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Abstract  

Numerical solution of oscillatory reaction–diffusion system of    type was done by using two finite difference 

schemes . The first one is the explicit scheme and the second one is the implicit rank– Nicholson scheme with averaging 

of  vuf ,  and without averaging of  vuf , . The comparison showed that Crank–Nicholson scheme is better than 

explicit scheme and Crank–Nicholson scheme with averaging of  vuf ,  is more accurate but it needs more time and 

double storage and double time steps than Crank–Nicholson scheme without averaging  of  vuf , . 

 
1. Introduction and Mathematical Model 

   Systems are a class of simple examples of two 

coupled reaction – diffusion equations whose kinetics 

have a stable limit cycle:  
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Here u and v are functions of space x and time t , with 

Rx and 0t  , and 22 vur  [1].    

Systems are an important prototype for the study of 

reaction – diffusion equations which have been used to 

model a number of biological and chemical systems [2]. 

Many systems in biology and chemistry are intrinsically 

oscillatory. In such cases, the stable state in the absence 

of spatial variation is not a stationary equilibrium , but 

rather consists of temporal oscillations in the interacting 

chemical or biological species . Examples include 

intracellular calcium signaling , the Belousov – 

Zhabotinskii reaction and some predator – prey 

interactions . These systems also exhibit spatial 

interactions , which are often modeled by diffusion . This 

combination of local oscillations and spatial diffusion 

produces a very wide range of spatiotemporal behaviors , 

including spiral waves , target patterns and 

spatiotemporal chaos . In one spatial dimension , the 

equivalent of both spiral waves and target patterns are 

periodic travelling waves , which are periodic functions 

of space and time, moving with constant shape and 

speed. Sherratt studied various features of the oscillatory 

reaction-diffusion systems of    type in series of 

papers. He presented numerical evidence for a complex 

sequence of bifurcations in the unstable region of 

parameter space [6]. He also used numerical techniques 

to give suggestion that the spatiotemporal irregularities 

are genuinely chaotic [3]. He also made a comparison 

between the numerical solutions of the oscillatory 

reaction-diffusion systems of    type [4]. He used 

numerical results suggesting that when this system is 

solved on  semi-infinite domain subject to Dirichlet 

boundary conditions in which the variables are fixed at 

zero periodic travelling waves develop in the domain [5]. 

Borzi and Griesse presented the formulation, analysis, 

and numerical solution of distributed optimal control 

problems governed by lambda-omega systems [6]. 

Garvie and Blowey undertook the numerical analysis of a 

reaction-diffusion system of     type, their results 

are presented for a fully practical piecewise linear finite 

element method by mimicing results in the continuous 

case [7]. In this paper, the numerical solution of an  

oscillatory reaction-diffusion system of    type by 

the use of two finite difference schemes is done to the 

following system [4].  
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0x  and 01.0 vu  at 0x , 0 vu , for 0x  at 

0t  and 0 vu  at Lx   where L  is sufficiently 

large number. 

2. Discretization of the    System by Using 

Explicit Scheme 

By using  the finite difference approximations for the 

derivatives [8], we have   
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Where 2/ hkr   

For the boundary condition 0xu , by using the central 

difference formula,  we get  
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from (2) , we have , for 0i   
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Substitute (3) in (4) , we obtain  
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Equation (5) represents the right boundary condition, 

with respect to equation (1b) 
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The boundary condition 0xv , by using the central 

difference formula, we have:  
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From (6) we have , for 0i   
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Substitute (7) in (8), we obtain   
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which represents the right boundary condition, with 

respect to equation (1b). 

3. Discretization of the    System by Using of 

Crank – Nicholson Scheme without Averaging of 

 vuf ,  

The diffusion term xxu  in this method is represented 

with central differences, with their values at the current 

and previous time steps averaged [8].   
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For the boundary condition 0xu , from central 

difference formula , we have  
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from (10) , we have , for 0i   
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from (11) , we get  

1,11, 


jji
uu    (12) 

substitute (11) and (12) in (10), we obtain the equation 

for the left boundary condition which is   
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for (b) , we have   
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For the boundary condition 0xv , from central 

difference formula, we have   
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from (14), we have  
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from (15), we have  

1,11,1 


jj
vv     (16) 

Substitute (15) and (16) in (14), we have the equation for 

the left boundary condition, with respect to equation 

(1b)- 
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The equations in above are especially pleasing to view in 

their tridiagonal matrix form 
111 BXA  , where 

1A  is  the 

coefficient matrix, X is the unknown vector and B is the 

known vector as shown below: 
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4. Discretization of the    System by Using of Crank – Nicholson Scheme with Averaging of  vuf ,  

     In this scheme the functions u and v  in system (1b)will be replaced by their values at the current and previous steps 

averaged. 
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Where 
2

1 2/ hkr   

By the same manner we have followed in (4), with repeat to right boundary condition 0xu  , we get   
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with repeat to (1b) , we have  























 








 






















 








 
















22
3

22
1

2

2

2

2

,1,,1,

2

,1,

2

,1,

2

,1,,1

2

1,11,1,1,1,

jijijiji

jijijiji

jijijijijijijiji

vvuu

vvuu

h

vvv

h

vvv

k

vv

     (22) 

 

     
jijijiji

jijiji

jijijijiji

vuvu
h

vvv

h

vvv

k

vv

,,

2

,

2

,2

,1,,1

2

2/1,12/1,2/1,1,2/1,

31
2

2

2

2

2/















          (23a) 

    

 



















2/1,2/1,

2

2/1,

2

2/1,2

2/1,12/1,2/1,1

2

1,11,1,12/1,1,

3

1
2

2

2

2

2/

jiji

jiji

jijiji

jijijijiji

vu

vu
h

vvv

h

vvv

k

vv

          (23b) 

     

     

   3
,,1,

2

,1

2

,,1

3

,1,11

,1,112/1,12/1,12/1,11

333

22

22

jijijiji

jijijiji

jijijijiji

ukukuvk

uvkukvkr

vvrvrvvr








        (24a) 

     

     

   3
2/1,12/1,

2

2/1,1

2

2/1,2/1,1

3

2/1,12/1,11

12/1,111,11,11,11

3

22

22













jijiji

jijijiji

ijijijiji

ukuvk

uvkukukr

uururuur

     (24b) 

By the same manner we have already followed in (4) , with repeat to the right boundary condition , we get   
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Conclusions  
In this study, we concluded that the Crank – Nicholson 

Schemes without averaging and with averaging of  vuf ,  

are more accurate than the explicit scheme which is 

simpler and needs less time and storage . Crank – 

Nicholson scheme with averaging of  vuf ,  is more 

accurate than Crank – Nicholson scheme without 

averaging of  vuf ,  but it doubles the time steps and 

needs more storage as shown in table (1) below. The 

figures (1), (2) and (3) show a comparison among 

explicit, Crank-Nicholson without averaging and Crank-

Nicholson with averaging schemes. The figures (4) and 

(5) show a comparison between explicit scheme and 

Crank-Nicholson without averaging  scheme when 

4.0,01.0,2.0,1001,101,10,10  rkhmnba

. From the figures we concluded that the solutions 

converge to the steady state solution 0,0  vu  when 

gets large. 
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Table (1) 

Crank-

Nicholson  

with averaging 

Crank –

Nicholson  

without 

averaging 

Explicit  

Scheme 

000000 0000000 0000000 

00000.0 00000.. 0000000 

0000000 0000..0 0000.00 

0000000 0000000 0000000 

0000.0. 0000000 0000000 

0000.00 0000000 0000000 

000000. 00000.0 0000000 

0000000 0000000 0000000 

00000.0 0000000 0000000 

0000000 0000000 00000.0 

0000000 0000000 0000000 

0000000 000000. 0000000 

00000.0 000000. 0000000 

0000000 000000. 0000000 

0000000 0000000 0000000 

0000000 0000000 0000000 

000000. 0000000 000000. 

000000. 0000000 0000... 

000000. 0000000 0000.00 

0000000 0000000 0000.00 

00000.0 00000.0 00000.0 

00000.0 00000.0 0000000 

00000.. 00000.0 0000000 

0000000 00000.0 000000. 

0000000 0000000 0000000 

 

Table (1) shows a comparison among explicit, Crank-Nicholson without averaging and Crank-Nicholson 

schemes with averaging of u  when 1.0,004.0,4.0,251,11,1,1  hkrmnba . 

 

 

 

 

 

 

 

 

 

 

 



Figure (1) 

explains the solution function u of the system by using explicit scheme when 
4.0,01.0,2.0,1001,101,10,10  rkhmnba  

 
 

 

 

Figure(2) 

explains the solution function u  of the system by using Crank- Nicholson scheme without averaging when 

4.0,01.0,2.0,1001,101,10,10  rkhmnba . 
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Figure(3) 

explains the solution function u  of the system by using Crank-Nicholson with averaging when 

4.0,01.0,2.0,1001,101,10,10  rkhmnba . 

 
 

 

 

 

 

Figure (4) 

explains the solution function v  of the system by using explicit scheme when 

4.0,01.0,2.0,1001,101,10,10  rkhmnba . 
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Figure (5) 

explains thee solution function v  of the system by using Crank-Nicholson scheme without averaging when 

4.0,01.0,2.0,1001,101,10,10  rkhmnba . 

 

 

 
Figure (6) 

explains thee solution function v  of the system by using Crank-Nicholson scheme with averaging when 

4.0,01.0,2.0,1001,101,10,10  rkhmnba . 
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التفاعل المتذبذب من النوع  –الحل العددي لنظام الانتشار      

 

 محمد عبد محيميد 2و   مناع عبد اللهسعد  1
 

 ، الموصل ، العراق جامعة الموصل،  كلية علوم الحاسبات والرياضيات،  قسم الرياضيات 1
 ، تكريت ، العراق جامعة تكريت،  كلية التربية للبنات، قسم الرياضيات  2
 

 الملخص 

التفاعل المتذبذب من النوع  –تم حل نظام الانتشار   باستخدام طريقتين من طرائق الفروقات المنتهية . الأولى هي الطريقة الصريحة والثانية هي
 الضمنية في حالتين : الأولى بأخذ المعدل لـ  Crank – Nicholsonطريقة  vuf  ، والثانية بدون اخذ المعدل لـ, vuf . إذ بينت المقارنة إن طريقة ,

Crank – Nicholson  هي أفضل من الطريقة الصريحة وان طريقةCrank – Nicholson  بأخذ المعدل لـ vuf هي أكثر دقة ولكنها تحتاج إلى  ,
بدون اخذ المعدل لـ  Crank – Nicholsonزمن أكثر والى خطوات زمنية وخزن مضاعف من طريقة  vuf , . 

 

http://www.ricam.oeaw.ac.at/people/page/griesse/publications/oclosn.pdf
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