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1. Introduction

The concept of s*-closed set was first introduced by Al-Meklafi, S.
[1] , by using the concept of semi-open set . Recall that a subset A of a
topological space (X, 1) is called semi-open ( briefly s-open) set if there
exists an open subset U of X such that U < A < cl(U).The complement of
a semi-open set is defined to be semi-closed ( briefly s-closed ) [2] .Also,
a subset A of a topological space (X,t) is called s*-closed if cl(A)c U
whenever Ac U and U is semi-open in X [1] . The complement of an
s*-closed set is defined to be s*-open .The family of all s*-open (resp.s*-
closed ) subsets of (X,z) is denoted by S*O(X,t)( resp. S*C(X,t)) [1],
this family from a topology on X which is finer than t[3] .The s*-closure
of A, denoted by s*—cl(A) is the intersection of all s*-closed sets which
contains A [3] . A subset A of a topological space (X,z) is s*-closed iff
A =s*—cl(A)[3]. Also, a functionf : (X,1) — (Y, t") is called s*-irresolute
If the inverse image of every s*-open subset of Y is an s*-open set in X
[4]. Some times s*-closed set is also called §-closed set [5,6] (resp. s*g-
closed set [3,7] ).

Throughout this paper (X,t) and (Y,t") (or simply X and Y) represent
non-empty topological spaces on which no separation axioms are
assumed, unless otherwise mentioned .

2. S*-Convergence Of Nets

2.1.Definition:

A subset A of a topological space X is called an s*-neighborhood of a
point x in X if there exists an s*-open set U in X such that X€U<A |
The family of all s*-neighborhoods of a point x€X is denoted by
Ngx(X).

2.2.Remark:

Since every open set is an s*-open , then every neighborhood of x is an
s*-neighborhood of x ,but the converse is not true in general . Consider
the following example :-
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Example:

Let X any infinite set with indiscrete topology and x € X, then{x}is an
s*-neighborhood of X, since x e{x}c{x},where {x} is an s*-open set
in X ,while{x}is not neighborhood of x .

2.3.Theorem:

A function f:X —Y from a topological space X to a topological
space Y is s*-irresolute iff for each xeXand each s*-
neighborhood V of f(x)in Y, there is an s*-neighborhood U of x in

X suchthat f(U)cV.

Proof: =
Let f:X—>Y be an s*-irresolute function and V be an s*-
neighborhood of f(x) in Y . To prove that , there is an s*-

neighborhood U of x in X such that f(U)c V. Since f is an s*-
irresolute then, f (V) is an s*-neighborhood of x in X ..

Let U=f(V)= fU)=f(f (V) cV = f(U)cV.

Conversely,
To prove that f : X —Y is s*-irresolute . Let V be an s*-open set in

Y . To prove that f (V) is an s*-openin X . Let xe f 1(V) =
f(x) eV = Vis an s*-neighborhood of f(x). By hypothesis there
is an s*-neighborhood U, of x suchthat f(U,)cV.

=U, c f‘l(\/),v Xe f‘l(\/):>3 an s*-open set W, of x such
that W, cU, < f V),V xe f V) = [Jw, < F V).
xef (V)

since (V)= JDdc UW, = V)= [Yw,.
xef (V)  xef(V) xef (V)

= f _1(\/) Is an s*-openin Y, since its a union of s*-open sets .
Thus f : X —Y isan s*-irresolute function .

Journal of Al Rafidain University College 104 ISSN (1681 — 6870)



On S*-Convergence Nets And Filters Sabiha I. Mahmood Issue No. 30/2012

2.4.Definition:
Let (Xg4)qep b€ a net in a topological space X. Then (Xq)g4ep S*-

converges to xeX( written Xy S—*>x) iff for each s*-
neighborhoodU of x,there is some dy e D such that d >dj,
implies

Xg €U. Thus xq——>x iff each s*-neighborhood of x

contains a tail of (x4)gep- This is sometimes said (Xq)gep S*-

converges to x iff it is eventually in every s*- neighborhood of x .
The point x is called an s*-limit point of (Xq4)gep-

2.5.Definition:

Let (Xq)gep be @ net in a topological space X.Then (X4)qepiS
S*

said to have xeX as an s*-cluster point (written x4 oc x) iff for

each s*-neighborhood U of x and for each d € D ,there is some
do = d such that xg €U . This is sometimes said(X4)qcp has X

as an s*-cluster point iff (x4)qcpis frequently in every s*-
neighborhood of x .

2.6.Theorem:
Let A be a subset of a topological space X . Then x e s*—cl(A) if

and only if for any s*-open set U containing x, ANU # ¢.

Proof: =
Let x e s*—cl(A)and suppose that, there is an s*-open setU in X

such that xeU & ANU =¢ = AcU°® which is s*-

closed in X = s*—cl(A)cU°.

v xeU = xegU® = xes*—cl(A), this is a contradiction .
Conversely,

Suppose that, for any s*-open set U containing x, A(1U = ¢.
To prove that x e s*—cl(A),if not = x g s*—cl(A)
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= X e(s*—cl(A))° which is s*-openin X = AN(s*—cl(A))° = ¢

This is a contradiction , since AN(s*—cl(A)® =¢. Thus
Xes*—cl(A).

Since every neighborhood is an s*-neighborhood, then we
have the following theorem:-

2.7.Theorem:
Let X be a topological space and (Xq)4ep be a net in X and

xe X . Then :-
* 5*
i) If x4 ——> X, then x4 < X.
* S*
i) If x4 ——> X (Xq cx) then x4 — x (x4 o X) respectively.

2.8.Remarks:

1) The converse of (2.7(i)) may not be true in general . To
show that we give the following example:-

Example: Let (R, x) be the usual topological space where R be the

set of all real numbers, then the net (s,)peny = (N+(=1)"N), oy N

R has 0 as an s*-cluster point but not s*-limit point . Since if U is
an s*-neighborhood of 0 in‘R, then for each ne N, either nis odd
or even .If n is odd, then np =n=s, =0€U and if n is even,

S*
then ng=n+1= s, =0eU, thus s,c0. But s, does not s*-

converge to 0, since U =(-11) is an s*-neighborhood of 0 and
Sy  (—11),Vne N,.

2) The converse of (2.7(ii)) may not be true in general .To
show that we give the following example:-
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Example: Let(N, I) be the indiscrete topological space where N be
the set of all natural numbers and (S,,) nen =(N) ey D€ @ Net in N.
Observe that s, —>1(s, «1). But s,, does not s*-converge to 1
(does not s*-cluster to 1) , since{1}is an s*-neighborhood of 1 and
S, {1}, Vn>1.

2.9.Theorem:
Let X be a topological space and Ac X . If x is a point of X, then
X e s*—cl(A) if and only if there exists a net (Xq)qep iN A such

that Xqg ———>X.

Proof: <

Suppose that 3 a net (Xgq)gep IN Asuch that xg4 ~ % 5x. To
prove  that xes*—cl(A). Let U e Ng(x), since

xds—*>x:>3doeDsuchthat Xqg €U Vd=>dg.
But xy e AvdeD. =U[A#¢ VUeNu(X). Hence by
(2.6), we get x e s*—cl(A).

Conversely,
Suppose that x € s*—cl(A). To prove that 3 a net (X4)qep IN
A such that xqy —=—>Xx.
.+ Xes*—cl(A),then by (2.6), weget N[NA=¢@ VN € Ne(X).
. D = Ng«(x)is a directed set by inclusion .
“ NNA=¢ VNeNx(X) = Ixy eNNA.
Define x:Ng(X) > A by : x(N)=xy V Ne Ng(X).

" (XN)NeN,.(x) iSanetin A To prove that xy — X,
Let N € Ng«(x) to find dg € D suchthat x4 e N V d >dg.
Letdg=N=Vd2>dy = d=M e Ng(X).

ie. M>N<Mc N,

= Xqg =x({d)=x(M)=xyy eMNAcMcN= xy €N.
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= Xg €N Vd=dg. Thus xy — X,

2.10.Definition:[4].
A topological space X is called an s*-T,-space if for any two distinct

points X and y of X there are two s*-open sets U and V such that
xeU,yeV and UNV =¢.

2.11.Theorem:
A topological space X is an s*-T,-space iff every s*-

convergent net in X has a unique s*-limit point .

Proof: =

Let Xbe an s*-T,-space and (X4)4epbe @ net in X such that
X4 ——>X & Xq——>y & X=#y. Since Xis an s*-T,-space
= 3U e Ng(X)and V € N (y)such that U NV =¢.

xds—*>x = JdygeD st x4 €U Vd >d, .

o Xy ——>y = Jd,eD st xg eV vd=>d;.

Since Dis a directed set and d,d; € D

=3d,eD std,>dy &d, >d; .

= Xg €U Vd2>d, and x4 €V Vd>d, = UV #=¢.
This is a contradiction .

Conversely,
Suppose that every s*-convergent net in X has a unique s*-limit

point . To prove that X is an s*-T,-space . Suppose not

= I XyeX,Xxzy st VU € Ngx(x) and
VV e Ng(y),UNV = 4.

2 (Ngx(x),<) and (N (y),<)are directed sets by inclusion .

Let p = Ng«(X)x Ng«(y). Define arelation > on p as follows :

v U,V),W,S) e p, wehave U,V)>W,S)<U>W &V >S.
It is easy to verify that (p,>)is a directed set .

Let UV)ep = xeU,yeV &UNV =4.
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- U ﬂV ¢¢ = 3 X(U,V) eU ﬂV
Define x:p— X by: xU,V)=xyyv) VU,V)ep.
= (Xuv))Uuv)ep is a net in X . We will show

that (Xu v))uv)ep 18
s*-convergent to both x and y .
For if U € Ne«(x) and V € N« (Yy), then for each (N,M)ep st

(N,M)>U,V), we have x(N,M)=x eNIM cUNV
(N,M)
= X(N,M) eU and X(N,M) eV.

= X(U,V) S—*>X and X(U,V) S—*)y
This is a contradiction . Thus (X,7)is an s*-T,-space .

2.12.Definition:

Let X Dbe a topological space and A< X. A point x e Xis said to
be s*-limit point of Aiff every s*-open setUin X containing x
contains a point of A different from x.

2.13. Theorem:
Let X be a topological space and Ac X . Then:-

1. A point xe X is an s*-limit point of AIiff there is a
net(Xq)gep IN A—{x}s*-converging to x.

2. Aset A is s*-closed in Xiff no net in As*-converges to a
point in X—-A

3. Aset Aiss*-openin Xiff nonetin X — A s*-converges to a

pointin A.

Proof:
1) =
Let x be an s*-limit point of A. To prove that 3 a net
(X4 )dep iN A—{x}such that x4 —>—>x.
Since X IS an s*-limit point of
A=VNeNa(X), NNA-{G=g.
. (Ng«(X),)is a directed set by inclusion .
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Since NNA-{3#¢ , VN eNu(x) = Ixy e NNA-{x}.
Define X:Ng(X) > A—{x} by: X(N)=Xxy VNe Nu(x).

o (XN)NeN,.(x) IS @netin A—{x}. To prove that xy AN
Let N € Ng«(x) to find dg e D suchthat x4 e N vd>d,.
Letdp =N=Vvd>d, = d=M e Ng(X).

ie. M>N <M cN.

Xy =X([d)=x(M)=x,, e MNA-{}=McN = x,, eN.

= Xqg €N Vvdxdy.Thus xNS—*>x.

Conversely,
Suppose that 3 a net(Xq)gep In A—{Xx}such that x4 5 5x.
To prove that x is an s*-limit point of A. Let U € Ny« (X), since

X SELARNEEN Jdp eD suchthat x4 eU V d >dj.
But Xy e A—{x}VvVdeD = UNA-{G#¢ VU e Ne(X).
Thus x is an s*-limit point of A.

2) =
Let Abe an s*-closed in X. To prove that 3 no netin A s*-
converges to a pointin X —A.
Suppose not =3 a net (Xg)gep IN A St Xy —= 5 xand

xe X —A.
By (29) xes*-cl(A). Since Ais s*-closed inX then

s*Cl(A)=A = xeA.But xeX-A=(X-ANA=¢,

this is a contradiction .
Thus no net in A s*-converges to a point in X — A.

Conversely,
Suppose that 3 no net in A s*-converges to a point in X —A.

To prove that A is s*-closed .Let x € s*—cl(A),then by (2.9)3 a

net (Xq)gep IN Asuch that Xy LYY By hypothesis ,we get
every net in A s*converges to a point in A
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= xe A=s*—cl(A) c A. Since Acs*—cl(A) = A=s*—cl(A)
= Aiss*-closed .

3) By (2) A is s*-open inXiff X — Ais s*-closed in X iff no
net in X — A s*-converges to a point in A .

2.14.Remarks: Let (Xq)q4ep Pe anetin a topological space X and
X e X . Then:-

1) If x4 S—*>x, then every subnet of (X4)qecp S*-converges
to x.

2) If every subnet of (X4)q4<p has a subnet s*-convergent to x,
then Xy ———>X.
3) If x4 =x,Vd €D, then Xy ——>X.

2.15. Theorem:
Let Xand Y be topological spaces . A function f: X —Yis

an s*-irresolute iff whenever (X4)4ep IS @ net in X such that
Xg ——> X, then f (xq) ——>  (X).

Proof: =

Suppose that f : X —Y is an s*-irresolute and (X4 )qpbe a net in

X st Xg——>x. To prove that f(xq)——> f(x).

Let V eNg(f(x)), since fis s*-irresolute, then by (2.3)
U e Nge(x) st f(U) V. Since U € Ngw(x)and xqg ———>x.
= ddg e D st x4 €U, Vvd >d,.

—3dyeD st f(xg)e f(U)cV ,vd>d,.

~ YV e Ng(f(x),3d, €D stf(x,)eV,vd=d,.

Thus f(xg) ——> f(x).
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Conversely,
To prove that f: X —Y iss*-irresolute . Suppose not, then by

(2.3) AV € Ng(f (X)) s.t V Ue N.(x),f(U)z V.

S VU e Nge(X), I xy €U st f(xy)eV.

- (Ngx(x),<)is a directed set by inclusion .

Define x:Ng(X) > X by: x(U)=x, YUeNux(X).

“ (X0 )uen, (x) is anetin X To prove that x; ——>x.

Let U € Ng«(X)to find dy € Dsuch that x4 eU VvV d >dg.

Let dy =U = vd=>d, = d =N e Ne(x).

ie. N>U<= NcU.

- x(N)=xy eNcU = xy €U Vd>dy = x;, ——>X.

But  (f(xy))does not s*converges to f(x), since
f(xy)2V YU eNg(x). This is a contradiction . Thus
f: X —>Y isan s*-irresolute .

2.16.Theorem:
Let (X4)dep be anetin a topological space X and for eachd

in Dlet Ay be the set of all points xyq for dy >d. Then x is an s*-

cluster point of (X4)q<p If and only if x belongs to the s*-closure
of Ay foreach d inD.

Proof: =
If x is an s*-cluster point of (Xq)g4e<p, then for each d, Ay

intersects each s*-neighborhood of x because (X4)gep IS

frequently in each s*-neighborhood of x. Therefore x is in the s*-
closure of each Ay.

Conversely,
If x is not an s*-cluster point of (X4)q4c<p, then there is an s*-

neighborhood Uof x such that (X4)qep IS not frequently inU.
Hence for some d in D, if dg >d, then x4, ¢ U, so thatUand Ay
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are disjoint . Consequently x is not in the s*-closure of A4.

3. S*-Convergence Of Filters

3.1.Definition:
A filter £ on a topological space X is said to s*-converge to

xe X (written £—=>x) iff Ng(X) = &.

3.2.Definition:

A filter £on a topological space X has x € X as an s*-cluster point
5*

(written £ocx) iff each F €& meets each N € N« (X).

3.3.Remark:
A filter £ on a topological space X has xe X as an s*-cluster
point iff x e({s*—cl(F):F € &}.
S*
Proof: To prove that Socx < xe({s*—cl(F):F €&}

S*

o leXxo VN eNs(X) & VEFe&E,NNF =4
< VN eNa(X),FNN =¢,VF €&
< xes*—cl(F),VFeé
< xel(fs*—cl(F):F e}

3.4.Theorem:
Let X be a topological space and & be a filter on X

and xe X . Then :-

1) If é—"5x, then §<S;x.

2) If §S—*>x,then E—>X.

3) If fix, then £oc X.

4) If §S—*>x, then every filter finer than & also s*-converges to
X.
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Proof: It is a obvious .

3.5.Remark:
The converse of (3.4) may not be true in general . To show that we

give the following examples:
Examples:

1) Let(%R, w)be the usual topological space where R be the set
of all real numbers and & ={Ac R:[-11] < A} be a filter

S*
on R, then £«c0, but & does not s*-converge to O , since

(-11) € Nge(0), but (-11) ¢ &.

2) Let X ={1,2,3} & t={0, X, {L.2}}
= $*0O(X) ={s, X, {}.{Z}.{1.2}}.
Let & ={X,{L,2}}be afilteron X .
= NQ={X{L2}} = NDceE=E—>1.
2 Nee(®) ={X {1213} = Nge@) 2 &

= & is not s*-converge to 1.

3) Let X ={1,2,3} & 7={¢, X}
= S*O(X) ={¢, X, {8&,{2}, {3}, {L.2},{L.3},{2,3}}.

Let & ={X,{L,2}} be afilteron X.

“ NR)={X}=> £x3.

N« (3) ={X,{3}{2,3},{L3}} = & is not s*-cluster to 3, since
BN{LL=¢.

A Let X =12} & 7={4, X, {3}= S*O(X) ={g, X, {B}.
Let &' ={X, {1} & &={X}.
2 Nee@ ={X = N &' = &' —T 1.
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But £ < &' and & is not s*-converge to 1, since N« (1) < &.

3.6.Definition:

A filter base &, on a topological space X is said to s*-
converge to x € X (written &, S—*>x) iff the filter generated by
&p S*-converges to X .

3.7.Definition:
A filter base &; on a topological space X has x e X as an

S*
s*-cluster point (written &yocx) iff each Fye &, meets each

N e Ng«(X) (iff the filter generated by &, s*-clusters at x).

3.8.Theorem:
A filter base &, on a topological space X s*-converges to X € X

iff for each N € N« (X), there is Fy € &, such that Fy < N .

Proof: =

Given &, i)x, then the filter £ generated by &, s*-converges
t0 x.i.e. E—>3X = Na(X) =& = VYN eNg(X),N eé

— FO Eéo St FogN

Conversely,

To prove that &, — 5 sx e & generated by &, s*-converges
to x. Let N € Ny (x),then by hypothesis,3 Fy €&y st Fo < N,

since £ is a filter, then Ne& = Na(X)cé :>§5—*>x
S*
= {H—>X .

3.9.Theorem:
A filter £on a topological space X has xe X as an s*-

cluster point iff there is a filter £’ finer than £ which s*-converges
to x.
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Proof: =
S*

If £ocx , then by (3.2) each F €& meets each N € N« (X).
= & ={NNF:NeNw(x),Fel}is a filter base for some
filter &' which is finer than £ and s*-converges to x.

Conversely,
Given & < &' and §'S—*>x = & and N (X) = &'
= each F €& and each N € N« (Xx)belong to &'.

S*

Since &' isafilter = NMNF #¢ = £xX.

3.10.Theorem:
Let X be a topological space and Ac X . Then
X € s*—cl(A) iff there is a filter & such that Aeé

and E—5x.

Proof: =
If xes*—l(A) =>UNA=¢ YU e Ng(X).
= &, ={UNA:UeN.(x)}is a filter base for some filter & .

The resulting filter containsAand & SELAENY

Conversely,
If Ac& and é¢—5x= Ae& and N (X)  &.
Since & isafilter > UM A#¢ VYU € Nx(X) = xes*—l(A).

3.11.Definition[8]:
Let X and Y be topological spaces, f: X —Y be a function
and & be a filter on X, then f(&) is the filter onY having for a base

the sets{ f(F):F &}.

3.12.Theorem:
Let X and Y be two topological spaces . A function
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f: X —>Y is an s*-irresolute iff whenever §i>x in X, then
f(&)—"> f(x)inY.

Proof: =

Suppose that  : X —Y is s*-irresolute and &—>"5x.
To prove that f(&)—— f(x)in Y . Let V e Nw(f(x)), since
f is s*-irresolute, then by (2.3),there is an s*-neighborhood U of x
such that f(U) <V . Since fs—*>x, thenU eé= f(U)e f(&).
But f(U) <V thenV e f(&). Thus f(§)s—*>f(x).

Conversely,
*

Suppose  that whenever &—>5x in X, then

f(&)—"> f(x)inY .
To prove that f : X —Y is s*-irresolute .

Let £={U :U € N« (X)} = &is afilteron X and §i>x.

By hypothesis f(cf)s—*)f(x): each V e Ny« (f (X)) belongs
to f (&)

= JU e N«(X) st fU)cV = f:X >Y is an s*-irresolute
function .

3.13.Theorem:
Let X be a topological space and A< X . Then a point
x e X is an s*-limit point of Aiff A—{x}belongs to some filter

which s*-converges to X.

Proof: =
If x isan s*-limit pointof A= U NA-{}#¢ VU € Ng«(X).
= & ={UNA-{}:U e No(X)}is a filter base for some filter &.

The resulting filter contains A—{x}and & —>>x.
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Conversely,

If A—{3deéand E—Z5x = A0 e and N (X) = €.
Since & isafilter > UNA-{}#¢ VYU e Ne(X). Thus x is an
s*-limit point of a set A.

3.14.Definition[8]:
If (Xq)gep IS @ net in a topological space X, the filter generated

by the filter base &; consisting of the sets
By, ={Xq :d 2dg},dgeD is called the filter generated by

(Xd)deD -

3.15. Theorem:
A net (Xq)gep In a topological space X s*-converges to

x € X iff the filter generated by (Xq)g4ep S*-converges to X.

Proof: The net(Xy)gep S*-converges to x iff each s*-
neighborhood of x contains a tail of (X4)4<p, Since the tails of
(Xq)dep are a base for the filter generated by (X4 )g4ep., the result
follows.

3.16.Definition[8]:

If & is a filter on a topological space X, let
D: ={(x,F):xeF e&}. Then D. is directed by the relation
(X, F)<(x2,F) iff F,cFy, so the function p:D; — X
defined by p(x,F)=x is a net in X . It is called the net based
oné.

3.17.Theorem:

A filter £ on a topological space X s*-converges to x e X
iff the net based on & s*-converges to X.
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Proof: =
Suppose that E—"—>x. If N e Ng(x), thenN e&. Since N = ¢,

then 3 peN. Let dg =(p,N)eD;.
s vd =(q,F)ZdO Z(p,N) = X4 :X(q,F) :CIEFQN.
Thus the net based on £ s*-converges to x.

Conversely,
suppose that the net based on & s*-converges to x.

LetN € Ng(X),  then 3dg =(po.Fo) € D¢ such  that
X(p,p) = PEN,V(p,F)2(pg,Fg). Then Fy < N ;otherwise,
there is some gqeFy—N, and then (q,Fy)=(pg,Fy), but

X(qF,) =d¢N. Hence N €&, so e ux.

3.18.Theorem:
A topological space X is an s*-T,-space iff every s*-
convergent filter in X has a unique s*-limit point .

Proof: =

Let X be an s*-T,-space and & be a filter in X such that
§i>x & §S—*>y & x=y. Since Xis an s*-T,-space
= 3U e N« (X)and V e N (y) such thatU NV =¢.

§L>x:> N (X) =& .

v &y = Na(y) €.

wUeNga(X)cé & VeNu(y)c& =>UVeE.

Since & is a filter , thenU NV = ¢. This is a contradiction. Hence
& s*-converges to a unique s*-limit point.

Conversely,

To prove that X is an s*-T,-space . Suppose not, then
Axye X, x#y st VU eNgx(X) &VVeNg(y), UNV =4¢.
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= & ={UNV :U e Ngx(x),V € Ng+(y)}is a filter base for some
filter &£. The resulting filter s*-converges to x and y.
This is a contradiction . Thus X is an s*-T,-space .
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