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Abstract
In this paper, the problem of developing turbulent flow in rectangular duct is investigated by obtaining numerical
results of the velocity profiles in duct by using large eddy simulation model in two dimensions with different Reynolds
numbers, filter equations and mesh sizes. Reynolds numbers range from (11,000) to (110,000) for velocities (1 m/sec)
to (50 m/sec) with (56×56), (76×76) and (96×96) mesh sizes with different filter equations. The numerical results of the
large eddy simulation model are compared with k-ε model and analytic velocity distribution and validated with
experimental data of other researcher. The large eddy simulation model has a good agreement with experimental data
for high Reynolds number with the first, second and third mesh sizes and the agreement increase near the wall of the
duct. The percentage error for the large eddy simulation model with experimental data of the (56×56) mesh size is less
than 18 % and for the (76×76) mesh size is also less than 17% and for the (96×96) mesh size is less than 16 %. The
large eddy simulation model show high stability and do not need extra differential equation like the k-ε model and a
great saving in time and computer memory was achieved.

Keywords: Large-eddy simulation, turbulence model, computational fluid-dynamics.
1. Introduction
The turbulent flow is a flow regime described
by chaotic and stochastic property changes; this
involves low momentum diffusion, high
momentum convection, and rapid variation of
pressure and velocity in space and time. Until now
no expected theory has been established which
might be used with success to the vast variety of
turbulent flows confronted in practice and
consequently the treatment of most of these flows
is counted on theoretical and numerical
approximations. Some of these models are k-ε,
large eddy simulation (LES), Reynolds averaged
Navies-Stokes (RANS) and direct numerical
simulation (DNS). G. Mompean [1] performed a
numerical simulation with the non-linear
turbulence model coupled with the k-ε equations
.The fully developed turbulent flow through a
straight square duct, incuding secondary motion,
was simulated. L. C. Demartini, et al., [2]
presented the numerical and experimental analysis
of the turbulent flow of air inside a channel of

rectangular section, involving two rectangular
baffle plates. M. Taeibi-Rahni, et al., [3] applied
an eddy-viscosity sub grid-scale model in largeeddy simulation at Re=4700 of a film cooling
flow. The model requires only a single-level test
filter, and therefore was more appropriate for
large-eddy simulation (LES) in complicated
geometries. T. S. Lund [4] used explicit filtering
in large eddy simulation (LES) with finitedifference methods. The idea that the finitedifference expressions act as an effective filter
was shown to be false for three-dimensional
simulations performed on nonuniform meshes.
Michele Ciofalo,[5] discussed Large-eddy
simulation (LES) results for the turbulent flow
with heat transfer in different geometrical
configurations, involving a plane channel, a
channel bearing transverse square ribs on one of
the walls, and a crossed-corrugated air heater.
Mingde Su, et al., [6] used the Smagorinsky sub
grid-scale model, a dynamic sub grid-scale model,
and a stimulated sub grid-scale model to compute
airflow in a room in a large eddy simulation (LES)
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program. The present work is to investigate the
problem of turbulent developing flow in
rectangular duct by using large eddy simulation
model in two dimensions with different Reynolds
number, filter equations and mesh sizes and
compare the results with the k-ε model and
analytic velocity distribution and experimental
data of other researcher.

Conservation of Mass (Continuity equation)
The change in mass flow within a control
volume should be equal to the mass flow in minus
the mass flow out through the control volume
surfaces, since mass cannot be created or
destroyed. This can be expressed mathematically
for an incompressible fluid as:
∂u
∂x

2. Theoretical concept

Navier-Stokes
equation):

During the last two decades there has been
great interest in developing computational fluid
dynamics (CFD) computer programs for
predicting the air flow. The majority of these CFD
programs are counted on the solution of Navier–
Stokes equations, the energy equation, the mass
and concentration equations as well as the
transport equations for turbulent velocity and its
scale [7].
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The k- ε turbulence model is counted on the
solution of equations for the turbulent kinetic
energy and the turbulent dissipation rate.
The distribution of eddy viscosity throughout
the flow domain should be organized in order to
compute the momentum and heat diffusion
coefficients for turbulent equations. This is the
function of the turbulence model. The turbulence
models implicitly establish the related strength of
turbulent and molecular diffusion by computing
the μ t distribution, the turbulence models
implicitly establish the relative strength of
turbulent and molecular diffusion [10].
The eddy viscosity is related to magnitudes of
turbulence kinetic energy (k) and the dissipation
rate of turbulence energy (ε) at each grid point:
CD ρ k 2
μt =
… (10)
ε
Where CD is the empirical constant. The
turbulent energy is known by the fluctuation
velocities
k = 12 (u′2 + v ′2 )

… (3 )

… (5)

By neglect viscous shear stress
u
y
=
um
ro

(Momentum

2.3. The k-ε Turbulence Model

Substituting the value of u′ υ′ in eqn. (1), we get
τ = ρl 2

=−

+ ∂x Γ ∂y

… (4)

dy

Equations

+ ∂y Γ ∂x

The mixing length (l) is introduced as the
average lateral distance through which a small
mass of fluid particles would move from one layer
to the other adjacent layers before getting the
velocity of the new layer. Prandtl assumed that
components u′and υ′ are of the same order and the
velocity fluctuation in X-direction is related to the
mixing length [8].
τ = ρu′ × υ′
… (1)
du
′
u = l dy
… (2)
du

… (7)

The momentum equations that govern the flow
of fluid are concluded from the second law of
motion by Newton (the conservation of
momentum). The equations are called NavierStokes equations, two dimensions, non-uniform
and incompressible fluid takes the form:
ρ

u′ × υ′ = u′ υ′ = l dy

∂v

+ ∂y = 0

… (6)

2.2. Basic Governing Equations
The conservation equations for continuity,
momentum, and energy equations and turbulence
model can be written as follows [9]:
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The local distribution of k and ε demand the
solution of two additional transport equations,
which are divided from the Navier-Stokes
equation. The k transport equation is presented by:
∂
∂
∂
∂k
∂
∂k
ρuk +
ρvk = Γk
+ Γk
+
∂x

∂y

Gk − ρε
Gk = μt 2

∂x

∂u 2
∂x

+

∂v 2
∂y

The ε equation is given by:
∂
∂
∂
ρuε + ∂y ρvε = ∂x Γϵ
∂x
C1 Gk − C2 ρε

ε

∂x

+

∂y

∂u
∂y

∂y

∂v 2

+ ∂x

The Smagorinsky coefficientCs , in the present
paper, is set equal to 0.17. This sub grid model
largely employed in LES of isotropic turbulence
presented good results. When it applied to
homogeneous, and in particular to wall bounded
flows, the constant was modified.

… (11)

For two dimensions the magnitude of the
strain-rate tenser will be:

… (12)

S = (2sxx sxx + 4sxy sxy + 2syy syy )1/2
∂ε
∂x

∂

+ ∂y Γϵ

K

∂ε

+

Where

… (13)

sxx =

∂y

sxy

2.4. Large Eddy simulation Model
Large-eddy simulation (LES), is a modelling
technique that calculates for turbulent flows where
the large, energy-carrying turbulent eddies are
computed directly and the effect of the small-scale
eddies below the computational grid size, which
donate to the turbulence energy dissipation, are
modeled through a sub grid-scale stress term. The
large turbulent scales in LES are often
distinguished from the small scales by using a
spatial filtering process, which determines to what
degree the large-scale eddy motions in a turbulent
flow are explicitly resolved [7].

S

… (17)
… (18)

syx =

1 ∂v ∂u
+
= sxy
2 ∂x ∂y

… (19)

syy =

1 ∂v ∂u
+
2 ∂y ∂y

… (20)

Filtering is a mathematical operation designed
to move out a range of small scales from the
solution to the Navier-Stokes equations in the
context of large eddy simulation (LES). Turbulent
flows comes from the wide range of length and
time scales because the principal difficulty in
modeling, this operation produces turbulent flow
modeling cheaper by decreasing the range of
scales that should be resolved. The LES filter
operation is low-pass, meaning it separates out the
scales accompanied with high frequencies.
The filter that used in the program is box filter
and the equation of box filtering for two
dimensions for fig. (1) as below [11]:

The Smagorinsky model is counted on the
equilibrium hypothesis which implies that the
small scales dissipate entirely and instantaneously
all the energy they undergo from the large scales.
LES calculations of concern are executed with
equal mesh spacing in two spatial directions Δx
and Δy.
The sub grid scale eddy viscosity, in this
model, is related to the deformation of the
resolved velocity field as:
2

∂u ∂v
+
∂x ∂x
∂u ∂v
+
∂y ∂x

2.6. Spatial Filtering

2.5. Smagorinsky Model

μt
= Cs ∆
Where

1
2
1
=
2

… (16)

… (14)
1

S = 2sij sij 2
S = is the magnitude of the strain-rate tenser.
1 ∂ui ∂uj
sij =
+
… (15)
2 ∂xj ∂xi
Δ = width filter
Δ=(Δx Δy)1/2
Cs = Smagorinsky coefficient

Fig. 1. Grid points for two dimensions.
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fi,j = fi,j + fi+1,j + fi+2,j + fi−1,j + fi−2,j + fi,j+1 +
fi,j+2 + fi,j−1 + fi,j−2 /9
. . . (21)

u&v Input data
Calculate uf,vf,uuf,vvf&uvf from filter equation

Others equation of box filtering are:
fi,j = fi+1,j + fi+2,j + fi−1,j + fi−2,j + fi,j+1 +
fi,j+2 + fi,j−1 + fi,j−2 /8
… (22)

du

du dv

dv

Calculate dx , dy , dx & dy
by finite difference method

fi,j = 2fi+1,j + fi+2,j + 2fi−1,j + fi−2,j + 2fi,j+1 +
fi,j+2 + 2fi,j−1 + fi,j−2 /12
. . . (23)

Calculate

fi,j = 3fi+1,j + fi+2,j + 3fi−1,j + fi−2,j + 3fi,j+1 +
fi,j+2 + 3fi,j−1 + fi,j−2 /16
… (24)

sij =

fi,j = 4fi,j + fi+1,j + fi+2,j + fi−1,j + fi−2,j +
fi,j+1 + fi,j+2 + fi,j−1 + fi,j−2 /12
… (25)

S = 2sij sij

1 ∂ui ∂uj
+
2 ∂xj ∂xi

Calculate μt = Cs ∆

fi,j = 12fi,j + 4fi+1,j + fi+2,j + 4fi−1,j + fi−2,j +
4fi,j+1 + fi,j+2 + 4fi,j−1 + fi,j−2 /32
… (26)

1
2

2

S

Fig. 2. Subroutine of les.

4. Boundary and Initial Condition of the
Duct

3. Mesh Generation

The geometry considered is a duct model. The
duct model has length up to 10 m and
0.127×0.127 m2 cross section area. Fig. (3) shows
basic dimensions of the duct geometry model. The
boundary conditions used for the straight square
rectangular duct is the velocity at the wall equal
zero. The initial condition used for the straight
square rectangular duct is different initial inlet
velocities (2 to 11 m/sec) and the exit velocity is
smooth exit.

The generation of computational mesh that is
used for the discretized solution of two
dimensional Navier-Stokes and continuity
equations is three sizes of mesh as followed:
56×56
76×76
96×96
The partial differential equations fully describe
duct air flow. However, the equations are nonlinear and coupled. Numerical discretization
techniques are presented to transform the problem
to a solvable level. In essence, this includes
approximating
the
governing
differential
equations by a system of algebraic relations. This
is accomplished by subdividing the duct into finite
volumes using a gridding system with the finite
volume method. These located at the centers of the
finite volumes rather than solving over the
continuum pressures and velocities are expected
only at discrete points.
FORTRAN version (4.00.5277) was used to
solve the governing equations for flows through a
two-dimensional duct based on finite volume
method by an iterative method. The fig. (2) blow
shows the Subroutine of les.

0.127 m

10 m

Fig. 3. Test duct dimensions.

5. Results and Discussion
In this paper, the results are presented to
compare the velocity distribution for different
numerical models inside rectangular duct of cross
section area (0.127×0.127m2 ) and length of the
duct up to (10 m). Results have been obtained for
different Reynolds numbers, mesh sizes, and filter
equations. The current numerical results are
compared with the k- ε turbulence model and
Prandtl mixing length numerical results,
experimental results and the process that has been
obtained from previous research for the purpose of
validation.
30

Jalal M. Jalil

Al-Khwarizmi Engineering Journal, Vol. 12, No. 2, P.P. 27- 33(2016)
mesh size was less than 18% and for the (76×76)
mesh size was less than 17% and for (96×96)
mesh size was less than 16%.

5.1. Filter Equations
Velocity distribution was studied at Reynolds
number (22300) with different filter equations (21
to 26).
The results obtained for velocity (3.3833
m/sec) at Reynolds number 22 300 for filter
equations from (21) to (26) as shown in fig.
(4).The result does not change for each filter
equation.
The velocity profiles are similar to each other
and there are no apparent effects of filter equation
on these profiles that mean the average velocity
for each control volume is equal. The change of
the velocity profile for each velocity and Reynolds
number carried out. The fig.(4) show the
distribution of mean velocity between the half
high of the square duct and the maximum velocity
for different values of Reynolds number, where
the Reynolds number is based on the inlet velocity
and hydraulic diameter of the square duct. The
profiles are strongly asymmetric and are
appreciably dependent on Reynolds number.

0.08
LES Mesh (56x56)
LES Mesh (76x76)
LES Mesh (96x96)
EXP Ref [12]

y (m)

0.06

0.02

0
0

y (m)

0.06

Eq.(20)
Eq.(21)
Eq.(22)
Eq.(23)
Eq.(24)
Eq.(25)

0
2

3

4

6

8

Fig. (6) shows a comparison of velocity
distribution obtained from eddy simulation, k-ε,
analytical models respectively.The calculations
were carried out at Re=34000 and mesh size
(96×96).
The large eddy simulation model has a good
agreement with the experimental data Ref [12]
near the wall. The k-ε model and analytic velocity
distribution are very close. The large eddy
simulation model shows high stability for
calculation than the k-ε model where there is no
source of error came from the negative value
under the square root that obtained .The large
eddy simulation model does not need extra
differential equation to solve with the momentum
equation like k and ε equations.

0.02

1

4

Fig. 5. Velocity distribution for different mesh sizes
at Re=34300.
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0.08
LES
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Fig. 4. Velocity distribution for different filter
Eqs.at Re=22300.

0.08

LES
KE
ANA
EXP Ref [12]
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5.2. Mesh Sizes
The velocity distribution was studied filter
equation (21) with different mesh sizes (56×56),
(76×76) and (96×96) at Reynolds number
(34,300). These values were taken to compare the
numerical results with the experimental data of
Ref [12] for validation.
In fig (5), the comparison shows an acceptable
agreement between the present work and
published data for the (56×56), (76×76) and
(96×96) mesh sizes. The difference between the
experimental and numerical results at the (56×56)

0.04

0.02

0
0

2

4

6

8

u (m/sec)

Fig.
6.Velocity distribution at Re=34,300 of
(𝟗𝟔 × 𝟗𝟔) mesh size.
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[3] M. Taeibi-Rahni, M. Ramezanizadeh, D.D.
Ganji, A. Darvan , E. Ghasemi , Soheil
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of large eddy simulation of film cooling using
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Modeling",
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Volume 38, pp. 659-667, (2011).
[4] T. S. Lund," The Use of Explicit Filters in
Large Eddy Simulation", International
Journal of Heat and Mass Transfer, pp. 603613, (2003).
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turbulent flow with heat transfer in simple
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3D", Applied Mathematical Modelling
vol.20, pp 262–271 (1996).
[6] Mingde Su, Qingyan Chen, Che-Ming
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(2001).
[7] Hazim B. Awbi," Ventilation of Buildings",
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[9] Sinan Mazin Hazim ,"The Effect of Phase
Change Material Section on the Convection
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6. Conclusions
From the results of the present work, the
following conclusions are deduced:
1. The filter equation does not change the
numerical results for all cases at different
Reynolds numbers.
2. The agreement of the velocity distribution
between the large eddy simulation model and
the experiment data of Ref [12] increase with
increase of Reynolds number.
3. The agreement of the velocity distribution
between the large eddy simulation model and
the experiment data of Ref [12] increase with
increase of the mesh generation.
4. Large eddy simulation model has a good
agreement with the experimental data Ref [12]
near the wall.

Nomenclature
u',v'

l
Um
u

ro
y
Cd
k
Gk

CD

Δ
ε
Γ.
ρ
μt
τ

t
m
o

Fluctuations, lateral and vertical
velocity
components
respectively
Mixing length
Maximum velocity
Instantaneous velocity
Radius of pipe
Depth of flow
Empirical constant
Turbulent kinetic energy
Generation rate of turbulence
energy
Smagorinsky coefficient
Width filter
Turbulent energy dissipation rate
Diffusion coefficient
Density
Eddy viscosity
Shear stress
Subscripts
turbulent
Maximum
outlet

𝑚/𝑠
𝑚
𝑚/𝑠
𝑚/𝑠
𝑚
𝑚
/
𝑚2 /𝑠 2
/
/
𝑚
𝑚2 /𝑠 2
--𝑘𝑔/𝑚3
𝑝𝑎. 𝑚
𝑝𝑎
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انخالصت
فٍ هزا انجسث رى دساسخ رطىس اندشَبٌ انًضطشة دساسخ َظشَخ ػذدَخ خالل يدشي يشثغ انًقطغ يٍ خالل َزبئح َظشَخ نزىصَغ انسشػخ ثبسزخذاو
َظسَخ يسبكبح انذوايخ انكجُشح ثُبئُخ االثؼبد السقبو سٌَىنذص رزشاوذ يٍ( )11,000انً ( )110,000وسشع رزشاوذ يٍ ( )m/sec 1انً ( )m/sec 50و
يؼبدالد رصفُخ يخزهفخ و شجكبد يخزهفخ يثم انشجكبد ( )56× 56و ( )76× 76و (.)96× 96انُزبئح انُظسَخ نًُىرج يسبكبح انذوايخ انكجُشح رى يقبسَزهب يغ
ًَىرخٍُ اخشٍَ ( )k-εنالضطشاة وانٍو ورج انزسهُهٍ .رى اَضب يقبسَخ انُزبئح انُظسَخ نًُىرج يسبكبح انذوايخ انكجُشح يغ انُزبئح انًخزجشَخ نجبزث سبثق
وكبَذ انُزبئح رشُش انً وخىد رقبسة خُذ ثٍُ انُظسَزٍُ انؼذدَزٍُ يسبكبح انذوايخ انكجُشح و ًَىرج نالضطشاة وانُزبئح انًخزجشَخ السقبو سٌَىنذص انؼبنُخ
َسجُب ثبسزخذاو انشجكخ االونً وانثبَُخ وانثبنثخ وَضداد انزقبسة ثبنقشة يٍ اندذاس.ػهًب اٌ الَسجخ انًئىَخ نهخطأ كبَذ اقم يٍ  %18نًُىرج يسبكبح انذوايخ
انكجُشح يغ انُزبئح انًخزجشَخ نُفس انجبزث ثبسزخذاو انشتكخ ( )56× 56ونهشجكخ ( )76× 76اقم يٍ  %17اَضب .فٍ زٍُ كبَذ َسجخ انخطب ثبسزخذاو انشجكخ
( )96× 96اقم يٍ َ . %16ظسَخ يسبكبح انذوايخ انكجُشح رىضر اسزقشاَخ ػبنُخ وال رسزبج يزغُشاد كثُشح ويؼبدالد رفبضهُخ اضبفُخ نهسم كًب فٍ َظسَخ
( )k-εكًب رىفش انىقذ و سؼخ انزاكشح نهسبسىة.
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