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Abstract 

The two-body model of [𝐶𝑜𝑟𝑒 + 𝑝(𝑛)] within the single-particle wave functions of the Woods-

Saxon (WS) and Harmonic Oscillator (HO) potentials has been used to study the ground state 

features such as the neutron, proton and matter densities, the associated root mean square (rms) 

radii and elastic form factors of exotic 17F and 19C nuclei. The long tail manner is clearly shown 

in the calculated matter densities of these nuclei. According to the calculated results it is found 

that this model provides a good description on the nuclear structure of above exotic nuclei. The 

reaction cross sections for these nuclei have been studied using the Glauber model with an 

optical limit approximation at high energy region. 

Keywords: Exotic nuclei, Two-body model, Glauber model, Woods-Saxon potential. 
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 الخلاصة

دراسة ل التوافقي المتذبذبو ساكسون -وودز يلجهدل الموجية للجسيمة المفردة االجسيمين مع الدوتم استخدام أنموذج 

خصائص الحالة الارضية مثل توزيعات الكثافة النيوترونية، البروتونية والكتلية وانصاف الاقطار النووية وعوامل التشكل  

. خاصية الامتداد الطويل تم الحصول عليها في توزيعات الكثافة الكتلية لهذه النوى. وفقا للنتائج C19و F17للنوى الغريبة 

المقاطع العرضية للتفاعل تمت   وذج يعطي وصفاً جيدا للتركيب النووي لنوى الهالة تحت الدراسة.المحسوبة وجد ان هذا الانم

 دراستها باستخدام نموذج جلوبر عند الطاقات العالية.

 ساكسون.  -النوى الغريبة، انموذج الجسيمين، نموذج جلوبر، جهد وودز الكلمات المفتاحية: 

Introduction 

The study of the structure of exotic (halo) nuclei near the proton and neutron drip lines has 

become a hot topic in nowadays nuclear physics due to their exotic features [1-3]. The halo 

phenomena occur mainly due to the small separation energy of the last few nucleons and their 

occupation on the states with low angular momentum (l = 0, 1) [4] which allow the wave 

function of halo (valence) nucleons to extend to large matter radii [5].  

Both on experiments and theories, studying the halo structure is very important to understand 

the nucleus structure. The halo nuclei must be studied by radioactive beam facilities because 

they are so short-lived [6].  

The few body models can be used to describe halo systems, where the halo nuclei are assumed 

to be formed by coupling a compact core surrounded by a few weakly bound nucleons [7].  

Therefore, we can divide halo systems into two main types: the two-body system where the 

core nucleus is surrounded by one valence nucleon, such as the one proton halo 12N and the one 

neutron halo 15C; and the three-body system where the core nucleus is surrounded by two 

valence (halo) nucleons, such as 11Li and 14Be. The three-body system is called Borromean 

because the two-body subsystems (core plus one nucleon or the di-nucleon) are unbound, while 

the three-body system is bounded [8]. 
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Hamoudi et al. [9] have used the TFSM and the BCM to study the ground state densities of 

exotic 9C, 12N and 23Al nuclei. The long tail property is shown in the calculated proton and 

matter densities of these nuclei. The calculated results of matter densities were in good 

accordance with the experimental results. 

Abdullah [10] has used a three-body model of (Core + n + n) to study the ground state densities 

of halo 6He, 11Li, 12Be and 14Be nuclei. The long tail property is shown in the calculated neutron 

and matter densities of these nuclei. The calculated results of matter densities were in good 

accordance with the experimental results. 

In the present work, the two-body model of [𝐶𝑜𝑟𝑒 + 𝑝(𝑛)] will be used within the single-

particle wave functions of the Woods-Saxon (WS) and Harmonic Oscillator (HO) potentials to 

study the ground state features such as the neutron, proton and matter densities, the associated 

root mean square (rms) radii and elastic form factors of exotic 17F and 19C nuclei. The reaction 

cross sections for these nuclei will be studied using the Glauber model with an optical limit 

approximation at high energy region. 

Theory 

For exotic (halo) nuclei the matter density can be written as [11]: 

𝝆𝒎(𝒓) = 𝝆𝒄(𝒓) + 𝝆𝒗(𝒓)          (1) 

Where 𝜌𝑐(𝑟) and 𝜌𝑣(𝑟) are the core density and valence (halo) density, respectively.  

In this work, the ground state densities of exotic (halo) nuclei have been calculated via two 

methods, these are WS+WS (Woods-Saxon) and HO+HO (Harmonic Oscillator).  

In the WS+WS method, the densities for the core and valence nucleon (proton or neutron) are 

calculated by solving the eigenvalue problem of Woods-Saxon potential [12]: 

ℏ𝟐

𝟐𝒎

𝒅𝟐𝑹𝒏𝒍𝒋(𝒓)

𝒅𝒓𝟐 + [𝜺𝒏𝒍𝒋 − 𝑽(𝒓) −
ℏ𝟐

𝟐𝒎

𝒍(𝒍+𝟏)

𝒓𝟐
] 𝑹𝒏𝒍𝒋(𝒓) = 𝟎      (2) 
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Where 𝑚 is the reduced mass of the core and single nucleon, 𝜀𝑛𝑙𝑗 is the single-particle energy, 

𝑅𝑛𝑙𝑗(𝑟) is the radial eigen function of WS potential and 𝑉(𝑟) is the potential of the core and 

can be written as [12]:  

𝑽(𝒓) = 𝑽𝟎(𝒓) + 𝑽𝒔𝒐(𝒓) 𝒍. �⃗⃗� + 𝑽𝒄(𝒓)        (3) 

Where 𝑉0(𝑟) is the spin-independent central potential: 

𝑽𝟎(𝒓) =  
−𝑽𝟎

𝟏+[𝒆(𝒓−𝑹𝟎)/𝒂𝟎 ]
          (4) 

Vso(r) is the spin-orbit potential: 

𝑽𝒔𝒐(𝒓) = 𝑽𝒔𝒐
𝟏

𝒓
[

𝒅

𝒅𝒓

𝟏

𝟏+(𝒆(𝒓−𝑹𝒔𝒐)/𝒂𝒔𝒐)
]         (5) 

and Vc(r) is the Coulomb potential generated by a homogeneous charged sphere of radius Rc 

[13]: 

𝑽𝒄(𝒓) =
𝒁𝒆𝟐

𝒓
                                 𝐟𝐨𝐫     𝒓 ≥ 𝑹𝒄       (6) 

𝑽𝒄(𝒓) =
𝒁𝒆𝟐

𝑹𝒄
[

𝟑

𝟐
−

𝒓𝟐

𝟐𝑹𝒄
𝟐]              𝐟𝐨𝐫     𝒓 < 𝑹𝒄        (7) 

The radii 𝑅0,𝑅so and 𝑅care usually expressed as [10]: 

𝑹𝒊 = 𝒓𝒊 𝑨
𝟏/𝟑           (8) 

Where 𝐴 is the nuclear mass number 

In the HO + HO method, the densities for the core and valence nucleon are given by the 

harmonic oscillator wave functions [11, 14]: 

𝝆𝒄(𝒓) =
𝟏

𝟒𝝅
∑ 𝑿𝒄

𝒏𝓵
𝒏𝓵 |𝑹𝒏𝓵(𝒓)|𝟐         (9) 
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𝝆𝒗(𝒓) =
𝟏

𝟒𝝅
𝑿𝒗

𝒏𝓵|𝑹𝒏𝓵(𝒓)|𝟐          (10) 

Where  𝑋𝑐(𝑣)
𝑛ℓ  represents the number of neutrons or protons, in the sub-shell 𝑛𝑙𝑗. 

The matter density of Eq. (1) can be written as [10]: 

𝝆𝒎(𝒓) = 𝝆𝒏(𝒓) + 𝝆𝒑(𝒓)          (11) 

Where 𝜌𝑛(𝑟) and 𝜌𝑝(𝑟) are the neutron and proton densities, respectively which can be 

written as [10]: 

𝝆𝒏(𝒓) = 𝝆𝒄
𝒏(𝒓) + 𝝆𝒗

𝒏(𝒓)         (12) 

𝝆𝒑(𝒓) = 𝝆𝒄
𝒑(𝒓) + 𝝆𝒗

𝒑(𝒓)         (13) 

The rms radii of the neutron and proton distributions can be calculated by [10]: 

𝒓𝒈 = 〈𝒓𝒈
𝟐 〉𝟏/𝟐 = [

∫ 𝒓𝟐𝝆𝒈(𝒓)𝒅𝒓

∫ 𝝆𝒈(𝒓)𝒅𝒓
]

𝟏/𝟐

                    𝒈 = 𝒏, 𝒑         (14) 

We study the elastic form factors for considered nuclei using the Plane Wave Born 

Approximation (PWBA) within the proton density distribution 𝜌𝑝(𝑟). In the PWBA, the elastic 

form factors are written as [15]:  

𝑭(𝒒) =
𝟒𝝅

𝒁
∫ 𝝆𝒑(𝒓)𝒋𝟎(𝒒𝒓)𝒓𝟐𝒅𝒓

∞

𝟎
          (15) 

Where 𝑗0(𝑞𝑟) is the zero-order spherical Bessel function and q is the momentum transfer from 

the incident electron to the target nucleus. Inclusion the corrections of the finite nucleon size 

𝐹𝑓𝑠(𝑞) = 𝑒𝑥𝑝 (−0.43𝑞2/4) and the center of mass 𝐹𝑐𝑚(𝑞) = 𝑒𝑥𝑝(𝑏2𝑞2/4𝐴) in the 

calculations (when HO wave function is used) needs multiplying the form factors of Eq. 15by 

these corrections.  

The reaction cross section of considered nuclei is studied by the Glauber model within Optical 

Limit (OL) approximation which can be expressed as [16]: 
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𝝈𝑹 = 𝟐𝝅 ∫[𝟏 − 𝑻(𝒃)] 𝒃 𝒅𝒃 (𝟏 −
𝑩𝒄

𝑬𝒄𝒎
)        (16) 

Where 𝐸𝑐𝑚 is the kinetic energy in the center of mass system, 𝐵𝑐 is Coulomb barrier and 𝑇(𝑏) 

is the transparency function at impact parameter 𝑏. 

In OL approximation the 𝑇(𝑏) is written as 

𝑻(𝒃) = |𝑺𝒆𝒍
𝑶𝑳(𝒃)|

𝟐
          (17) 

Where 𝑆𝑒𝑙
𝑂𝐿(𝑏) is the elastic −S matrix for the target-projectile system given as [17]: 

𝑺𝒆𝒍
𝑶𝑳(𝒃) = 𝒆𝒙𝒑[𝒊𝑶𝑷𝑻(𝒃)]          (18) 

𝑶𝑷𝑻(𝒃) = ∫ 𝒅𝑹𝟑
∞

−∞
∫ 𝒅�⃗⃗�𝟏 ∫ 𝒅�⃗⃗�𝟐𝝆𝑷(𝒓𝟏)𝝆𝑻(𝒓𝟐)𝒇𝑵𝑵(|�⃗⃗⃗� + �⃗⃗�𝟏 − �⃗⃗�𝟐|)    (19) 

is the overlap of the ground state densities of projectile and target (𝜌𝑃and 𝜌𝑇 , respectively) 

Results and Discussion 

The two-body model of [𝐶𝑜𝑟𝑒 + 𝑝(𝑛)] has been used within the single-particle wave functions 

of the WS and HO potentials to study the ground state features such as the proton, neutron and 

matter densities, the associated root mean square (rms) radii and elastic form factors of exotic 

17F and 19C nuclei. The reaction cross sections for these nuclei have been studied using the 

Glauber model with an Optical Limit (OL) approximation at high energy region. A structure of 

a core 16O [18C] plus valence one proton [neutron] is assumed for 17F [19C]. 

 The configurations {(1s1/2)
4, (1p3/2)

8, (1p1/2)
4} and {(1s1/2)

4, (1p3/2)
8, (1p1/2)

2, (1d5/2)
4} are 

considered for core 16O and 18C nuclei, respectively.  

The valence (halo) proton of 17F is considered as admixture between 1d5/2 and 2s1/2 with 

occupation probabilities of 0.4 and 0.6, respectively, the mixing configuration of the valence 

proton is assumed as following [18]: 
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 𝝓 = {√𝜶 𝝓𝟐𝒔𝟏/𝟐
+ √𝟏 − 𝜶 𝝓𝟏𝒅𝟓/𝟐

} 

Where α refer to the occupation probability of the (2s1/2) orbital. While the valence neutron of 

19C is assumed to be in a pure 2s1/2. Table 1 exhibits some features [19,20] of halo 17F and 19C 

nuclei.  

The WS parameters for stable nuclei (19F and 12C) and the depth of WS potential (V0) for core 

nucleons of halo nuclei 17F and 19C are taken from Ref. [21] whereas the V0 for valence nucleon 

(proton or neutron) and other parameters (i.e. Vso, r0, rso, a0, aso and rc) are adjusted to reproduce 

the experimental single particle energy of a valence nucleon and matter rms radii. 

The HO size parameters 𝑏𝑐 and 𝑏𝑣 are adjusted to reproduce the experimental rms matter radii 

for core (16O, 18C) and halo nuclei (17F, 19C), respectively.  

The HO size parameter (𝑏𝑐 , 𝑏𝑣) and WS parameters utilized in our calculations are tabulated in 

table 2. In tables 3 and 4 a comparison is made between the obtained and experimental results 

[22-24] of the neutron, proton, core and matter rms radii in fermis for 17F and 19C halo nuclei 

along with the calculated results of Refs. [13 and 22] for 17F and Refs. [25 and 26] for 19C. 

Within errors the obtained results are consistent with experimental ones more than those of 

above Refs. 

Table 5 displays the obtained results of the single-particle energies (ε) for the above investigated 

nuclei.  

Table 1: Some properties of nuclei under study 

Halo nucleus 𝐽𝜋 [19] Type of halo nucleus 
Half-life time 

(𝜏1/2) [19] 
Separation Energy (MeV) 

[20] 
17F 5/2+ One proton halo 64.37 𝑠 𝑆𝑝 = 0.6 
19C 1/2+ One neutron halo 46.2 𝑚𝑠 𝑆𝑛 = 0.58 
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Table 2: The HO size parameter WS parameters utilized in our calculations 

Nuclei 
V0 (MeV) Vso 

(MeV) 

a0= aso 

(fm) 

r0= rso 

(fm) 
rc (fm) 

𝑏 (fm) 

Core Valence 𝑏𝑐 𝑏𝑣 

17F 53.692 
48.66 for 1d5/2 

51.93 for 2s1/2 
6.0 0.585 1.253 1.406 1.695 2.80 

19C 50.187 37.570 6.0 0.572 1.318 1.393 1.81 3.72 
19F 52.842 6.0 0.618 1.352 1.492 1.712 
12C 62.512 6.0 0.735 1.392 1.457 1.572 

Table 3: Calculated and experimental results of the neutron and proton rms radii 

Nuclei 
〈𝑟𝑛

2〉1/2 (fm) 〈𝑟𝑛
2〉𝑒𝑥𝑝

1/2
 

(fm) [22] 

〈𝑟𝑛
2〉

𝑡ℎ.
1/2

 (fm) 

[22,25] 

〈𝑟𝑝
2〉1/2 (fm) 〈𝑟𝑝

2〉𝑒𝑥𝑝
1/2

 (fm) 

[22,23] 

〈𝑟𝑝
2〉

𝑡ℎ.
1/2

 (fm) 

[22,25] HO WS HO WS 
17F 2.54 2.56 2.48±0.18 2.53 2.96 2.85 2.9±0.15 2.74 
19C 3.43 3.36 ---- 3.37 2.66 2.63 2.4±0.03 2.38 

Table 4: Calculated and experimental results of the core and matter rms radii 

Nuclei 
〈𝑟𝑐

2〉1/2 (fm) 〈𝑟𝑐
2〉𝑒𝑥𝑝

1/2
 (fm) 

[24] 

〈𝑟𝑐
2〉

𝑡ℎ.
1/2

 (fm) 

[13, 26] 

〈𝑟𝑚
2 〉1/2 (fm) 〈𝑟𝑚

2 〉𝑒𝑥𝑝
1/2

 fm) 

[22,24] 

〈𝑟𝑚
2 〉

𝑡ℎ.
1/2

 (fm) 

[13,25] HO WS HO WS 
17F 2.54 2.58 2.54±0.02 2.65 2.77 2.71 2.71 ± 0.18 2.74 
19C 2.86 2.83 2.82±0.04 2.82 3.21 3.15 3.23 ± 0.08 3.09 

Table 5: The calculated single-particle energies 

Nucleus nlj 
neutron proton 

𝜀𝑐𝑎𝑙  (MeV) 𝜀𝑐𝑎𝑙 (MeV) 

17F 

1s1/2 34.336 30.114 

1p3/2 20.555 16.631 

1p1/2 17.184 13.255 

1d5/2 ---- 0.6 

2s1/2 ---- 0.6 

19C 

1s1/2 33.543 30.967 

1p3/2 21.083 18.698 

1p1/2 18.154 ---- 

1d5/2 8.237 ---- 

2s1/2 0.58 ---- 

Figure 1 demonstrates the calculated matter densities for 17F (top panel) and 19C (bottom panel) 

calculated via WS+ WS figures (1a and 1c) and HO+ HO figures (1b and 1d( methods.  
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Therein, the blue, red and dashed distributions correspond to core, halo and matter densities, 

respectively, whereas the shaded areas refer to the experimental matter densities of 17F [22] and 

19C [27]. The obtained results give a good description of the experimental data and show a 

characteristic behavior for a halo structure (i.e. long tail manner) component in the matter 

densities.     

Figure 2 exhibits the neutron, proton and matter densities displayed as blue, red and dashed 

curves, respectively. From figures (2a, 2b, 2c and 2d) it is obvious that the proton [neutron] 

densities have a long tail with respect to the neutron [proton] densities, this means that 17F [19C] 

is proton [neutron] halo nucleus. 

A comparison of the theoretical matter densities of unstable 17F and 19C halo nuclei (dashed 

curves) with those of their stable isotopes 19F and 12C (red curves) are presented in figures (3a 

and 3d). As shown from these figures, the dashed and red curves are quite diverse. As the valence 

proton [neutron] in 17F [19C] is loosely bound, the dashed curves have a longer tail than those 

of the red curves. 

Figure 4 exemplifies the theoretical form factors for 19,17F figures (4a and 4b) and 12,19C figures 

(4c and 4d) calculated using PWBA within proton densities obtained by WS+ WS (left panel) 

and HO + HO (right panel) methods. 

 Therein, the red and blue curves correspond to C0 of unstable (17F, 19C) and stable (19F, 12C) 

nuclei, respectively. For comparison the experimental data of stable 19F [28] and 12C [29] are 

plotted by blue-dotted symbols. According to these results, each of the red and blue curves has 

only one diffraction minimum. The minima location of 17F [19C] has outward and downward 

[inward and upward] shift as compared with the minima of 19F [12C]. 
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Figure 1: The core, valence and matter densities for halo 17F and 19C nuclei. 

 

 
Exp. data  

Exp. data 

 
Exp. data 

 
Exp. data 
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 Figure 2: Distributions of the neutron, proton and matter densities for halo 17F and 19C nuclei. 
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Figure 3: Distributions of the matter density for unstable (17F,19C) nuclei and their stable isotopes 

(19F,12C) 
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Figure 4: Elastic form factors of unstable (17F,19C) nuclei and their stable isotopes (19F,12C) 
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The reaction cross sections (𝜎𝑅) of 17F and 19C on 12C target have been calculated using the 

Glauber model with an optical limit approximation at high energy region and tabulated in table 

6 along with experimental data [24]. From this table one can see that the calculated results of 

𝜎𝑅 are in a good agreement with experimental data.  

Table 6: Calculated reaction cross sections of 17F and 19C along with experimental data. 

Halo nuclei Calculated 𝜎𝑅 (mb) Experimental 𝜎𝑅 (mb) [24] Energy (MeV) [24] 

17F 
789 982 ± 32 650 

970 966 ± 56 700 
19C 1240 1231 ± 28 960 

Conclusions 

According to the calculated results it is found that the two-body model of [𝐶𝑜𝑟𝑒 + 𝑝(𝑛)] within 

the single-particle wave functions of the WS and HO potentials provides a good description on 

the nuclear structure of exotic 17F and 19C nuclei. The long tail manner is clearly shown in the 

matter densities of these nuclei. The structure of the halo (valence) proton in 17F is a mixed 

configuration of 1d5/2 and 2s1/2 with dominant 2s1/2 whereas the structure of the halo (valence) 

neutron in 19C is in a pure 2s1/2. The calculated results of 𝜎𝑅 using the Glauber model with an 

optical limit approximation at high energy region are in a good agreement with experimental 

data.   
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