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to the differences illustrated earlier. In the strut
and tie method, the applied loads are assumed to
be resisted by diagonal compressive struts and
tension ties joined together at nodes to form a
truss, refer to Figure 1. This method is usually
favored by design engineers owing to its
simplicity [3, 4], and therefore, it has been
adopted in the codes of practice [5-7] not only to
design deep beams but also to design other
discontinuities such as corbels and pile caps.

Abstract
This paper presents a simple strut and tie
model to calculate the shear strength of reinforced
concrete deep beams. The proposed model
assumes that the shear strength is the algebraic
sum of three strength components: concrete
diagonal strut, vertical stirrups, and horizontal
web reinforcements. The contribution of each
strength components was calibrated with the test
results of 305 deep beams compiled from
previous studies with wide range of geometrical
and material properties. The predictions of the
proposed model were compared with those of the
current codes of practice (ACI-318-14 and
ASHTOO 2014) and those of existing model in
the literature. Comparisons revealed that the
proposed model provided better predictions than
other models. The mean of predicted strength to
test of the proposed model, the ACI-318-14
model, the ASHTOO 2014 model were 0.98,
0.79, and 0.75, respectively. The corresponding
standard deviations were 0.17, 0.28, and 0.49,
respectively.

Figure 1: Strut and tie model

However, previous studies have indicated that
the shear predictions of the current codes with
regards to deep beams are usually conservative
and widely scattered [4, 8-12]. Furthermore,
designers found these models are difficult to
apply due to the iterative procedure and the
infinite shape and dimension for struts and ties,
leading to various solutions [10, 13]. Although
several non-iterative models [8-11] were
proposed to improve the shear strength
calculations, these models suffered from lacking
of sufficient test database and ignored important
test parameters. The use of deep beams in
construction is difficult in the absence of a
rational design model to calculate their shear
strength. Therefore, there is a need to develop a
simple design model that accurately predicts the
shear strength.
In this paper, an alternative strut and tie model
is proposed to calculate the shear strength of
normal and high strength deep beams. The
proposed model reflects the physical behavior of
deep beams subjected to high concentrated
loadings by taking into account the effects of
governing parameters such as shear span-effective
depth ratio, longitudinal and web reinforcement,
and material strengths.

Keywords: Reinforced concrete, deep beams,
shear strength, concrete efficiency factor, strut
and tie model.

1

Accepted: 18- Dec.-2017

Introduction

Reinforced concrete deep beams are widely
used in construction as load transferring structural
members. They are short and deep with a
relatively small shear span-effective depth ratio,
(a/d), not exceeding 2.5[1]. For such geometric
arrangements, their behavior is different from that
of shallow beams. In which, the distribution of
longitudinal strains is nonlinear and the concept
of Bernoulli’s beam theory of “plane section
remain plane” is not valid due to shear distortions
[1]. Deep beams are normally governed by shear
instead of flexure in the existence of sufficient
bending reinforcements, where the shear strength
is higher than those developed by shallow beams
[2].
Consequently, deep beams are designed
against shear either by nonlinear analysis or strut
and tie method, and the sectional approach
adopted for shallow beams is not appropriate due
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Table 1: Details of deep beams without web reinforcements
Reference
Smith and Vantsiotis [14]

No. of beams
5

Oh and Shin [15]

5

𝑑𝑑 (mm)
305

𝑎𝑎/𝑑𝑑
0.77-2.01

𝑓𝑓𝑐𝑐 (MPa)
19.5-21.7

500

0.5-2.0

23.7-49.1

ρ𝑙𝑙 (%)
1.94

f𝑦𝑦𝑦𝑦 (MPa)
422

1.56

483

Kani [16]

35

269-1097

0.98-2.03

17.4-36.4

0.83-2.77

352-486

De Cossio & Seiss [17]

2

252-254

2.0

21.0-28.1

0.98 -3.36

303-459

Ahmad and Lu [18]

11

184-208

1.0-2.3

60.8-67.0

1.77-6.64

483-586

Yang et al. [19]

16

215-935

0.53-2.0

31.5-94.9

0.98-4.58

500-804

Moody et al. [20]

11

533

1.52

17.2-25.0

2.27-4.25

483

Ferguson [21]

3

181-184

1.45 1.93

24–27.2

2.12-2.33

483

Kim et al. [22]

2

191

1.5-2.0

30.1

1.65

461

De Pavia [23]

6

203-305

0.67-1.33

19.9-35.2

0.83-2.58

483

Tan et al. [24]

3

443

0.85-1.69

77.6-79.9

2.58

499

Ghannoum [25]

16

190-889

2.5

34.2-58.6

1.2-2.0

385-477

Tanimura and Sato [26]

8

400

0.5-2.5

23.2-79.2

0.42-2.14

458-1330

Min

152

0.5

17.2

0.42

303

Total No.=123

Reference
Smith and
Vantsiotis
[14]
Oh and
Shin [15]
Aguilar et
al. [27]
Tan et
al.[24]
Tanimura
and Sato
[26]
Kong et al.
[28]
Clark [29]

No. of
beams
47

Max

1097

2.5

97.2

6.64

1330

AVG

385

1.58

38.2

1.99

502

STDEV

200

0.61

20.1

1.14

167.2

Table 2: Details of deep beams with web reinforcements
f𝑦𝑦𝑦𝑦
f𝑦𝑦𝑦𝑦
ρ𝑙𝑙
ρ𝑣𝑣
𝑑𝑑 (mm)
𝑓𝑓𝑐𝑐 (MPa)
𝑎𝑎/𝑑𝑑
(%)
(%)
(MPa)
(MPa)
305
1.016.11.94
421.5
0.18460
2.08
22.7
0.77

36

500

0.5-2.0

4
14

791801
463

36

400

1.141.27
0.272.5
0.5-2.5

9
36

216724
390

0.351.18
1.172.34

Total
No.=182
Min

216

Max

801

AVG
STDEV

23.773.6
28-32

483

0.230.94
0.10.35
-

414

410

375.2

0.422.14

4581330

0.210.95

3681051

-

-

19.224.6
13.844.7

0.521.73
1.633.1

289

02.45
0.381.22

280303
331

0.86

303

-

-

0.27

13.8

0.42

289

0

417.8

0

0

2.5

97.5

3.1

1330

2.45

1051

0.94

460

409.9

1.2

32.8

1.8

454.5

0.5

134.3

0.2

263.6

98.8

0.5

17.4

0.6

163.4

0.4

0.4

0.3

215.7

87

483

335

414

f𝑦𝑦ℎ
(MPa)
460

0.120.37
0.10.31
0.48

41.157.3
21.497.5

1.291.56
1.251.40
1.23

ρℎ
(%)
0.230.91

414

414
-
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subsets of the database are presented in Tables 1
and 2.

Test Database

A total of 368 test data of simple span
reinforced concrete deep beams subjected to
concentrated loadings were compiled from
previous studies [14-29] to develop the proposed
model. These beams have wide range of test
parameters. Various failure modes of reinforced
concrete deep beams were observed from
pervious experimental investigations including:
shear associated with crushing or splitting of
diagonal
strut,
yielding
of
flexural
reinforcements, and bearing at the nodal zones
[2,8,9,10]. Since the proposed model is concerned
with shear calculations, only the test results of
305 deep beams that described to have failed in
shear are included in the database and the rest
were left out.
The database is divided into two subsets: deep
beams without web reinforcements and deep
beams with web reinforcements. A total of 123
deep beams without web reinforcements are used
to determine the contribution of diagonal concrete
strut and the rest (182 beams) are used to
determine the contributions of vertical and
horizontal web reinforcements. Details of each

3

Mechanism of the Proposed Model

Figure 2 shows a typical simple span deep
beam subjected to two concentrated loads (Vu),
where the latter are applied at a distance (a) from
the center of a nearest support. The longitudinal
reinforcements (flexural reinforcements) are
placed at a distance (d) from the top fiber. The
vertical reinforcements (closed stirrups) are
placed at a horizontal spacing of Sv, and the
horizontal reinforcements (web bars) are placed at
a vertical spacing of Sh.
Although various types of diagonal struts were
suggested to describe the load transfer mechanism
in deep beams [8], the proposed model has
adopted a statically determined compression strut
to ease the calculations without losing the
accuracy. That is, the applied load, 𝑉𝑉𝑢𝑢 , is assumed
to be carried by a diagonal strut force, 𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 , to
the supports, see Figure 3 (a). Failure is assumed
to occur when the strength of diagonal strut is
exceeded. Following the equilibrium analysis, the
relationship between the applied load and the
diagonal strut force can be expressed as follows:
𝑉𝑉
𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑢𝑢
Eq. (1)
sin 𝛳𝛳

Figure 2: Reinforced concrete deep beam

(a) Concrete diagonal strut

(b) Web reinforcements crossing the strut
Figure 3: Shear strength components
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The model further assumes that the strength of
the diagonal strut, and hence, the shear strength of
deep beam incorporates the contributions of three
strength components: concrete compressive force
of diagonal strut, and the equivalent forces of
vertical stirrups and horizontal bars crossing the
diagonal strut, 𝑉𝑉𝑣𝑣 and 𝑉𝑉ℎ , respectively (see Figure
3 (b)). Substituting these components into Eq. (1),
the shear strength of deep beams is given:
𝑉𝑉𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = 𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠 sin 𝜃𝜃 = 𝑉𝑉𝑐𝑐 sin 𝜃𝜃 + 𝑉𝑉𝑣𝑣 + 𝑉𝑉ℎ tan 𝜃𝜃
Eq. (2)
𝜃𝜃, is the inclination angle of the diagonal strut:
𝑗𝑗𝑗𝑗
𝜃𝜃 = tan−1
Eq. (3)
𝑎𝑎
Where, 𝑎𝑎, is the shear span measured from the
center of applied load to the center of the support,
𝑑𝑑 is the effective depth of the beam , 𝑗𝑗𝑗𝑗 = 𝑑𝑑 −
𝑘𝑘𝑘𝑘/3 is the lever arm, and 𝑘𝑘 is obtained from the
conventional bending theory of a singly
reinforced concrete section [1]:
𝑘𝑘 = �(𝑛𝑛𝜌𝜌𝑙𝑙 )2 + (2𝑛𝑛𝑛𝑛𝑙𝑙 ) − 𝑛𝑛𝜌𝜌𝑙𝑙
Eq. (4)
Where 𝑛𝑛 is the modular ratio, 𝑛𝑛 = 𝐸𝐸𝑠𝑠𝑠𝑠 /𝐸𝐸𝐶𝐶 , 𝐸𝐸𝑠𝑠𝑠𝑠
is the steel modulus of elasticity, 𝐸𝐸𝑠𝑠𝑠𝑠 =
200000 𝑀𝑀𝑀𝑀𝑀𝑀. [5], 𝐸𝐸𝑐𝑐 is the concrete modulus of
elasticity, 𝐸𝐸𝑐𝑐 = 4700�𝑓𝑓𝑐𝑐 ′ [5], 𝑓𝑓𝑐𝑐 ′ is the cylinder
concrete compressive strength, 𝜌𝜌𝑙𝑙 : longitudinal
reinforcement ratio.

4

rectangular cross-section can be determined from
the following:
Eq. (6)
𝑉𝑉𝑐𝑐 = 𝑓𝑓𝑐𝑐𝑐𝑐 𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑣𝑣𝑓𝑓𝑐𝑐 ′ 𝑤𝑤𝑠𝑠𝑠𝑠𝑠𝑠 𝑏𝑏
Where, 𝑣𝑣 is the concrete efficiency factor and
𝑏𝑏 is the width of a beam. Substituting Eq. (6) into
Eq. (2), the shear strength of deep beams with no
web reinforcement is given by:
𝑉𝑉𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = 𝑉𝑉𝑐𝑐 sin 𝜃𝜃 = 𝑉𝑉𝑠𝑠𝑠𝑠𝑠𝑠 sin 𝜃𝜃 =
Eq. (7)
𝑓𝑓𝑐𝑐𝑐𝑐 𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠 sin 𝜃𝜃 = 𝑣𝑣𝑓𝑓𝑐𝑐 ′ 𝑤𝑤𝑠𝑠𝑠𝑠𝑠𝑠 𝑏𝑏 sin 𝜃𝜃

5

Contribution
of
Concrete
Compressive Strength, 𝑽𝑽𝒄𝒄

In the absence of web reinforcements, the
applied loads are resisted only by the concrete
compressive diagonal struts developed between
applied loads and supports, see Figure 3 (a). For
deep beams having a sufficient flexural
reinforcements, the shear strength is governed by
the compressive strength of the diagonal strut.
Previous tests on deep beams showed that the
diagonal web cracks are propagated in an
irregular shape [14, 15, 30, 31], and therefore, the
concrete diagonal strut has been idealized in
various forms [32]. This model adopts a prismatic
one with a uniform width. Since the situation of
deep beams is similar to that of double corbels in
terms of loading conformance and failure modes
[33,34], and in order to reflect the behavior of
deep beams failing in shear with sufficient
flexural capacity, the width of diagonal strut
suggested by Howang et al.[34] is adopted here:
𝑤𝑤𝑠𝑠𝑠𝑠𝑠𝑠 = �𝑘𝑘𝑘𝑘 2 + 𝑙𝑙𝑝𝑝 2

Concrete Efficiency Factor

In applying the strut and tie method to design
reinforced concrete members, the use of
efficiency factor is necessary to allow for the fact
that the compressive strength provided by
concrete diagonal strut is softer than that obtained
from standard cylinder tests. This is attributed to
the tensile strain developed parallel and normal to
the axis of diagonal strut [2, 35].
Various efficiency factors were suggested
earlier. These factors are varying from a single
value [5-7] to more sophisticated expressions
depending on concrete compressive strength [21,
36], strain condition [37, 38], the shear spaneffective depth ratio [8], or the combination of
concrete compressive strength and the shear spaneffective depth ratio [11]. Chapter 14 in the
current version of the ACI-318-14 [5] has adopted
a single value efficiency factors ranging from 0.4
to 1.0, depending on the strut geometry, the
presence of transverse reinforcements, and
ignoring other important parameters. The ACI
model has therefore been criticized to be an
arbitrary with no unique solution, leading to
conservative strength estimations [4, 12, 13].
To develop a reliable efficiency factor that
reflects the actual behavior, reference is made to
tests observations of deep beams with no web
reinforcements to examine the effect of
geometrical and material properties on the shear
strength. It was observed that concrete strength,
longitudinal reinforcement, and shear span to
effective depth ratio (a/d) have pronounced effect
on the shear strength of deep beams [14, 16, 18,
19]. To be precise, the shear strength was
observed to decrease with the increase of concrete
strength and shear span to effective depth ratio
(a/d). Shear strength, however, was observed to
increase with the increase of longitudinal
reinforcement, 𝜌𝜌𝑙𝑙 . To comply with the
experimental observations, the proposed concrete
efficiency factor is given by:

Eq. (5)

Where 𝑘𝑘 is defined in Eq. (4), and 𝑙𝑙𝑝𝑝 is the
width of a column or a bearing plate. By
assuming the strut is subjected to an axial
compressive stresses, the force provided by the
diagonal strut can be computed from the product
of the effective concrete strength, 𝑓𝑓𝑐𝑐𝑐𝑐 , and the
strut area, 𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠 . The compressive force developed
by the diagonal strut force of a deep beam with a

𝑐𝑐2
𝑐𝑐
�𝑑𝑑 3

𝜐𝜐 = 𝑐𝑐1 �𝑎𝑎

− 𝑐𝑐4 � �

𝑐𝑐5

𝑓𝑓𝑐𝑐 ′

𝑐𝑐6

��

∅𝑐𝑐7
𝑐𝑐8

�

Eq. (8)

Where, 𝑐𝑐1 − 𝑐𝑐8 are empirical coefficients, ∅ is
the mechanical properties of the section, ∅ =
𝑓𝑓𝑦𝑦 𝜌𝜌𝑙𝑙
𝑓𝑓𝑐𝑐 ′

, and 𝑓𝑓𝑦𝑦 is the yield strength of longitudinal

reinforcements.
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The Empirical coefficients (𝑐𝑐1 to 𝑐𝑐8 ) are
determined from nonlinear regression analysis
conducted using SPSS statistics 22 [39]. They are
calibrated with the tests results of 123 reinforced
concrete deep beams with no web reinforcements,
refer to Table 1.
The nonlinear regression analysis led to set of
𝑐𝑐1 = 1.6, 𝑐𝑐2 = 3.7, 𝑐𝑐3 = 0.25, 𝑐𝑐4 = 1.8, 𝑐𝑐5 =
0.1, 𝑐𝑐6 = 0.3, 𝑐𝑐7 = 0.4, and 𝑐𝑐8 = 0.15.
Substituting these coefficients into Eq. (8), the
concrete efficiency factor can be expressed as
follows:
𝜐𝜐 = 1.6 �𝑎𝑎

0.16 ∅0.4

0.15 𝑓𝑓𝑐𝑐 ′

6

0.3

�𝑎𝑎

3.7

�𝑑𝑑

3.7

�𝑑𝑑

0.25

0.25

− 1.8� �

0.1

𝑓𝑓𝑐𝑐

− 1.8�

′ 0.3

��

∅0.4

0.15

The Empirical coefficients (𝑤𝑤1 to 𝑤𝑤4 ) are
determined from nonlinear regression analysis
conducted using SPSS statistics 22 [39]. These
coefficients are calibrated with the test results of
182 tests results of reinforced concrete deep
beams with web reinforcements, refer to Table 2.
The nonlinear regression analysis led to set of
𝑤𝑤1 = 1.45, 𝑤𝑤2 = 0.7, 𝑤𝑤3 = 0.65, and 𝑤𝑤4 = 0.4.
Substituting these values into Eq. (10), the
contribution of web reinforcements can be
expressed as follows:
0.7
𝑉𝑉𝑣𝑣 + 𝑉𝑉ℎ tan 𝜃𝜃 = 1.45�𝜌𝜌𝑣𝑣 𝑏𝑏𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠 𝑓𝑓𝑦𝑦𝑦𝑦 � +
0.4

�=

Contribution
of
Reinforcements, 𝑽𝑽𝒗𝒗 and 𝑽𝑽𝒉𝒉

0.25�𝜌𝜌ℎ 𝑏𝑏𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠 𝑓𝑓𝑦𝑦𝑦𝑦 tan 𝜃𝜃�
Eq. (11)
By substituting Eq. (7) and Eq. (11) into Eq.
(2), the shear strength of a deep beam can be
expressed as follows:
0.7
𝑉𝑉𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = 𝑓𝑓𝑐𝑐𝑐𝑐 𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠 sin 𝜃𝜃 + 1.45�𝜌𝜌𝑣𝑣 𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠 𝑏𝑏𝑓𝑓𝑦𝑦𝑦𝑦 � +

Eq. (9)

Web

0.25�𝜌𝜌ℎ 𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠 𝑏𝑏𝑓𝑓𝑦𝑦ℎ tan 𝜃𝜃�

In addition to concrete contribution, the
equivalent forces of vertical and horizontal
reinforcements are important to be considered in
the calculations of the shear strength. This is due
to the fact that when the capacity of the concrete
diagonal strut is reached, the excess of the applied
load, 𝑉𝑉𝑢𝑢 , is assumed to be resisted by the
developed
equivalent
forces
of
web
reinforcements,
𝑉𝑉𝑣𝑣 + 𝑉𝑉ℎ tan 𝜃𝜃 = 𝑉𝑉𝑢𝑢 – 𝑉𝑉𝑐𝑐 sin 𝜃𝜃
[8,10].
In evaluating the contribution of web
reinforcements, reference is made to the
experimental investigations where strain of
vertical stirrups and horizontal bars are measured
to indicate the effective vertical stirrups and
horizontal bars in resisting the applied loads.
It was observed that vertical stirrups and
horizontal bars develop their yield strength only
at the center of the shear span, and the tensile
stresses were observed to decrease towards the
supports and loadings [8, 10, 27]. This indicates
that the average tensile stresses developed by
vertical stirrups and horizontal bars are below the
yield strength. To accurately estimate the
contribution of web reinforcements, empirical
coefficients are introduced to be calibrated with
the test results:
𝑤𝑤2
𝑉𝑉𝑣𝑣 + 𝑉𝑉ℎ tan 𝜃𝜃 = 𝑤𝑤1 �𝜌𝜌𝑣𝑣 𝑏𝑏𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠 𝑓𝑓𝑦𝑦𝑦𝑦 � +
𝑤𝑤4
Eq. (10)
𝑤𝑤3 �𝜌𝜌ℎ 𝑏𝑏𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠 𝑓𝑓𝑦𝑦𝑦𝑦 tan 𝜃𝜃�
Where, 𝑤𝑤1 − 𝑤𝑤4 are empirical coefficients to
be determined from previous test results, 𝜌𝜌𝑣𝑣 is the
𝐴𝐴
ratio of vertical stirrups, 𝜌𝜌𝑣𝑣 = 𝑣𝑣 , 𝜌𝜌ℎ is the ratio
of horizontal bars, 𝜌𝜌𝑣𝑣 =

𝐴𝐴ℎ

𝑏𝑏𝑆𝑆ℎ

7

0.4

Eq. (12)

Experimental verifications

The proposed model and the existing models
listed in Table 3 are evaluated by comparing their
predictions with the test results of 305 deep
beams compiled from previous studies.
Furthermore, comparisons are made between
predictions and test results in terms of controlling
parameters: concrete compressive strength, shear
span to effective depth ratio, (a/d), vertical
stirrups, and horizontal bars, see Figures 5 to 8. In
which, the average of predicted strengths to tests
is plotted versus each of the aforementioned
parameter together with the perfect fit line to
measure the trend of the predictions.
Figure 4 presents the comparisons between the
test results of the 305 deep beams and the
predicted shear strengths using the proposed
model and each of the existing models
summarized in Table 3, along with the average
and the standard deviation of the predicted
strength to test ratio. The mean of the predictions
to tests of the proposed model, the ACI model [5]
, the ASHTOO model [6], the Matamoros and
Wong model [8], the Tang and Tan model [9], the
Russo et al. model [10], and the Arabzadeh et al.
model [11] were 0.98, 0.82, 0.76, 0.98, 0.95, 1.34,
and 0.66, respectively. The corresponding
standard deviations were 0.17, 0.28, 0.49, 0.38,
0.32, 1.27, and 0.33, respectively. The small
standard deviation of the proposed model clearly
shows the significant enhancement in the
accuracy of the predictions as compared with the
existing models. It is important to note that, in the
evaluation of the ACI model [5], 58 of the 305
beams used in the comparisons were eliminated
because they did not satisfy the code limitations
that requires the angle of inclination between the
axis of concrete strut and the tie not to be smaller
than 25 degrees.

𝑏𝑏𝑆𝑆𝑣𝑣

, 𝐴𝐴𝑣𝑣 and 𝐴𝐴ℎ are the

area of vertical and horizontal reinforcements,
respectively. 𝑆𝑆𝑣𝑣 and 𝑆𝑆ℎ are the spacing of vertical
and horizontal reinforcements, respectively. 𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠
is the length of the diagonal strut, 𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠 =
�(𝑎𝑎)2 + 𝑗𝑗𝑗𝑗 2 .
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Table 3: Existing strut and tie models

Model name

Strut and tie model

ACI-318-14 [5]

𝑉𝑉𝑛𝑛 = 𝑓𝑓𝑐𝑐𝑐𝑐 𝑏𝑏 𝑤𝑤𝑠𝑠𝑠𝑠𝑠𝑠 sin 𝛳𝛳, 𝑓𝑓𝑐𝑐𝑐𝑐 = 0.85𝛽𝛽𝑠𝑠 𝑓𝑓𝑐𝑐 , 𝑤𝑤𝑠𝑠𝑠𝑠𝑠𝑠 = min[�𝑤𝑤𝑡𝑡 cos 𝛳𝛳 + 𝑙𝑙𝑝𝑝 sin 𝛳𝛳�, �ℎ𝑐𝑐 cos 𝛳𝛳 + 𝑙𝑙𝑝𝑝 sin 𝛳𝛳�]
𝛽𝛽𝑠𝑠 = 1 for prismatic shape, 𝛽𝛽𝑠𝑠 = 0.75 for bottle-shaped strut satisfying crack control
𝛽𝛽𝑠𝑠 = 0.6 for bottle-shaped strut not satisfying crack control
Node compressive stress: 𝐶𝐶𝐶𝐶𝐶𝐶: 𝛽𝛽𝑛𝑛 = 1.0, 𝐶𝐶𝐶𝐶𝐶𝐶: 𝛽𝛽𝑛𝑛 = 0.75, 𝐶𝐶𝐶𝐶𝐶𝐶: 𝛽𝛽𝑛𝑛 = 0.65
(ℎ−0.5𝑤𝑤𝑡𝑡 −0.5ℎ𝑐𝑐 )
𝑤𝑤𝑡𝑡 = 2(ℎ − 𝑑𝑑), ℎ𝑐𝑐 is the depth of diagonal strut to be assumed, tan 𝛳𝛳 =
𝑎𝑎
𝑓𝑓
𝑉𝑉𝑛𝑛 = 𝑓𝑓𝑐𝑐𝑐𝑐 𝑏𝑏 𝑤𝑤𝑠𝑠𝑠𝑠𝑠𝑠 sin 𝛳𝛳, 𝑓𝑓𝑐𝑐𝑐𝑐 = 𝑐𝑐�0.8 + Є , Є1 = Є1 + (Є𝑠𝑠 + 0.002)/ tan 𝛳𝛳
1
𝑤𝑤𝑠𝑠𝑠𝑠𝑠𝑠 = min[�𝑤𝑤𝑡𝑡 cos 𝛳𝛳 + 𝑙𝑙𝑝𝑝 sin 𝛳𝛳�, �ℎ𝑐𝑐 cos 𝛳𝛳 + 𝑙𝑙𝑝𝑝 sin 𝛳𝛳�], 𝑤𝑤𝑡𝑡 = 2(ℎ − 𝑑𝑑), ℎ𝑐𝑐 is the depth of diagonal
strut to be assumed, Node compressive stress: 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.85𝑓𝑓𝑐𝑐 , 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.75𝑓𝑓𝑐𝑐 , 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.65𝑓𝑓𝑐𝑐
(ℎ−0.5𝑤𝑤𝑡𝑡 −0.5ℎ𝑐𝑐 )
tan 𝛳𝛳 =
, Є𝑠𝑠 tensile strain of the tension tie
𝑎𝑎
𝑑𝑑
0.35
𝑎𝑎
𝑉𝑉𝑛𝑛 =
�𝑎𝑎� 𝑓𝑓𝑐𝑐 𝑤𝑤𝑠𝑠𝑠𝑠𝑠𝑠 𝑏𝑏 sin 𝛳𝛳 + 𝐴𝐴𝑣𝑣 𝑓𝑓𝑦𝑦𝑦𝑦 + 3(1 − �𝑑𝑑 )𝐴𝐴ℎ 𝑓𝑓𝑦𝑦ℎ , tan 𝛳𝛳 = 𝑎𝑎
𝑑𝑑
𝜌𝜌 𝑎𝑎𝑎𝑎
𝜌𝜌 𝑎𝑎𝑎𝑎
𝑤𝑤𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑤𝑤𝑡𝑡 cos 𝛳𝛳 + 𝑙𝑙𝑝𝑝 sin 𝛳𝛳, 𝑤𝑤𝑡𝑡 = 2(ℎ − 𝑑𝑑), 𝐴𝐴𝑣𝑣 = 𝑣𝑣 �3 , 𝐴𝐴ℎ = ℎ �3

AASHTO LRFD [6]

Matamoros and
Wong [8]
Tang and Tan [9]

1

𝑉𝑉𝑛𝑛

1

𝑉𝑉𝑑𝑑𝑑𝑑

+

1

𝑉𝑉𝑑𝑑𝑑𝑑

, 𝑉𝑉𝑑𝑑𝑑𝑑 = 𝑓𝑓𝑐𝑐 𝑏𝑏 𝑤𝑤𝑠𝑠𝑠𝑠𝑠𝑠 sin 𝛳𝛳, 𝑤𝑤𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑤𝑤𝑡𝑡 cos 𝛳𝛳 + 𝑙𝑙𝑝𝑝 sin 𝛳𝛳,

𝑤𝑤𝑡𝑡 = 2(ℎ − 𝑑𝑑), 𝑉𝑉𝑑𝑑𝑑𝑑 =

𝑋𝑋 = 0.74 �

𝑓𝑓𝑐𝑐

105

𝑗𝑗𝑗𝑗

𝑓𝑓𝑐𝑐𝑐𝑐 𝐴𝐴𝑐𝑐𝑐𝑐 +𝑓𝑓𝑦𝑦𝑦𝑦 𝐴𝐴𝑣𝑣 cos 𝛳𝛳+𝑓𝑓𝑦𝑦ℎ 𝐴𝐴ℎ sin 𝛳𝛳+2𝑓𝑓𝑦𝑦 𝐴𝐴𝑠𝑠 sin 𝛳𝛳
2 cos 𝛳𝛳

, 𝑘𝑘 = �(𝑛𝑛𝜌𝜌𝑙𝑙 )2 + (2𝑛𝑛𝑛𝑛𝑙𝑙 ) − 𝑛𝑛𝜌𝜌𝑙𝑙 , 𝑗𝑗𝑗𝑗 = 𝑑𝑑 − 𝑘𝑘𝑘𝑘/3
𝑉𝑉𝑛𝑛 = 0.545�𝑘𝑘𝑘𝑘𝑓𝑓𝑐𝑐 cos 𝛳𝛳 + 0.25 𝜌𝜌ℎ 𝑓𝑓𝑦𝑦ℎ cot 𝛳𝛳 + 0.35 𝑎𝑎�𝑑𝑑 𝜌𝜌𝑣𝑣 𝑓𝑓𝑦𝑦𝑦𝑦 �𝑏𝑏𝑏𝑏

𝑓𝑓𝑐𝑐𝑐𝑐 = 0.5�𝑓𝑓𝑐𝑐 , tan 𝛳𝛳 =

Russo et al. [10]

Arabzadeh et al. [11]

=

3

� − 1.28 �

𝑓𝑓𝑐𝑐

105

𝑎𝑎

2

� + 0.22 �

𝑓𝑓𝑐𝑐 0.7

𝑓𝑓𝑐𝑐

105

� + 0.87, tan 𝛳𝛳 =

𝑎𝑎

0.9𝑑𝑑

𝑘𝑘 = �(𝑛𝑛𝜌𝜌𝑙𝑙 )2 + (2𝑛𝑛𝑛𝑛𝑙𝑙 ) − 𝑛𝑛𝜌𝜌𝑙𝑙

𝑓𝑓 𝑏𝑏𝑤𝑤 sin 𝛳𝛳 + 0.09 𝜌𝜌𝑝𝑝 −0.35 𝐴𝐴𝑤𝑤𝑤𝑤 cos 𝛳𝛳
𝑎𝑎 2 𝑐𝑐 𝑠𝑠𝑠𝑠𝑠𝑠
0.5 + 0.1 � �
𝑑𝑑
𝑗𝑗𝑗𝑗
𝜌𝜌𝑝𝑝 = 𝜌𝜌𝑣𝑣 sin2 𝛳𝛳 + 𝜌𝜌ℎ cos2 𝛳𝛳, 𝐴𝐴𝑤𝑤𝑤𝑤 = 𝜌𝜌𝑝𝑝 𝑏𝑏𝑤𝑤𝑠𝑠𝑠𝑠𝑠𝑠 , tan 𝛳𝛳 = ,

𝑉𝑉𝑛𝑛 =

𝑎𝑎

𝑤𝑤𝑠𝑠𝑠𝑠𝑠𝑠 = min[�𝑤𝑤𝑡𝑡 cos 𝛳𝛳 + 𝑙𝑙𝑝𝑝 sin 𝛳𝛳�, �ℎ𝑐𝑐 cos 𝛳𝛳 + 𝑙𝑙𝑝𝑝 sin 𝛳𝛳�], 𝑘𝑘 = �(𝑛𝑛𝜌𝜌𝑙𝑙 )2 + (2𝑛𝑛𝑛𝑛𝑙𝑙 ) − 𝑛𝑛𝜌𝜌𝑙𝑙 , 𝑗𝑗𝑗𝑗 = 𝑑𝑑 −
𝑘𝑘𝑘𝑘/3

Figure 5 compares the performance of the
proposed model and the existing models with
respect to concrete compressive strength. Seventy
three percent of these beams (219 of 305) were
cast from normal concrete with compressive
strength below 45 MPa. It can be inferred from
this figure that the proposed model performed
consistently with the concrete compressive
strength below 60 MPa and slightly conservative
with concrete strength above 60 MPa. The
performance of other existing models

was inconsistent with the concrete compressive
strength. To be specific, the ACI [5], the
ASHTOO [6], and the Matamoros and Wong
models [8] underestimated the shear strength of
normal concrete beams and overestimated the
shear strengths of high strength beams. The model
of Russo et al. [10] slightly underestimated the
shear strength of normal strength beams and
overestimated of high strength concrete beams.
The model of Arabzadeh et al. [11] was
conservative and that of Tang and Tan [9] was
scattered and unsafe.

(a) Proposed model

(b) ACI-318-14 [5]
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(d) Matamoros and Wong [8]

(c) AASHTO LRFD [6]

(e) Tang and Tan [9]

(f) Russo et al. [10]

(g) Arabzadeh et al. [11]
Figure 4: Comparisons between the shear strength predictions of the proposed model and the existing models

(a) Proposed model

(b) ACI-318-14 [5]

(d) Matamoros and Wong [8]

(c) AASHTO LRFD [6]
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(f) Russo et al. [10]

(e) Tang and Tan [9]

(g) Arabzadeh et al. [11]
Figure 5: Comparisons between the shear strength predictions of the proposed model and the existing models with
respects to concrete strength

Figure 6 compares the performance of the
proposed model and the existing models with
respects to the shear span to effective depth ratio,
(a/d). Sixty percent the beams used in this study
(182 of 305) were tested with (a/d) below 1.5.
Figure 6 indicates that, unlike the existing
models, the performance of the proposed model
was very consistent with (a/d). The ACI model
[5] and that of Arabzadeh et al. [11] were
conservative. Those of Matamoros and Wong [8]
and Russo et al. [10] underestimated the shear
strength of beams tested with (a/d) below 1.5 and
overestimated the shear strengths of those tested
with (a/d) above 1.5. The performance of Tang
and Tan’s model [9] was scattered and unsafe.
Figure 7 compares the performance of the
proposed model and the existing models with
respect to the presence of vertical stirrups. It is
worth mentioning that only beams reinforced with
vertical stirrups were included, which sixty five

percent of them (119 of 182) had vertical
reinforcement ratio below 0.5%. As can be seen
that, the proposed model performed consistently
with beams having a vertical reinforcement ratio
below 1% and slightly overestimated those with
vertical reinforcement ratio above 1%. Whereas,
all the existing models underestimated the shear
strength of deep beams reinforced with vertical
stirrups.
Figure 8 compares the performance of the
proposed model and the existing models with
respect to the presence of horizontal web bars.
This figure only includes test beams with
horizontal web bars, where seventy percent of
them (60 of 86) had horizontal reinforcement
ratio below 0.5%. It can inferred from Figure 8
that only the proposed model and that of
Matamoros and Wong [8] provided consistent
predictions, while, the rest were conservative.
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(a) Proposed model

(b) ACI-318-14 [5]

(c) AASHTO LRFD [6]

(d) Matamoros and Wong [8]

(e) Tang and Tan [9]

(f) Russo et al. [10]

(g) Arabzadeh et al. [11]
Figure 6: Comparisons between the shear strength predictions and of proposed model and the existing models with
respects to shear span-effective depth ratio

(b) ACI-318-14 [5]

(a) Proposed model
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(c) AASHTO LRFD [6]

(d) Matamoros and Wong [8]

(e) Tang and Tan [9]

(f) Russo et al. [10]

(g) Arabzadeh et al. [11]
Figure 7: Comparisons between the shear strength predictions of the proposed model and the existing models with
respects to vertical stirrups

(b) ACI-318-14 [5]

(a) Proposed model

(c) AASHTO LRFD [6]

(d) Matamoros and Wong [8]
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(e) Tang and Tan [9]

(f) Russo et al. [10]

(g) Arabzadeh et al. [11]
Figure 8: Comparisons between the shear strength predictions of the proposed model and the existing models with
respects to horizontal bars

5.

8

Conclusions
1.

2.

3.

4.

A simple strut and tie model is proposed
to calculate the shear strength of deep
beams. The model assumed that the
shear strength is equal to the algebraic
sum of the contribution of three strength
components: concrete compressive force
of diagonal strut and the equivalent
forces of vertical and horizontal
reinforcements crossing the diagonal
strut.
The proposed load transfer mechanism
associated with the proposed concrete
efficiency factor and the proposed
correction factors of web reinforcements
have correlated favorably with the test
results of 305 deep beams reported in the
literature.
The predictions of the proposed model
was compared with those of the current
codes of practice, ACI-318-14 [5] and
ASHTOO 2014 [6]. The comparisons
showed that the proposed model
achieved better agreement with the test
results than these codes. The mean of
predicted strength to test of the proposed
model, the ACI-318-14, and the
ASHTOO 2014 were 0.98, 0.79, and
0.75, respectively. The corresponding
standard deviations were 0.17, 0.28, and
0.49, respectively.
The enhancements of the proposed
model over those available in the current
codes of practice (ACI and ASHTOO) is
the combination of simplicity and
consistency.

The predictions of the existing strut and
tie models (Matamoros and Wong [8],
Tang and Tan [9], Russo et al. [10],
Arabzadeh et al. [11]) were compared
with the results of 305 deep beams from
previously
experimental
studies.
Comparisons indicated that the models
of Matamoros and Wong [8], Russo et
al. [10], and Arabzadeh et al. [11] were
conservative. Whereas, the model of
Tang and Tan was unsafe.

Notation
𝑎𝑎
𝐴𝐴ℎ
𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠
𝐴𝐴𝑣𝑣
𝑏𝑏
𝑑𝑑
𝑎𝑎/𝑑𝑑
𝐸𝐸𝑐𝑐
𝐸𝐸𝑠𝑠𝑠𝑠
𝑓𝑓𝑐𝑐
𝑓𝑓𝑐𝑐𝑐𝑐
𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠
𝑓𝑓𝑦𝑦
ℎ
𝑗𝑗𝑗𝑗
𝑘𝑘
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𝑙𝑙𝑝𝑝
𝑙𝑙𝑠𝑠𝑠𝑠𝑠𝑠
𝑛𝑛
𝜌𝜌𝑙𝑙
𝜌𝜌ℎ
𝜌𝜌𝑣𝑣

Shear span.
Area of horizontal reinforcement.
Area of the diagonal strut.
Area of vertical reinforcement.
Width of a beam.
Effective depth of a beam.
Shear span to effective depth ratio.
Modulus of elasticity for concrete.
Modulus of elasticity for steel.
Cylinder concrete compressive strength.
Effective concrete strength.
Force of the diagonal strut.
Yield strength of steel reinforcements.
Total depth of a beam.
Lever arm.
Derived from the bending theory of a
singly reinforced beam.[1]
Width of the diagonal strut.
Length of the diagonal strut.
Modular ratio.
Flexural reinforcement ratio.
Horizontal reinforcement ratio.
Vertical reinforcement ratio.
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𝑆𝑆ℎ
𝑆𝑆𝑣𝑣
𝑣𝑣
𝑉𝑉𝑐𝑐

𝑉𝑉ℎ
𝑉𝑉𝑣𝑣

𝑉𝑉𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑤𝑤𝑠𝑠𝑠𝑠𝑠𝑠
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ﻧﻤﻮذج دﻋﺎﻣﺔ ورﺑﺎط ﺑﺪﯾﻞ ﻟﻠﻌﺘﺒﺎت اﻟﺨﺮﺳﺎﻧﯿﺔ اﻟﻌﻤﯿﻘﺔ
اﺣﻤﺪ ﻓﺎﻟﺢ اﻟﺒﯿﺎﺗﻲ

ﻗﺴﻢ اﻟﮭﻨﺪﺳﺔ اﻟﻤﺪﻧﯿﺔ
ﺟﺎﻣﻌﺔ اﻟﻨﮭﺮﯾﻦ

اﻟﺧﻼﺻﺔ

 ﯾﻔﺗرض ھذا اﻟﻧﻣوذج ان ﻣﻘﺎوﻣﺔ.ﺗﻘدم ھذه اﻟدراﺳﺔ ﻧﻣوذج دﻋﺎﻣﺔ ورﺑﺎط ﺑﺳﯾط ﻟﺣﺳﺎب ﻣﻘﺎوﻣﺔ اﻟﻘص ﻟﻼﻋﺗﺎب اﻟﺧرﺳﺎﻧﯾﺔ اﻟﻣﺳﻠﺣﺔ اﻟﻌﻣﯾﻘﺔ
 ﺣﯾث ﺗم ﻣﻌﺎﯾرة ﻣﺳﺎھﻣﺔ.اﻟﻘص ﻧﺎﺗﺟﺔ ﻣن ﻣﺳﺎھﻣﺔ اﻟدﻋﺎﻣﺔ اﻟﺧرﺳﺎﻧﯾﺔ اﻟﻘطرﯾﺔ وﺣدﯾد ﺗﺳﻠﯾﺢ اﻟﻘص اﻟﻌﻣودي واﻻﻓﻘﻲ اﻟﻣﺎر ﺧﻼل ھذه اﻟدﻋﺎﻣﺔ
 ﻋﺗﺑﺔ ﺧرﺳﺎﻧﯾﺔ ﻣﺳﻠﺣﺔ305 ﻛل ﻣن اﻟدﻋﺎﻣﺔ وﺣدﯾد ﺗﺳﻠﯾﺢ اﻟﻘص ﺑﺎﻟﻧﺳﺑﺔ ﻟﻣﻘﺎوﻣﺔ اﻟﻘص ﻣﻊ ﻧﺗﺎﺋﺞ اﻟﻔﺣوﺻﺎت اﻟﻣﺧﺗﺑرﯾﺔ اﻟﻣﻧﺷورة ﻣﺳﺑﻘﺎ ل
 اﺟرﯾت ﻣﻘﺎرﻧﺔ ﻟﻧﺗﺎﺋﺞ اﻟﺗﻧﺑؤ اﻟﺧﺎﺻﺔ ﺑﺎﻟﻧﻣوذج اﻟﻣﻘﺗرح ﻣﻊ ﺗﻠك اﻟﺧﺎﺻﺔ ﺑﻧﻣﺎذج ﻣدوﻧﺎت اﻟﺑﻧﺎء اﻻﻣرﯾﻛﯾﺔ اﻟﺧﺎﺻﺔ.ﻋﻣﯾﻘﺔ ذات ﺧﺻﺎﺋص ﻣﺗﻌددة
 ﻛﺎن ﻣﻌدل ﺗﻧﺑؤ. اظﮭرت اﻟﻣﻘﺎرﻧﺔ ان ﺗﻧﺑؤ اﻟﻧﻣوذج اﻟﻣﻘﺗرح اﻛﺛر دﻗﺔ ﻣن ﺗﻧﺑوءات اﻟﻧﻣﺎذج اﻻﺧرى.ﺑﺎﻻﺑﻧﯾﺔ واﻟﺟﺳور واﻟﻧﻣﺎذج اﻟﻣﻘﺗرﺣﺔ ﻣﺳﺑﻘﺎ
,0.98 ﻣﻘﺎوﻣﺔ اﻟﻘص اﻟﻰ اﻟﻧﺗﺎﺋﺞ اﻟﻣﺧﺗﺑرﯾﺔ ﻟﻠﻧﻣوذج اﻟﻣﻘﺗرح واﻟﻣدوﻧﺔ اﻻﻣرﯾﻛﯾﺔ اﻟﺧﺎﺻﺔ ﺑﺎﻻﺑﻧﯾﺔ واﻟﻣدوﻧﺔ اﻻﻣرﯾﻛﯾﺔ اﻟﺧﺎﺻﺔ ﺑﺎﻟﺟﺳور
. ﻋﻠﻰ اﻟﺗواﻟﻲ0.49 ,0.28 ,0.17  ﻋﻠﻰ اﻟﺗواﻟﻲ وﻛﺎن اﻻﻧﺣراف اﻟﻣﻌﯾﺎري0.75 ,0.79
. ﻧﻣوذج اﻟدﻋﺎﻣﺔ واﻟرﺑﺎط, ﻣﻌﺎﻣل ﻛﻔﺎءة اﻟﺧرﺳﺎﻧﺔ, ﻣﻘﺎوﻣﺔ اﻟﻘص, اﻟﻌﺗﺑﺎت اﻟﻌﻣﯾﻘﺔ, اﻟﺧرﺳﺎﻧﺔ اﻟﻣﺳﻠﺣﺔ:اﻟﻣﻔﺗﺎﺣﯾﺔ
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