initiated by
Kelly [3],[5] is defined as : A set equipped with two topologies is called a bitopological space,
denoted by (X,t1,72) where (X,t1) and (X,t,) are two topological spaces defined on topological
spaces defined on X

Definition (1-1): [8] A subset S of X is called 117, open if S € 13U 1, and the
complement of T1T,- open set is T17,-Closed.
Example (1-2): Let X = {a, b, ¢}, 11 ={¢,X, {a}} and 12 = {$,X, {b}}. The sets
in {¢,X, {a}, {b}} are called 117, open and the sets in {¢,X, {b, c}, {a, c}} are
called 1177 closed.
Definition (1-3):[1] A subset A of a space (X,11,72) is said to be titb-open set if
Ac r,7,d(z,z, int(A)U 7, int(z,7,cl(A))
Remark(1-4):
1) The complement of t;1,b-open set is called tyt,b-closed set.
2) The intersection of all tytob-closed sets of X containing a subset Aof (X,t1,12) is called
T11ob-closure of A and is denoted by t31,b-Cl(A). Analogously the tit,b- interior of A is the
union of all t;t2b -open sets contained in A denoted by tit,b-int(A).

Definition (1-5): A subset A of a bitopological space (X,t1,7t7) is called to be t1,bt -open iftitob-
cl(A) titob-cl

Definition (1-6): Let (X, 11, t2) be a bitopological space and A —cX.Then A is called a T1T2b1-
neighbourehood of a point x in X ,if there existstitobt-open set U in X such that x € U Cc A.
Definition (1-7): The union of all bt -open sets contained in a setA is called bt- interior of A
and denoted by bt-int(A) .

Definition (1-8): The intersection of all bt -closed sets containing a set A is called

bz -closures of A and denoted by bt- cl (A).

Definition (1-9): A point xeX is said to be a bt -limit Point if and only if U is

T112bt-0pen set implies U M (A-{x}) # & .where J is the empty set.
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Definition (1-10): The set of all bt -limit points of A < X, is called the bz -drived set of A and is
denoted by bz-D(A) .

Definition (1-11): The set bt cl(A) — brint(A) is called bz -frontier of A is denoted by bz-
f(A) .

Fger)nark (1-12) : every tito-closed set is 7,7,b -closed set and every z,7,b -closed set

is z,7,b7 -closed set .

Proposition (1-13) :Every t11,-closed subset of a bitopological space (X, 11, 1) is z,7,b -closed.
Proof:Let Ac X be 7,7,-Closed set, since A° crz,cl (A°), hence
o1, int(A°)c r,r,int(r,,dl(A°)),  but 7z, int(A)c A for any subset A, hence
A° crr, int(rlrzcl(AC )) and A° cry7, int(rlrch(A° ))U rlrzcl(rlr2 int(AC )) hence A° is 7,7,b-
open set, hence A is z,7,b-open set.O

Remark(1-14) :The converse of Proposition (1-13) is not true as the following example

Example (1-15):z,7,b-closed set - 7,z,-closed set.LetX ={a,b,c}, 7z, ={X,4 {a},{b}{a,b}},
7, ={X,p,{b}}, then the sets in {X,¢,{b,cl{aclic}} are r,z,-closed and the set in
{X,¢,{b,c}{a,cl,{c}{a},{b}} are all 7,z,b-closed, so {a},{b} are r,7,b-closed but not 123-closed
set.

Proposition (1-16) :Every z,7,b -closed subset of a bitopological space (X,t, 1) is 7,7,b7 -closed.
Proof:

Let Ac X be r;7,b-closed set, and let AcU, where U is z,z,-0open, since A is r,z,b-closed

set, hence 7,7, int(z,7,0l(A) N 7,7,0l (7,7, int(A)) A, but AcU, hence
7,7, int(z,7,cl(A)N 7,70l (z,7, int(A)) cU, since z,7,cl,(A) is the smallest 7,7,b-closed set
containing A, so,
7,7,¢l, (A) = AU(z,7, int(z,7,cl (A))N123cl (123int(A)))

c AUU

cU,
i.e. Ais r,z,b7 -closed.0

Remark (1-17):the converse of Proposition (1-16) is not true as the following example
Example (1-18) z,7,bz -closed set -» 7,7,b-closed set.For the same example (1.15), the set {a,b}

is 7,7,b7 -closed but it is not z,z,b -closed set.

Theorem (1-19): Let A be a subset of abitopological space (X, 11, 12) . then z,7,b7 -Cl(A)
isclosed and A c 7,7,b7 -cI(A) further A is closed if and only if A = 7,z,bz -cI(A) .

Theorem (1-20): Let A be a subset ofabitopological space (X,t1,t2).then z,7,bz -int(A)is open
7,7,b7 -int(A) < A further A is open if and only if A= z,7,bz -int(A).

Theorem (1-21): Let A be a subset of abitopological space (X, 11, t2) Then 7,7, br-int(A) = X -
7,7, br-cl(X-A) and 7,7, br-cl(A) = X - 7,7, br-int(X-A) .

Proof: Since X-A c 7, br-cl(X-A) we have X - 7,7, br-cl(X-A) c A .But X - 7,7, br-cl(X-A)
is open (by theorem (1-19)),s0 X - 7,7, bz -cl(X-A) c 7,7, bz-int(A). On the other hand, X-z,z, br
-int(A) is closed by theorem(1-20), and X-A < X-7,7, br-int(A), so 7,7, br-cl(X-A) c X-7,7,
br-intA .And hence 7,7, br-int(A) < X-7,7, br-cl(X-A). This shows that 7,7, br-int(A) = X-
7,7, br-cl(X-A) , and the other relation follows from replace A by X-A m
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2. br-densnesse set in bitopological spaces
Definition(2-1): Let A be a subsets of thebitopological space (X, 11, t2).Then A'is said to be 7,7,
br-dense in X if 7,7, br-cl(A) =X .
Definition(2-2): A subset A of abitopological space (X, 11, t2) isnon 7,7, br-dense setif z,7,
br-int(bz-cl(A))= & thatis the 7,7, bz - interior of the 7,7, bz-closure of A is empty.
Theorem(2-3):Let A be a subset of abitopologicalspace (X, t1, t2) Then the following statements
are equivalent:
i) Alisnon 7,7, br-dense in X.
if) 7,7, br-cl(A) contains no 7,7, bz -nhd.
Proof : (i) < (ii) we have A is non 7,7, bz -dense
« 1,7, br-int (spcl(A)) = &
<> No point of X is a 7,7, bz -int point of bz-cl(A)
« 7,7, brcl (A) has not a 7,7, bz -nhd of any of its Points
« 1,7, brcl (A) contains no 7,7, br-nhdsm

Theorem(2-4): Let A be a subset ofa bitopological spaces (X, 11, 12)
if Aisnon 7,7, br-dense, then 7,7, bz -cI(A) is not the entire space X.

Proof: Since X is 7,7, bz -closed then X=17,z, bz -cl(X). Again since X is
7,7, br-open, we have 7,7, br.int(z,z, br-cl(X))=17,z, br-int(X)=X.Since A is non 7z, bz-
dense in X, 7,7, br-int(z,z, br-cl(A)) = & . Thus 7,7, br-int(z,z, br-cl(X))=X ,Andz,z, bz -
int(z,z, br-cl(A))= . ItfollowsA#X m
Theorem (2-5): The union of finite number of non 7,7, bz -dense set is non 7,7, bz -dense sets.
Proof : it suffices to prove that the theorem for the case oftwo non sp-dense sets ,say A and
B For simplicity we put G=rz,z, br-int(z,z, br-cl(A UB)) Sothat G crz, br-cl(A U B)
=-7,7, br _cl(A) Uz, br-cl(B). It follows that G N [z,7, bz -cl(B)] < (7,7, br-cl(A) Uz,
br-cl(B)) N [z,z, br-cl(B)] = [7,r, br-cl(A) N (7,7, brcl(B)) ] U [7,7, br-cl(B) N(z,z, bz-
cl(B))] =z,z, br-cl(A) N (7,7, br-cl(B)) Since [z,z, br-cl(B) N (7,7, br-cI(B)) =2] c 1,7,
bz-cl(A). Then 7,7, br-int(G N ((z,z, bz -cl(B))) 7,7, br-int(z,z, br-cl(A)) = &, since A is
nonz,z, br-dense. But 7,7, br-int [G N (r,z,br-cI(B)] = G N 7,7, br-cl(B), Since G N
(7,7, br-cl(B)) is an sp-open set ,It follows that G N (z,z, bz-cl(B)) = & , which implies G c
7,7, br-cl(B) then 7,7, br-int (G) crr, br-int (7,7, br-cl(B)) = &,Sinse [B is non 7,7, br-
dense] . Butz,z, br-int(G) = 7,7, br-int[ 7,7, br-int(z,z, bz -cl (A U B))] = 7,7, br-
int(z,7, br-cl(A U B)). So that 7,7, br-int (7,7, br-cl(A U B)) = &. Hense A U B is non
7,7, br-dense m

Theorem(2-6) :Let A be a subset of abitopological spaces (X,t1,72),Then A is

non z,z, br-dense in X if and only if X-z,z, br-cl(A) is 7,7, br-dense in X.
Proof: By theorem (1-21) 7,7, br-int(A) = X — 7,7, br-cl(X-A) and 7,7, br-Cl(A) = X - 7,7,
bz-int (X-A) it follows that 7,7, bz -int(z,z, bz -cl(A))= X-7,7, bz -cl(X-7,7, bz -cl(A)). Sinse
A is nonzz, br-dense then 7,7, bz int(zz, br-cl(A)=J then X-7,7, br-cl(X-7,7,b7-
cl(A)) = & then 7,7, br-cl(X-7,7, br-cl(A)) = X then 7,7, br-cl(X-7,z, br-cl(A)) isz,7, b7 -
densem
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Definition (2-7) : A subset A of a bitopological spaces (X, 11, t2) is called - 7,7, bz -dense- in-
itself if Acrr,br-D(A)thatis every points of A is z,z, br-limit point of A .

Example (2-8):let X={a,b,c,d,e} , with t11={ @,X,{b},{d,e},{b,d,e}.{a,c,d,e}}, ©.={ 3, X,{b}} are
a topology on X .consider the subset A={a,c},then ais 7,7, bz-  limit point of A since the a-
nhds of a are {a,c,d,e} and X each of which contains a point of A other than a, also c is 7,7,
bz -limit point of A since the a-nhds of ¢ are {a,c,d,e} and X each of which contains a point of A
other than c .hence A is 7,7, bz -dense- in-itself .

Theorem (2-9): If A is r;z, br-dense -in -itself set then 7, br-cl(A) is 7,7, b7-
dense-in-itself.

Proof :By theorem (let A be a subset of a topological space bitopological spaces (X, 11, t2)then
7,7, br-cl (A) = A vz, br-D(A) [2],[3] ) since A is 7,7, br-dense - in -itself that is ( every
point of A is 7,7, bz- limit point of A)then A Uz, br-D(A) = A hence 7z, bzr-cl(A) = A
then 7,7, br-cl(A) is 7,7, bz -dense-in-itselfm

Theorem (2-10) : The union of any family of 7,7, br--dense-in-itself sets is z,z, bz --dense -
in-itself .

Proof : let {Ai}, i<l be a family of 7,7, bz--dense-in-itself sets . so Aicr,z, br-D(A)) Viel,
Let peUA; then peA, .for some iel. Hence for each 7,7, br--pensetU with peU, AiN(U-
{p}) # 9. Thus (VA N(U-{p}) #0 , hence p € (7,7, br-D(UA))) therefore VAic(7,7, b7-
D(UA))) ; hence LA is 7,7, br--denes-in-itsefm
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