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Abstract

In this paper, we based on the homotopy analysis method (HAM), a powerful algorithm is

developed for the solution of linear and nonlinear fuzzy integral equations of fractional order. The

proposed algorithm presents the procedure of constructing the set of base functions and gives the

high-order deformation equation in a simple form. This method different from all other analytic

methods, it provides us with a simple way to adjust and control the convergence region of solution

series by introducing an auxiliary parameter h. The fractional derivative is described in the Caputo

sense and the fractional integration is described in the Riemann-Liouville formula. The analysis is

accompanied by some numerical examples to show the accuracy and validity of this approach.
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1-Introduction:

The concept of integration of fuzzy
functions was first introduced by Dubois and
Prade. Alternative approaches were later
suggested by Goetschel andVoxman®,
Kaleva®, Matloka®, Nanda®and others.
While

Matloka®preferred a Riemann

GoetschelandVoxman®@and  later
integral
typeapproach, Kaleva®chose to define the
integral the

of fuzzy function, using

Lebesgue type concept for integration.The
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topics of fuzzy differential equations (FDE)
and fuzzy integral equations (FIE) which
attracted growing interest for some time, in
particular in relation to fuzzy control, have
been rapidly developed in recentyears. The
first step which included applicable
definitions of the fuzzy derivative and the
fuzzy integral was followed by introducing
FDE and FIE and establishing sufficient
conditions for the existence of unique
solutions to these

equations.  Finally,
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numerical  algorithms  for  calculating
approximates to these solutions were
designed. Prior to discussing fuzzy

differential and integral equations and their
associated  numericalalgorithms, it s
necessary to present an appropriate brief
introduction to preliminary topics such as
fuzzy numbers and fuzzy calculus.

The concept of fuzzy sets which was
originally introduced by Zadeh® led to the
definition of the fuzzy number and its
implementation in fuzzy control and
approximate reasoning problems. The basic
arithmetic structure for fuzzy numbers was
later developed by Mizumoto and Tanaka”
8 Nahmias®, Dubois andPrade®®

Ralescu®V, all of which observed the fuzzy

and

number as a collection of a-levels, 0< o <1.
One of the first applications of fuzzy
integration was given by Wu and Ma®? who
investigated the Fuzzy Fredholm integral
equation of the second kind (FF-2). This
work which established the existence of a
unique solution to (FF-2) was followed by
other work on FIE given by J.Y. Park, et
al*®where a fuzzy integral equation replaced
an original fuzzy differential equation.In this
paper we shall treat the approximate solution
of the fuzzy integral equations of fractional

order of the form

y(t) =F () +19K[y(1)] (1)
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where f(t) is assumed to be fuzzy function

and 19 is a fractional integration in the
Riemann-Liouville sense. Fractional calculus
has found diverse applications in various
scientific and technological fields see Hilfer
R.%et al such as thermal engineering,
acoustic, electromagnetism, control,
robotics, viscoelasticity, diffusion, signal
processing

and many other physical

processes.

Odibat and et.al,*® extended the
application of the homotopy analysis method
proposed by Lioa®® to solve nonlinear
differential equations of fractional order.
They also show that the procedure of
constructing the set of base functions and the
high order deformation equation in a simple
form. Differential equations involving
derivatives of non-integer order have shown
to be adequate models for various physical
phenomena in areas like rheology, damping
laws, diffusion processes, etc. For example,
the nonlinear oscillation of earthquake can be
modeled with fractional derivatives by
Maindari F.®"), and the fluid-dynamic traffic
model with fractional derivatives by G.
Adomian®®19) can eliminate the deficiency
arising from the assumption of continuum
traffic flow. Based on experimental data

fractional partial differential equations for
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seepage flow in porous media are suggested
by G. Adomian®®1

equations with fractional order have recently

and differential

proved to be valuable tools to the modeling
of many physical phenomena by N.T.
Shawagfeh®®. Most fractional differential
equations do not have exact analytic
solutions, so approximation and numerical

techniques must be used.

There are several definitions of a
fractional derivative of order o>0 given by N.
Shawagfeh and D. Kaya®, two most
commonly used definitions are Riemann-
Liouville and Caputo. Each definitions uses
Riemann-Liouville fractional integration and
derivatives of whole orders. Throughout this
paper we will exhibit the fuzzy integral
equation of fractional order of the form

Eq.(1) using a reliable algorithm of HAM.

The homotopy analysis method (HAM) was
first proposed in his Ph.D. thesis by Liao
S.J.?2_ A systematic and clear exposition on
HAM is given by S.J. Liao®®. In recent years,
this method has been successfully employed
to solve many types of non-linear,
homogenous or non-homogenous equations
and system of equations as well as problems
in science and engineering. The HAM is
based on homotopy, a fundamental concept

in topology and differential geometry.
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Briefly speaking, by means of the HAM, one
construct a continuous mapping of an initial
guess approximation to the exact solution of
considered equations by Jafari H. andSeifi
S.@3. An auxiliary linear operator is chosen
to construct such kind of continuous mapping
and an auxiliary parameter is used to ensure
the convergence of solution series. The
method enjoys great freedom in choosing
initial approximations and auxiliary linear
operators. By means of this kind of freedom,
a complicated non-linear problem can be
transferred into an infinite number of simpler,

linear sub- problems.

2- Basic Concepts of Fuzzy Set Theory:

In this section, we shall present some
basic definitions of fuzzy set theory including
the definition of fuzzy numbers and fuzzy

functions.

Definition (1)@4:
Let X be a nonempty set. A fuzzy set

A in X is characterized by its membership
function A : X—[0; 1] and A(x), called the
membership function of fuzzy set A, is
interpreted as the degree of membership of
element x in fuzzy set A

for each xeX.

Definition (2)4

Let X be any set of elements, a fuzzy set A

is characterized by a membership function
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A (X) : X — [0, 1], and may be written as
the set of points

A={(x g (¥))x eX, 0<pz(x)
<1}.

Definition (3) ?4):

The crisp set of elements that belong

to the set A at least to the degree a is called
the weak a-level set (or weak a-cut), and is
defined by:

A={x e X: MA(X) >0}

While the strong a-level set (or strong a-cut)
is defined by:

A ={xeX: HA(X) >a}.

Definition (4)?):

A fuzzy subset A of a universal
space X is convex if and only if the sets A,

are convex, V a<[0, 1].

or equivalently, we can define convex
fuzzy set directly by using its membership

function to satisfy:

alAxp +(@-2A)xp] = Min { pz(xg) ,

uz (X2) YHor all x1, x2e X and A.€[0, 1].

Remark (1))

A fuzzy number M may be uniquely
represented in terms of its a-level sets, as the

following closed intervals of the real line:

107

Me=[m—-v1-a, m+yl-a]

or
M= [om, L m]
o}

Where m is the mean value of M and a<(0,
1]. This fuzzy number may be written as M=
[ M, M], where M refers to the greatest
lower bound of M and M to the least upper

bound of M.

Remark (2)@:

Similar to the second approach given
in remark (1), one can fuzzyfy any crisp or

nonfuzzy function f, by letting:
f(X) = o f(x), F(x) =L f(x), x eX,
(04
ae(0, 1],

and hence, the fuzzy function f interms of its

B-levels is given by f,=[f,f].

3-Fractional Integration and Derivatives

In this section some definitions and
properties related to fractional differentiation

and integration are given.

the Riemann-Liouville fractional integration

of order q is defined as,
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f@) =5 fo =
)27 1f(t)dt, q > 0,x > 0(2)

The next two equations define Riemann-
Liouville and Caputo fractional derivatives of

order a, respectively,

D f ()= (f (1))(3)
DEF() = (e f())()
Wherem — 1 <a<mand m € N.

4- Homotopy Analysis Method (HAM)
In this section the basic ideas of the

homotopy analysis method are introduced.
Here a description of the method is given by
S.J. Liao®®to handle the general nonlinear
problem,

N[y(t)]=0,t>0.(5)
where N is a nonlinear operator and y(t) is

unknown function of the independent

variable t.

4.1- Zero-Order Deformation Equation

Let Y, (t) denote an initial guess of

the exact solution of Eq.(5), h=0 an
auxiliary parameter, H(t) = 0an auxiliary
function, and L an auxiliary linear operator
with the property,

L[f(t)] =0, when f(t) =0.(6)
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The auxiliary parameter h, the auxiliary

functionH(t), and the auxiliary linear

operator L play important roles within the
HAM to adjust and control the convergence
region of solution series. Liao *®constructs,
usingq €[0,1]as an embedding parameter,
zero-order  deformation

the so-called

equation,

(1-a) L[O(t0) - Yo (D] =g h H(t) N[D(t;q)],
(7)

Where ®(t;q)is the solution which depends
onh, H(t), L, yo(t)and g, when g=0

the zero-order deformation Eq.(7) becomes,
O(t;0) = yo(t), (8)

and when g=1, since h = 0 and H(t) = 0 ,the
zero-order Eq.(7) reduces to,
N[®(t;2)]=0.(9)

So, ®(t;1)is exactly the solution of the

nonlinear Eq.(5). Define the so-called m™-

order deformation derivatives,

1 3"o(t;q)

.(10
m! oq™ (0

g=0

Ym (t) =

If the power series (10) of ®(t;q) converge

at q=1, then we gets the following series

solution:



Salam A. Ahmed

A Reliable Algorithm of Homotopy...

YO =Yot)+ > yn(®).,
m=1

where the Y, (t) terms can be determined

by the so-called high-order deformation

equations described below.

4.2 High-Order Deformation Equation

Define the vector,
Yo = {Yo(©), Y1(0), Y2 (D), .., Yo (D)} (11)

Differentiating Eq.(7) m-times with respect
to embedding parameter g, then setting g=0
and dividing them by m!, we have the so-

called m™-order deformation equation,

LIYm (1) =X Y2 (D] =h H(®) Ry, (Y, 1)
, (12)

Where,

0, m<1.
Xy = ]
1, otherwise.

and

) 1 a™IN[O(tq)]
R m (ym—l' t) - (m —1)' 8qm71 g=0
(13)

For any given nonlinear operator N, the term
R, (Y, t) can be easily expressed by
EQ.(13). Thus we can gain

Y1 (1), Yo (1), y5(t),... by means of solving
the linear high-order deformation Eq.(12)
one after the other in order. The m™-

orderapproximation of y(t)is given by:
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YO =y () .(14)
k=0

5-The Reliable Algorithm of HAM

In this section, we present a reliable
approach of the homotopyanalysis method
that given by Odibat Z., et al. S This
modification can be implemented for integer
fractional order nonlinear

order and

equations.

Now, to illustrate the basic ideas of this
algorithm, we consider the following
nonlinear integral equation of fractional

order:
Déy(t)=N(y)+g(t), t>0.(15)

Where N is a nonlinear operator which might
include integer order or fractional order
integration, g(t) is a known analytic function.

In view of the homotopy technigque, we can

construct the following homotopy:
(1 - q@)L[P(t,q) — Po(t)] =
qhH(®(t,q) — N[@(t, )] — g(©)](16)

Where qe[0,1] is the embedding parameter,
h + 0 is a nonzero auxiliary parameter,
H(t) # 0 is an auxiliary function,®,(t) is an

initial guess of y(t).
When g=0, Eq.(16) becomes:

®(t,0) — Dy (t) = 0(17)
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It is obvious that when g=1, Eq.(16) becomes
the original nonlinear Eq.(15). Thus as q
various from 0 to 1, the solution y(x,q) varies
the Yo(t) to the

solution @(t, 1). The basic assumption ofthis

from initial  guess

approach is that the solution of Eg. (15) can
be expressed as a power series in g,

Substituting the series (18) into the homotopy
(16) and then equating the coefficient of the
like powers of g, we obtain the high-order
deformation equations, &, =hH(®, —
N(®o) —g(1)

@, = &1 + h H(P1-N1 (P, 1))

@3 = D, + h H(®,-N, (@, D1, P,))(19)

D, = @3 + h H(P3-N3(Dg, D1, D5, P3))
Where,

N(@¢ +q®; + q*P, + - )= No(Pp) +

qN1(Dg, P1) + G*No(Dg, D1, D) +...

The approximate solution of Eq.(15),

therefore, can be readily obtained,
y = lqu¢ :d)o + (pl + ¢2 + .- (20)
q—)
The success of the technique is based on the
proper selection of the initial guessa®,,.

Applying the operator 1* to both sides of

equation (15) gives,
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y(8) = TP YR (0% S + 1N () +
1%g(t),t > 0(21)

Neglecting the nonlinear term I*N (y)on the
right hand side, we can use the remaining part

as the initial guess of the solution. That is

Bo(0) = TP YR (01 &+ 179 (0)(22)

6-The Reliable Algorithm of HAM for

Solving Fuzzy

Integral Equation of

Fractional Order:

In this section we shall use the
reliable algorithm of the HAM that was given
in section (5) in order to find the approximate
solution of the fuzzy fractional integral

equations given by:

y(t) = f(t)+N(¥)(23)

Where

N(y)=19K[y(t)]and
- 1 | A (w
K[ y(t)]=——[(x=5)""K(y(s))ds
[5(9])= 7 =9 K (3(6)
(24)
The approximate solution of Eq.(23) can be
written as Yz[)_/,ﬂ and in order to find Y
and Y we must solve the problems:

y=£+N(y)
Where
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respectively. Applying the reliable algorithm
of HAM for (25) to find y we need to
construct the following homotopy:
1-Q[2t ) - 2] =

qh H(@(t,q) = N (2(t, ) - F(©)(2D)

Where ge[0,1],
Ht) #0 is an

h= 0 is anonzero auxiliary

parameter, auxiliary

function,®,(t) is an initial guess of y(t).
Substituting Eq.(18) into EQ.(27) and then
equating the coefficient of like powers of g.

seeking h=-1 and H=1;
therefore, Eq.(19) becomes:

1 t
D, = No(go) = m.’; (x
— )11 4y(s)ds

Hence, after

@, = Ny(P, P1)

=ﬁf0t<x

— $)971 4, (s)ds

111

B3 = Ny, @1, @2) = 7= f (x =

)14, (s)ds (28)

911 = NH(QO'

#28), ..., ®,)
1 t
~ @, ¢
- S)q_lén(s)ds
where,

1d" 5y
h=\iar ny, ,n=012,...
i=0 1=0

and according to Eq.(22),the®, (t) will be

take the form

Dy (t) = TP Y (0 +1“f(t) (29)

and similarly for the case of V.

7-lllustrative Examples:

In this section we shall give some
non-linear problems in order to illustrate the
validity and accuracy of the proposed
method.

Example (1): Consider the linear fuzzy
integral equation of fractional order.

y=Ff(t)+1Y2y(t); t [0,1]. (30)

In this case the fuzzy function T will be given

asf =[f,f],
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where,

3 5 7
fp 2 2t 8t2 32t2 12812
- Jr 3dn 154n 1054n
and

3 5 7
F_ll 24t 8t2 3212 128¢2

B Jno 3dn 15Jn 105x |’

0<pB<],

and the exact solution in the case p=lis
y(t)=e®.

and similar to Eq. (29), the @,(t) and ®,(t)

will be of the forms:

3 5 7
- 1| 5 24t 8tz 32t2  128t2
Dy(t)==| e ——=- - -
B Jn 3dn 154n 105rn
and

3 5 7
2Jt 8tz 32t2  128t2

Jr 3Jx 154x 1054x |’

By (t) =B| * -

respectively.

Now, the upper and lower equations

become:

@, (1) = 1"y (1)
@, (1) = 1", (t)
@, (1) = 172, (1)

@y (t) = 1"2®y (1),
@, (t) = "2 (t),
@, (1) = 1'%, (1),

Followingtable (1) represents the comparison
between the approximate solutions of
example (1)using the reliable algorithm of
HAM up to three termsand the exact solution

for the case p=1.

Table (1)

112



Salam A. Ahmed A Reliable Algorithm of Homotopy...

Comparison of the approximate solution ofexample (1) using the Reliable HAMwith the exact

solution forp =1.

Example (2): Consider the nonlinear fuzzy

integral equation of fractional order.

In this case the fuzzy function f will be given

an :[f’i]’

o F U2 2 4y -
y=Ff(t)+17°y°(t); t €[0,1]. (31) Where,

Where the exact solution for the case § =1is

y(t)=t.

113
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Where,
f=p|t 2 tg and f 2 tg ;0<B< 1
L - “al _ 0.5
r(?] B F[7j No(@o) = Q S)f (t —s)"%54,(s)ds
2 2 .
_ Ny (®y, @,) = —f (t —s)"%%4,(s)ds
and similar to Eq. (26), thed,(t) and @, (t) 1(%0,21) re.s) J, '
. - = = 1t
will be of the forms: Ny (Po, D1, ®,) = mfo (t—
s)7%54,(s)ds(32)
5 :
— 1 2
—Zlt_ 2 _— — — _
(DO(t) - B t (7)1: and Nn((po, (pl' (pz, ...,¢n_1)
F — 1 t
2 = —J (t
r.s) J,
—5)7%%4,(s) ds
5
@o(t)=P| t-—< 1 | Where,
2 = ==k Zﬂ'yl ,n=012,...
ntd" (i3 o
as given in Eq.(28) the upper solutions -
become: and in the same manner the lower solutions
become:

@, = hH (o ()~ Py () — No (B )
@, =D, +hH (B, () - Ny (D, D))
Dy =D, +hH(q32(t)—N2 (P, Dy, D))

@, = hH (B, (£)~ Lo () — Ny (B, )
@, :@1+hH(d_51(f)—N1(Q_§o’@1))
D=2, +hH(@2(t)—N2 (@0’@1192))

B, =B, 4 +hH (D, (1) - N, l(q30,q31,q32,...,q3n_1) '
0 = Pog +HH (B (£) = Npy (@0’@1’@2""12%—1))
Hence, after seeking h = —1 and H=1,

Hence, after seeking h =—1 and H=1,

therefore, the above equations becomes )
therefore, the above equations becomes

(1) =(No(20))

&, (1) = (N, (%, B, ) D, (1) = (N, (2, 2,))
_3(t)=(N2.(¢?0’(51’52)) @, (1) = ( (qbo,cbl,@z))
‘En(f):(anl(‘j?o’@l’qsz’---’qsnfl)) @n(t):(Nn1(§01@1’@21""@n1))

114
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Where,

Where,

1d"

A, —{m@k[iz&i )_/i}:lio, n=012,...

The following table (2) represents the
comparison  between the approximate
solutions of example (2) using the reliable
algorithm of HAM up to three terms and the

exact solution for the case 3 =1.

—|(t-s _0'5&(S)ds
J(e=5)

Table(2)

115
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Comparison of the approximate solution of example (2) using the reliable HAM with the exact

solution for 3 =1.

8- Conclusion:

In this paper we have been describe a
methodology of reliable algorithm of HAM
which has been applied for determining
approximation solution of fuzzy integral
equation of fractional order. The numerical
results showed that this algorithm has good

116

accuracy and reduces the calculations. This

technique can be considered as an easy
efficient for solving various kinds of non-
linear problems in science and engineering
without any assumptions restrictions. The
accuracy of the obtained solution can be
improved by taking more terms in the

solution.
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