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Abstract: In this paper we introduce a new type of
G-spaces which we call it a feebly dispersive G-
space. We give the definition by depending on the
definition of an feebly neighborhood which itself
depends on the concept of an feebly-open set . Also,
we study its equivalent definitions, properties,
subspace, product space, and equivariant
homeomorphic image . Moreover we study the
relation between the feebly dispersive G -spaces ,and

each of the feebly Cartan G-spaces ,and the sets

¥ (®)and A () respectively. Finally we give an
example when the converse may not be true .
Key words: feebly limit set of x , feebly prolongational limit set of
x , feebly Cartan G-space, feebly dispersive G-space .

Introduction

The concept of semi-open sets was first introduced by Levin, N.
in [1], while the concept of feebly-open sets was introduced by
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Navalagi, G.B. in [2]. Recall that a subset A of a topological space
(X,7)is said to be semi-open (briefly s-open) set if there exists an
open subset U of X such that U< Accl(U). The complement of a
semi-open set is defined to be semi-closed (briefly s-closed) . The
intersection of all s-closed subsets of X containing a set A is called the

semi-closure (briefly s-closure) of A, and it is denoted by A*. A subset
A of a topological space (X,t)is said to be feebly-open (briefly f-
open) set if there exists an open subset U of X such thatU c Ac U”.
The complement of an feebly-open set is defined to be feebly-closed
(briefly f-closed) . The purpose of this paper is to introduce a new type
of G-spaces which we call an feebly dispersive G-space. The
characterizations and basic properties of feebly dispersive G -spaces
have been studied. Moreover, the relation between the feebly
dispersive G -spaces and each of the feebly Cartan G -spaces, and the
sets J'(x)and A"(x) respectively was introduced. An example when
the converse may not be true is given also.

1. Preliminaries:
First we recall the definitions and theorems which we need .

1.1 Definition [3]:
A topological transformation group is a triple(G,X,x), where Gis

topological group, X is a topological space and m:GxX—>X is
function such that:-

I.  m IS continuous.

i.  mw(e,x)=x, foreach x e X, where e is the identity element of G.

.  =n(9,,m(9,,X))=n(9,9,,X), for each x e Xand g,,9, €G.
The function = is called an action of Gon X .

1.2 Remarks:
I.  If there is no more than one action of G on X, we write gx

instead of /(9+X) and (G, X) instead of (G:X/7).
ii.  We mean by a G-space X a topological transformation group
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(G,X) where X is a completely regular Hausdorff space and
G is a locally compact non-compact toplological group .

1.3  Definition[4]:
IfUandV are subsets of aG -space X, thenU is said to be thin relative
to Vifthe set (U,V))={geG:gUNV =4} is relatively compact inG.

If U is thin relative to itself, then it is called thin.

1.4 Definition[2]:

A subset A of a topological space X is said to be feebly neighborhood (f-
neighborhood) of a point xinXif there exists an f-open setU in X such
thatxe U C A.

1.5 Definition[5]:
A G-space X is called an feebly Cartan (written f-Cartan) G -space if
every point of X has a thin f-neighborhood .

1.6 Definition[6]:
A subset A of aG -space X is said to be invariant under a subset S of Gif
SAc A, where SA={sa:seS,acA}.

1.7 Definition[6]:
A subset A of a topological group G is said to be syndetic inG if there is
a compact subset Kof G such thatG = AK..

1.8 Definition[3]:
Let X bea G-space andx € X. Then:-
I. G, ={geG:gx=x}is called the stability subgroup of G at x.

ii.  Gx={gx:geG}Is called the orbit of x under G .

1.9 Definition[3],[6]:

Let X be a G-space and x € X. Then the point x is said to be:-
i. Fixed point if gx=x, for each 9€C.
ii. Periodic point if G, is syndetic inG.
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1.10 Definition[7]:
Let Xbe a G-space. A subset S of X with S= X is said to be star if for
each x e X there exists geG such thatgx €S.

1.11 Definition[5]:

Let X bea G-space and x € X, then:-

J(X)={yeX:3 anet (g,) in G and a net (x,) in X >g, - and
X, ——>x such that =(g,,x,)=9,X,——V}.

AN(x)={yeX:3 anet (g,) in G 59, - and n(g,,X) =g ,X——>V}.
Where J*(x) and A'(x)are called the feebly prolongational limit set of
x and the feebly limit set of x respectively. It is clear that
AN (x)cJ(x). The notation "g,6 —oo", means that(g,)has no
convergent subnet.

1.12 Theorem[5]:
Let Xbe a G-space and x € X, then :
i. If xeA"(x)for each x e X, then the stability subgroup of G at x
IS compact.

ii. Gx =GxUA'(x).
1.13 Definition[3]:

Let (G,X,mn;) and (G,Y,n,) be topological transformation groups.

A continuous function A: X — Y is called an equivariant function if A
satisfies:
For eachg e G, x e X, A(m(g,X)) =, (g,A(x)) or simply, A(gx) =gi(X).

1.14 Definition[8]:
A function f : X —Y from a topological space X into a topological

space Y is said to be feebly open (f-open) if the image of every open
subset of X is an f-opensetin.
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2. Feebly Dispersive G-space.

In this section we introduce a new type of G-spaces, which we call a
feebly dispersive G -space. This space is stronger than an feebly Cartan
G-space. Besides we give examples and theorems.

2.1 Definition:

A G-space X is called an feebly dispersive (written f-dispersive) G-
space if for each two points x and y of X, there are feebly
neighborhoods U of x and V of vy such that the  set
(U,V))={g €G:gUNV = g}is relatively compact in G .

2.2 Examples:
I.  (M,+) with the usual topology is a locally compact non-compact

topological group. Also,® with the usual topology is a
completely regular Hausdorff space. Then R acts on itself as
follows:
7 RxR — R which is defined by: 7z(r,r,)=r,+r, for each
r,r,eR.Itis clear that R is an R-space. To prove that R is
an f-dispersive R - space. Let x,yeR® and U, V be any two f-
neighborhoods of X and y respectively where
U=(X-€.,x+€) and V =(y—€,y+¢€,),€.,€,>0. Then the
set:

UWV)={reR:r+UNV =g} =(y—X—(€, +€,),y—x+(€, +€)))

is relatively compact in % . Thus % is an f-dispersive ! -space.

i. (M\{0},) with the usual topology is a locally compact non-
compact topological group . Also, )% with the usual topology
is a completely regular Hausdorff space. Then R\{0} acts on
R* as follows :

7 R\{0}x R* — R? is defined by :

z(r, (%, y)) = (rx, ry) for each r e R\{0}, (x,y) e R°.
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It is clear that %R? is an R \{0}-space. But (0,0) € R* and every two f-
neighborhoodsU and V of (0,0) ,the set (U,V))=R\{0} is not relatively
compact in R \{0}. Thus R? is not an f-dispersive R \{0}-space.

2.3 Theorem:

Let X be a G-space. Then the following statements are equivalent:
I. X is an f-dispersive G -space.

ii. J'(x)=¢ foreach xeX.

iii. yeJ'(x) foreach x,yeX.

Proof:

i) — (i) .
Suppose that J'(x)z¢ = 3FyeX such thatyeJ'(x), then by
definition (1.11) there is a net (g,)in G and a net (x,)in X >g,6 —>©
and x, ——x such thatz(g,,x,)=g,x,——Yy. Since x,ye X and X

is f-dispersive, then there are f-neighborhoods U of x and V of y such
that the set ((U,V)) is relatively compact in G. Since x, ——>x

andg,x,—>vy, then Ja eD such that x,eU and gx,6 eV for
eacha > «,, henceg, x, €g, U . Therefore g, €(U,V)). Since (U,V))is
relatively compact in G, then the net (g, )has a cluster point g eG. This
Is a contradiction, since g, — 0.

(ii) — (iii) . Clear.

(i) > (i).
To prove that X is an f-dispersive G -space. Suppose not, then there
are two points x and y of X such that for each f-neighborhoods U of X
and V of y the set (U,V))is not relatively compact in G, thus there

isanet(g,)in G such that g, > . Since g, UMV = ¢ foreachaeD,
then there is x, €U, such that g_x, €V for eacha € D. Hence(x,)and
(g,x,)are nets in X such that x, ——»x & g,x, ——y = yeJ'(x)
this is a contradiction. Thus X is an f-dispersive G -space.
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2.4 Corollary:
If X is an f-dispersive G -space. Then A’ (x) =¢ for each X e X,

Proof:
Since X is an f-dispersive G -space, then by theorem (2.3), J"(x)=¢ for
eachx e X . Since A" (x) = J " (x)for eachxe X, then A"(x)=¢ , for each
XxeX.

2.5 Remark:
The converse of corollary (2.4) may not be true. Consider the following
example:-
Example: (Q,+) with relative usual topology is a topological group
(where Qis the set of all rational numbers). Then Q acts on itself as
follows: 7:QxQ —Q which is defined by: #(g,x)=g+x , Vg,xeQ.
Clear that (Q,Q) is a topological transformation group.
To prove that A"(X)=¢ ,V xeQ, Let yeA'(x),then there is a net
(g,) in Q >3g,>o and g,x=g,+x——y.Sinceg,x——y,
then by Remark ((1.2.19) in [9]), g,x—>y. Since g, > o,
theng,x=g, +x —>».
This is a contradiction, sinceg_x—y. Thus, A" (x)=¢ ,vxeQ. But Q
Is not f-dispersive Q-space, since Q is not locally compact topological

group.

2.6 Theorem:
An f-dispersive G -space is f-Cartan .

Proof:
Let xe X. Since X is f-dispersive, then there exist f-neighborhoods U
and V of x in X such that the set ((U,V))is relatively compact in G . By

Proposition ((1.1.22) & (1.1.24) in [9]) U NV is an f-neighborhood of x in
X. Since (UNV,UNV)) <= (U,V))and (U,V))is relatively compact in G,
then so is (U NV,UNV)). Hence UNV is a thin f-neighborhood of x in
X . Thus X is an f-Cartan G-space.
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2.7 Remark:
The converse of theorem (2.6) may not be true .
Consider the following example :-

Example: (R,+) with the usual topology is a locally compact non-
compact topological group. Also, D={(x,y)eR*\{(0,0)}:x>0,y >0}
with the relative usual topology is a completely regular Hausdorff space.
Then R acts on D as follows: 7:9RxD — D is defined by:
z(t,(x,y)) = (xe ™, ye'), for each teR and(x,y) eD. It is clear that D is
an ‘R -space.

To show that D is an f-Cartani-space. Let (x,y)eD and
U=(X—gx+¢e) be an f-neighborhood of x in L={xeR:x=>0}
where x>e>0 and W ={yeR:y=>0} be an f- neighborhood of y. By
proposition ((1.1.42) in [9]) UxW is an f- neighborhood of (x,y)in D.
Before we prove ((UxW,UxW))=(U,U))we need to show that W is
invariant under’R. (R,+) with the wusual topology is a locally

compact non-compact topological group and W as a subspace of D
with the relative usual topology is a completely regular Hausdorff space.
Then R acts on W as follows:

7 RxW —W is defined by : z(t,y)=ye' foreach te®R and yeW. It
is clear that W is an®R-space. Since z(:R,W) =W, then W is invariant
under R . Now to prove that ((UxW,UxW))=(U,U)). Since W is
invariant under R, then:-

ge(U,U)«>guUNU =g <> (QUNU)xW = ¢
<> (gUxW)NU xW) = ¢ <> (gU x gW) (U xW) = ¢
< gUxW)NU xW) ¢ <> ge(UxW,UxW))
Hence (U xW,U xW))=(U,U))
Now, to show that((U,U)) s relatively compact in‘R.
Since
X

S i X+ e
) & e (x+e)=x—c=t, =In(

ei(x—e)=x+e=t, =In
(x=9) ! (x+e X— €

)
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Then the set (U,U))={teR:tUNU =g}=(t,,t,) is relatively
compact in R. That is UxW is a thin f-neighborhood of (x,y)in D.
Hence D is an f-Cartan R -space. But D is not f-dispersive R -space, Since
(x,0)and (0, y) are points in D, but every f-neighborhoods U of (x,0) and
V of (0,y) theset (U,V))={teR:tUNV =4} is not relatively compact
iNR.

2.8 Theorem:
If Xis an f-dispersive G -space, then:-
I. Each orbit of X is f-closed in X.
Ii. Each stability subgroup of G at x is compact .

Proof:
i. Since Xis an f-dispersive G -space, then by corollary (2.4), A" (x) = ¢

for each x € X . By theorem (1.12), ox' =GxUA"(x) ,Vxe X

— Gx =Gx ,Vx e X . Hence by proposition in [10] Gx is an f-closed
setinX,V xeX.
i. Since X is an f-dispersive G -space, then by corollary (2.4),
A" (x)=¢ foreach x e X. Thus by theorem (1.12) the stability
subgroup of G at x is compact.

2.9 Theorem:

If X isan f-dispersive G -space, then:-
I. There is no fixed point.
Ii. There is no periodic point.

Proof:

i.Let xe X such that X is a fixed point. Since X is an f-dispersive
G -space, then there exist f-neighborhoods U and V of x in X such
that the set ((U,V))is relatively compact inG . Because X is a fixed
point, then gx=x foreach geG . So gUNV = ¢ for eachg G,
that is ((U,V))=G. Since((U,V))is relatively compact inG, then
G is compact. But G is not compact, which leads to a
contradiction. Hence X has no fixed point.
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ii. Let X€ X such that X is a periodic point, then by definition (1.9)
no. (ii) G, is a syndetic subgroup in G. That is there is a compact
subset Kof G such that G=G,K. By theorem (2.8) G, is compact

in G for eachxe X. Thus Gis compact, but that leads to a
contradiction, since G is not compact. Hence X has no periodic
point.

2.10 Theorem:

If Xis an f-dispersive G -space, H is a closed subgroup of Gand Y is an
f-open subspace of X which is invariant underH, then Yis an f-
dispersive H-space.

Proof:
By Remark ((1.24) in[6]) we get (HY) is a topological
transformation group . Since Y is a subspace of X and X is a completely
regular Hausdorff space, then so is Y. Since G is locally compact and H
Is a closed subgroup ofG, then so is H . Hence Y is an H-space. To
prove that Y is f-dispersive, Letx,yeY, thenx,ye X. Since X is f-

dispersive, then there exist f-neighborhoods U and V of x and y
respectively in X such that (U,V))is relatively compact in G. Let

U,=UNny &V,=VNY.

Since Yis an f-open subspace of X , then by proposition ((1.13) in [5])
we haveU, and V, to be f-neighborhoods of x and y respectively inY.
Since (U,,V,)) < ((U,V))and because ((U,V))is relatively compact in G,
then so is (U,,V,)). Since H is a closed subgroup of G, then (U,,V,))is
relatively compact in H. Thus Y is an f-dispersive H -space.

2.11 Corollary(l):
If X is an f-dispersive G-space and Y is an f-open subspace of X
which is invariant under G , thenY is an f-dispersive G-space .

Proof: It is obvious.
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2.12 Corollary(ll):
If X is an f-dispersive G -space and His a closed subgroup of G, then
X is an f-dispersive H-space .

Proof: It is obvious.

2.13 Theorem:

Let 21:X —Y be an equivariant homeomorphism function from an f-
dispersive G-space X into a space Y. ThenYis an f-dispersive G -
space.

Proof:
We have(G,Y)is a topological transformation group. Since X is a

completely regular Hausdorff space, and since A is homeomorphism,
then by [11] we get Y to be a completely regular Hausdorff  space.
Hence Y is a G-space. Now, to prove that Y is f-dispersive. Let
y.,,Y, €Y . Since A is onto, then there exists x,X, € X such that
Ax)=Yy, & A(x,)=y, . Since Xis f-dispersive andx;,x, € X, then
there exist f-neighborhoods U and V of x, and x, respectively in X such
that (U,V)) is relatively compact in G. Since A4 IS a
homeomorphism, then by proposition ((1.1.52) in [9]) we have
A(U)and A(V)to be f-neighborhoods of y,andy, respectively in Y.
To prove that (U,V))=((A1U),A(V))), Since A is 1-1 and equivariant
function, then:

ge(U.V)) > guNV =g <> AgUNV) =g < AgU)NAUV) = ¢

< gAU)NAV) = ¢ <> g e((AU),A(V))).Hence (U,V))=((AU),A(V))).
Because (U,V))is relatively compact inG, then so is((A(U),A(V))).
i.e. for each two points y, and y, of Y, there are f-neighborhoods
AU)of yand A(V)of y,in Y such that ((A(U),A(V)))is relatively
compact in G . ThusY is an f-dispersive G -space .

2.14 Theorem:
Let X andY be G-spaces. Then X xY is an f-dispersive G -space if at
least one of them is an f-dispersive G -space .

Journal of Al Rafidain University College 153 ISSN (1681 — 6870)



On Feebly Dispersive G-Spaces Sabiha I.Mahmood Issue No. 33/2014

Proof:

Let X be an f-dispersive G -space. By definition ((1.2.7) in [12]) we
have X xY isa G-space. To prove that X xY is f-dispersive.

Let(x;, V). (X,,Y,) € XxY = X;,X, € X . Since X is f-dispersive, then
there exist f-neighborhoods U and V of x, and x, respectively in X
such that ((U,V))is relatively compact in G. By proposition ((1.1.42) in
[9]) we get UxY and VxY to be f-neighborhoods of (x,,y,) and
(x,,Y,) respectively in XxY . Since (U,V))=(UxY,VxY)) and
(U,V)) is relatively compact inG, then so is(U xY,V xY)). i.e. for
each two points (x;,y,)and (x,,y,)of X xY, there are f-neighborhoods
UxY of (x,y,)and VxY of (x,,y,)in XxY such that(U xY,V xY))is
relatively compact in G . Thus X xY is an f-dispersive G -space .

2.15 Theorem:
If a G-space X has a star thin f-open setU, then X is an f-dispersive
G -space.

Proof:
Letx,ye X. Since U is star, then by definition (1.10) there are

0,,0,€G such that g,xeU and g,yeU. Hence xeg, U
andy e g, U. Since 7y : X — X is a homeomorphism for eachg G,
then by proposition ((1.1.52) in [9]) we get g¢g,'U and g, U are
f-neighborhoods of x and y respectively in X . Since U is thin, then by
theorem in [4] we get ((g,"U,g, U))is relatively compact inG . i.e. for

each two points x and y of X, there are f-neighborhoods g,"U of x

and g,'U of y such that the set ((g,'U,g,'U)) is relatively
compact in G . Thus X is an f-dispersive G -space .

2.16 Theorem:
If Xis an f-dispersive G-space and xe X, then g—gxis an f-open

function of G onto Gx.
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Proof:
LetU be an open subset of G. To prove that Ux is f-open in Gx.

i.e.(G-U)x is f-closed in Gx. Let ye(G—U)x , then by proposition

((1.2.14) in [9]) there is a net (g, x) in (G-U)x such that g, x—'—>vy.
Since X is f-dispersive, then there exists V be a thin f-neighborhood
ofy. Fixing a, , then (g,9,, )@, ) =9.xeV = 0,0, " €(V.V)).
Since ((V,V)) is relatively compact in G , then by theorem ((17.4) in
[11]) (gagao‘l)has a cluster point sayg. Hence by theorem ((11.5) in
[11]) (9,0, ") has a subnet (g, g, ~) which convergesto g . i.e.
g%g%‘l —>g = g, —>99, and by theorem ((11.8) in [11]) we get
g, Xx—gg,x.Since g,x— vy, then by Remark ((1.2.19) in [9])
9, X—>y=g9,Xx—Yy.Since X is T, , then by theorem ((13.7) in [11])

we have y=gg, xe(G-U)x. Hence, (G-U)x f c(G-U)x . But by
definition in [10] we have (G-U)xc(G-U)x . Therefore

(G—U)x=(G—U)xf = (G-U)x is f-closed in Gx = Ux is f-open in
Gx.Thus by definition (1.14) g —gxis an f-open function of G onto
Gx.
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