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Notes on Exponential Distribution

X
f(x):%exp[—(x—é’)//l];x>6’ JAS0 . (1)
. 6>0
(1) 0=0
A=1 60=0
F:|_f(x,9), Gee,erJ
Lebesgue
Ocr HCR  Borel
f(x,0)=exp[p(0)t(x)+ c(0)+d(x),xe B,ocO .. 2)
b t(x)z X
tx)=x  b)=6
d) c()

c(0) = o 7€R d)—>d(\)+y ., c)>cl)-y
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(8)

Genesis MM' (SH 9') M‘ -3

“at random at time”
“life time"

{ (life time) X}
PX<x,+x|x>x,]=P(X < 2)Vx, >0 oo )
, Vx>0
f(x) . X
X, X
/s (x) x>x,>0
1 - Ev xO)
(x —X )
X (unconditional)
f:v (XO ) —
E ) fo)=P, (2)
F.(x),P,>0,F (x,)#1
W) pfi- )
dx
linnit F.(x)=0 1-F.(x)a e ™"
1-F.(x)=e™ 3)
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(often in time
Monte Carlo
Standard rectangular distribution
.Von Neumamm

[X.,i=01,, ... ]
) N
2 N-1 N
X, <Xy, ) X%, <Xgr 2 X, <X, ) X, <X,
j=1 Jj=1 Jj=1
N N {x,}
X, (T=01,..) N T
Y=T+X,
.Marsaglia e’
: N
P(N=n)=(1-€")e™ n=012,.
M
PM=m)=(1=e*) e A/m . m=012...
(X, ]i=123,...)
Y = 2 {N +min(X,, X,,... X, )}
Moments and Moment Generating Function
1) X
Ele)=(1- 21) e
=(1-2¢)"it@=0

294



2008:..1/50 /14 441 COARS (PR JYRIES
#t)=(1-i)" "

E[et(x—ﬁ—ﬂ)]: (1 _ /U)*] o
= log (E | e™ ) =t0—log(l- A) Cumulant

K, =0+ (= E(X))

(Cumulant)
4
K, =14 (r>1)
r=23,4
Var(x) =y, = 2*
Hs =2/
My =94
E(x)=1=Var(x) A=1,0=0
Y p=2,p5=9:
«< ] -1
24 J.(x—l)e” dx=2el
1
mean deviation _ 2 0736
s tan dard deviation e
.0+ log, 2
0
1-u
entropy Au™ (u — 1) —the freguency moment)
d+logAd
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Estimation el | -5
Y X, X, X,
1,60 The moximum Likelihood estimators 1)

% :min(xl,xz,...,xn)

-1.n

J=n>(v,-60)=5-6
i=1

The moximum Likelihood estimators 0
0 y) (x-0) y)
.0 . max. Likelihood est.
0

1,0=(4 Jewl-nte-0y2] - (>0)

(x-0) /lz[n’l +n” —2n’3] ﬂ(l—n’l)
AT A

Related Distributions i) Gulyouall e ol | it ) gl -6

Y=(x-0) x>0
P(y)=A"e* ,y>0 i, 4.1)
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: c
“extreme X  .(4,0) Y=e¢"
.value”
(The
X .double (or bilateral)expomontial Dist.)
P.(x)=(22) " exp|-|x-6]/ 2] (2>0)
(Laplace’s First Law of Error)
( (Laplace’s Second Law of Error) )
x=0
2 (1) 1=2,0=0
(1) xl:xza'--a'xn
. 9+%nl/1 -z
A Generalization of the Exponential Dist
1-e(1-F(x)) 0
F(x)
m .n=km .Gercbah
i th X,(7)
F (x)
6=Km™ 3 X (x)
j=1
oc mk 0
E()= - f’(o)93 + O(lJ
1-Flok \k
2 ' 4
plp)- L - A", (L)
m 11— F(o)km km
S(x)=F'(x)
(1-a) 0
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éi(Kze/x/E+%j

n =km

P(X >a+b|X >a)=P(X >b)

P(X >a+band X > a)
P(X >a)

P(X >a+b|X >a)=

b0, X>a+b=>X>a
P(X >a+b)

P(X >a+b|X >a)= 2> )
>a

jee-w{ dx
:—";” :ei% :P(X>a)
.[He_‘gx aX

N>1
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| w—-p x|

B’ (X)=E,(B| X,.X,,...X, = NX)
—P(X,<a|X,+ X, +..+ X, =NX)

X —
=P, ! <L X
X, +X,+.+X, NX
Xl
X +X,+..+X,

B'(X)=r, X, <L
X, +X,+.+X, NX

X+ X, +..+X,,

.0
X, + X, +..+X,.,X, 0=1

X
! . N-11
X +X,+.+X,

N-11
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dui o | et | -9
0=H=R
[g(r.00c0,xcH] )
yeR g(2.0) X
Xty
a(y.0) ».0
glx+y,0)=g(x,al0,y);x,y,0 R s, (2)
a=(0,v0))=0 v(6) 0
) v
g(x,0)=g(x~-y,a(0.)
0=v"(u) u=v0) S (x)= g(x.0)
fc—u)=glx—u,0)=g(x.0)
= exp[b(0)x + ¢(0) + d(x)]
= explA(u)x + y(u)lg(x,0)
—exp[Blu)x+y(L)f(x) 3)
Blu) = bl (u)=bo) (1) = ™ (1))
U 3)
£
H=o
— )=o)+ () f(x)=2(BX + A)f(x) oo 4)
f 3)
@
log f(x)=—Bx*/2+ Ax+C
ﬁ - A/B f
: (3) .B>o0
.[Lindley,(1965) Borges and pfanzagl (1958) ]
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20085.0/50 /14,41
tx)=x (1) 1
() »
v(@)—A4/B =b(0)B
2) 1 1
a(0,y)=v"(10)-y)
2

4) t(x) =X

= /'(x)=(Be(x)+ 4)/ (x)

(up to obvious modifications)

f t(x)=x t(x)=e"

g(x,0)= exp[e_gex -0+ x]
.Je.g..,ferguson 1962 ]

Scale Parameter olbaid | duguliteg -10

H=0=R =[2,7>0]

F= \_g(x,&’),@ € e,x € HJ
X (Scale family)

-F yX g(x,@)
0[(9, y) >0 y>o
yg(xy,e) = g( a(6‘ y)) x>0 (%)
a(@,v())=1 v(@)> o 0
5) x xfly
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F ot )= g(x/ 1) = ug(x.0)
= 1 exp[b(0)x + c(0)+ d(x)]
= w expBlu)x + y(u))g(x.1)
= p exp[ B+ ()] f (x)

Blu) = (" (1)) (0)
7 (1) = el (1)) c(1)

1=B*"'T(4+1)

A>-1

g(x.0) = glx/ w 1)/ 1= f(x/(6))/(6)
=(b(0))"' T(4+1)x" exp[-b(6)x]

Boryes and Pfanzagl 1965 ;

a(0,y)=v"'(0)/y)
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Lind ley(1958)

F 2
A

3




2008:..1/50 /14 441 COARS (PR JYRIES

References

1. Borges,R.,and pfanzagl,J.(1965) “one-Parameter Exponential
Families Generated by Transformation Groups” Annals of
Mathematical statistics,36,261-271.

2. Forguson,T.s.(1962) “Location and Scale Parameters in
Exponential Families of Distribution” Annals of Mathematical
statistics,33,986-1001:Correction(1963),34,1603.

3. Gercbah (Gertsbach),l.B.(1967) On estimation of parameters of a
distribution with on exponential factor, Teoriya Veroyatnostei iee
Primmeneniya,7,121-123.(English  tramslation : Theory of
probability and Application,7,110-111).

4. Govindarajula,Z.(1966) Characterization of the exponential and
power distribution, skandinavisk, Aktuarietidskrift,49,132-136.

5. Mec Gill, W,J.and Gibbon, J(1965),the general-gamma distribution
and reaction time,Journal of Mathematical Psychology,2,1-18.

6. Marsaglia G.(1961) Generating exponential yandom Variables,
Annals of Mathematical statistics,32,899-900.

7. Reinhardi,H.E.(1968) Characterizing the exponential
distribution,Biometrics, 24,437-438.

8. Sibuya,M.(1962) On exponential and other random Variable
generators,  Annals of the Institute of  Statistical
mathemetics,Tokyo,13,231-237.

9. Srivastava,M.S.(1967) A characterization of the exponential
distribution,A merican mathemetics Monthly,74,414-416.

10. Welfgeng J.Buhler and Joachim sehr. The American Statistican

Volume 41.Number 4, November(1987).

303



