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In terms of the Averaged Modulus of Order One
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Abstract:in this work, we introduce Bernst- ein linear positive operators B, ,(f,x) in the space of all
continuous functions C; where I =[0,1] with some properties of this operator so to find the strong approxi-
mation of continuous functions with the averaged modulus of order one.
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1-Introduction

The strong approximation of function connected
with Fourier series was examined in many papers
published in last 40 years. The problem of strong
approxim- mation with power g > 0 is well known
for 2m - periodic functions and their Fourier series
[1], [2]. For example [3], if S,(f,x) is the n-th

partial sum of trigonometric Fourier series of f ,
then the n-th (C, 1) -mean of this series is defined
by the formula :

0u(f, %) = — TR o Su(f,x), M E Ny

where N, ={0,1,...}. The n-th strong (C,1) -
mean of this series is defined as follows:

1
HI(f,0) = (S5 Is.(h0 - f@left
n € N, . Where g isa fixed positive number, It is
clear that: lo,(f, x) — x| < HE(f, %)
And  H!(f,x) <HV(f,x),0<qg<p<
00 Lttt (1.1) In [4] is
investigated the strong approxi- imation of
functions f € C, some linear operators.
Definitions and Lemmas:

In this paper we examine this problem for
feC,(I=1[01]) and introduced B, (f,A4,x)
linear positive operators. Let C; be the space of all
functions, continuous and bounded on f:I - R
with the norm: [Ifll=sup{lf ()| : x € I}
.............. (1.2) Letr €N, be a fixed number
and let ¢ ={f € C;:f™ € ¢;} and the norm CJ

is defined by (1.2), where CP=C, . Let Ae M
andn € N. Where M the set of all infinite
matrices A = [a, . (x)]. The Bernstein operators

[5):Byi (f 4,2) = 2P e OF (5) oo (13)
Defined for continuous fon the interval I =[0,1]
with the matrix 4 = [a,, , (x)] where:

g () = {(D)x*@ -k} (1.4)

Lemma (1.1): [3]

Let A = [a,x(x)],n € N,k € N, then

a,(x) <0,forx € R,n €N,k €N,.

_ [ (Oxka-onk=1  if k=n }
an,k(x) - {(Z)xk(l—x)n"%o ifksn § (15)

Lemma (1.2): [3]

LetA = [a,,(x)],n € N,k € Ny, x € [0,0) as in
(1.4) then:
1-B,(1,A,x) =1

2-Bp 1 (E 1,4, x) =x

3 (G)74x) = x° (5) 3
For every matrix AeEM, p€EN,
and B, (f, A x). Then strong deference H, (f,x)
is well — defined for everyf € C, .x € I =[0,1],
neN with power g >0 as follows [6]:
1

Nq
HI(F, 0 = {Zheo @@ | (5) - r@| }-on
(1.6)

Let the function f be defined and bounded in the
interval [a, b] then [4]: w(f,8) = {sup(|f(x) —
fOD:x,y €labllx—yl<tht=
(0 7
In [5]if f € Ry=[0,) , then:
w(f,At) < 1+ Dow(f,t),for A,t €R,
.............................................. (1.8)
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And if f € R, are uniformly continuous functions
then lim,_ o+ w(f,t) = 0.The k" averaged
modulus of smoothness for f € R, is defined by

[7] Tk(f! 5)p = ”wk(f' 6)”17
The averaged modulus of order one defined by:
7,(f,8), = ||lw,(f, 5)”,, .............. (1.9) in [7] 1-

if f is measurable bounded function on[a,b],
p =1 then
Wy (fl 6)p < Tk (f' 5)p
2-1f § = 6'then
wi(f,x,6) = wi(f,x,6"), and 7.(f,x,6) =

T (f,%,8") oo, (1.10)
where wi(f,x,8) = {sup|lA,f(O]:t €

[x =2 x+2],x €[0,0)}k € N,8 €[0,00].

2- Main results

First we prove some properties of B, . (f, 4, x) and
Lemma to using them in the proof of our theorems.
Lemma (2.1):

Let A = [a, (x)],n € N,k € N, asin (1.4),

x € I =[0,1] then:

o ((9.45) = 0 (S22 430045
Proof:

From (1.3), (1.4) and lemma (1.2), we have:

Buk (9 4,%) = S0 G- (£)°

=x Xk (g)2 ()@ —x)nk

eyt (%)2 (Z)x"‘l(l —  x)@D-0eD)
Letj=k—-1

_ xz (1+1)2 (n—.1) xi(1—- x)(n—l)—j —

n j
() (e
2 xz;:L:—(}an (n]—l) xJ(1- x)(n—l)—f +
Tz (1) F A -0 =
R ()R
)(n 2)-j+1 4
P 1)Zn -2 1(}' ) j=1(1 —
x)(n 1) —Jj+1 xnz
Letv=j—-1
= R e L (R
2% z(n 1)
-2 2v+1 (n Z)xv(l_ x)(" -2)-v X =
= 2Ly (v (1 — ) Sy
2wt 04 LR (e -
x )27V 2 (Tln—zl)Zv:o ("vz)x”(l -

(n-1) 1

x) DY 4 2 x2 — tx—

— 53 (";1) ZE;EE (H;Z)xv—l(l —x )(n—2)—v+1 +

3x2 (n—21) +ox iz _ x3 (n—2)(2n—1) + 3y 22(n21) +
n n n n

x i

Lemma (2.2):

Let A= [a,,(x)],n € N,k €N, asin (1.4),
x € I =[0,1] then:

k (n-1)(n-2)(n-3)
Bu ()% A x) = xt (20202
3x? (”‘2(3”‘2) + 2x? (”‘131(3”‘2) F72 8D L

n3 n3

Proof:
By (1.3), (1.4) and lemma (1.2) we get

4
Bn,k ((_%)4IAI x) = 27]‘}:0 An k (x) (S)
3
= xzzzo (TEL) (Z)xk(l - x)n_k =
3
xZi () (e
As in the proof of the lemma (1.2) and (2.1) we

have the following = x* (M) +

n3
3x 2 (n— 1)gn 2) + 2X2 (n—l)gn—z)_l_ 7X2 (n—31)+
n n n

x)(n—l)—(k—l)

1

n3

Lemma (2.3):
Letk,n,x € [0,b],and € 22 0 then | (£) -

k 2 1

0] < @+ (E=2) 20l 2)
Proof:
If |§ — x| < 1, by (1.10) we have w(f, |§ — x|) <
w(f,A)

o
If|§—x|zlthenw(f,|§_x g
Let 1,x €[0,b], from (1.10), (1.8) we have

o]
— <

Ir (%) —f(x)| <w(f.|5-x) < o(f,

1+ (5= x) Ao (f, )

Theorem (2.1):

For every matrix A € M, and s € N there exists a
positive constant M, (4, x, 2s) independent on

x € [0,1]andn € N such that : B, . (4, x,2s) =

Zz:o Ap (). (% -

2s
X) e 2.1)
Then
B,k (4,x,2s) SM,nEN.(Z.Z)
y nS

Proof:
By (2.2) and (2.1), we get

2s
B4 x,29)]) = | Zico s (£ - )
e
If s = 1 from lemma (2.1), (2.3) and (1.2), weget
Bric(A,x,25) = T o — )2 () (1 — x)nk
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Poo()? — 225 4 ) (k1 - )n K =
P0G (D@ — 0" = 22 B () 241 -
x)"K 4+ x Z 0(“) x*(1 — x)"k

2
—(n L —2x% +x
=ﬂ@¥ﬂ 0<x<1
n

Now we prove the strong approximation of the
functions by using the linear positive
operatorsB,, ;. (f, 4, x).

Theorem (2.2):

Suppose that A € M, then for n € N, x €
[0,1],p > 0 we have:

|Bne (fA,2) = f ()| < HL(f,%)... (2.3)
And

HE(f,x) <HI(f,x) f0<p<q<0
.............................................. (2.9)
Proof:

By using (1.3) and (1.6) we get

|Buic(f A,2) = F@)] < | Zioo @ (£) -

FO)| < Spooan @ | (5) - r@ |
For 0 < x < 1 andlemma (1.2) (B, x(1,4,x) —
1= 0), which by (1.6) yield (2.3) let g, (%) =

f (%) — f(x). Applying by the holder inequality
and lemma (1.1), we get

(5 . ()" 29) <
(e oz )" 9 e

......................................... (2.5)
Foreveryg € C,,0 < p < g < o and from (1.6),
(2.5) immediately follows (2.4).
Theorem (2.3):
Let A€ M, f € C} andp > 0, then there exists
M, (4, x,2s) such that:

H2 (. 4,0 < 22222 DN gor 411 x € [0,1]
andn € N.
Proof:
For f € C} and t,x € [0,1] we have
lF@®O = fEI <N e —xl

From this we get

1

[0,1,nEN

|HE(f, 4,0 <

{22=0 an,k(x) |f (%) _f(x)r]}5 ' X € [0!1]!n €
N.

<P Nl x| (£) - 0 e

Forall x € [0,1] andn € N.

Which by (2.2), (2.1) and from inequality:

{ras =4 < L] 4
x€[01],neENO<p<s<»
Then obtain p < 2s we have

1 ¢ A0 <

(Zheo w0 | (5)

< ol <Bn,k (|f (E) - f(x)|2s,A‘ x))z

<Ilif' @l (B (o, ()" x))“
By (2.3), (2.5) and (2.2) we get

My (4,x,29)||f ()

|H2(f, 4, < 2ex2l
Theorem (2.4):

Let Ae M, f € C; andp > 0, then there exists
M;(A,p,2) > 0 forall x € [0,1]and

n € N such that :

1t (f, A, 20| < =7

Proof:
Forall f € C;and n € N,p > 0 we get from (1.5)

2 (4,0 < {Sieo ank 0 |7 () -
f(x)|p}; by (1.6), (1.7), lemma (2.3) we get
r()-re < wrfi-x < walt-

2 1
A 1< o(f, %)

for all x € [0,1],n € N. Consequently
1 k
¢4, 0] < 0(f 2 {Bieo @ Vi E -
1

—f(x)|p}% ,x€[01,neN

M3(A p,2)

()

2 Pyp
x| + 1| }
Applying the Minkowski inequality for sum we get
k
¢4, 0] < 00f ) {Bieo @@ [Vl -
1

2 Pyp
x| +1|}

1
1 K 2|Pp
<w (f,\/—ﬁ) {ercl=0 A () ‘\/ﬁh - x| ‘ } +1
From (1.10) and theorems (2.3), (2.1) we have:
M (4,p,2)
||H"((f a0l <o 'r) Vn —EEE
M3(A,p,2) 1
S—M i (, f)
M3 A,Dp,2) D
<Z22(f, )
Corollary (2):
Forall f € C;and n € N,p > 0 we have
Lim,_., ||HZ(f,4,)| =0
Implies that lim,_,., HY (f, A, x) = 0 at everyx €
[0,1].
Corollary (2):
Let A€ M,n € Nandp > 0, then there exists
M, (A, x,2) such that for every f € C,

1Bui (f, A, — FOI < IHE(F, A, DN <
My(4,) 1
NG T(f' \/_z)'
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Conclusions:

1-We prove lemma (2.1), (2.2) about the linear
positive operate.

2- We fined the strong approximations by using the
linear positive operators in terms of the
averaged modulus of order one.
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