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ABSTRACT
Thermal buckling analysis of symmetric and antisymmetric cross-ply laminated hybrid
composite plates with an inclined crack subjected to a uniform temperature rise are presented in
this paper. The first-order shear deformation theory in conjunction with variational energy
method is employed in the mathematical formulation. The eight-node Lagrangian finite element
technique is used for obtaining the thermal buckling temperatures of hybrid composite laminates.
The effects of crack size and lay-up sequences on the thermal buckling temperatures for
symmetric and a antisymmetric plates are investigated. The results are shown in graphical form
for various boundary conditions. Finally , from this paper, the following main results have
been found from which the buckling temperature is affected the larger crack length more than
the small crack length, together with other result that the buckling temperature of the plate for
every perforation angle is to increase while crack length is increasing .
KEYWORDS
hybrid composite plates, thermal buckling, finite element method.
اﻟﺧﻼﺻﺔ
ان ﺗﺣﻠﯾل اﻻﻧﺑﻌﺎج اﻟﺣراري ﻟﻠﺻﻔﺎﺋﺢ اﻟرﻗﯾﻘﺔ اﻟﮭﺟﯾﻧﺔ اﻟﻣﺻﻧﻌﺔ ﻣن ﻣواد ﻣرﻛﺑﺔ ذات اﻟطﺑﻘﺎت اﻟﻣﺗﻣﺎﺛﻠﺔ وﻏﯾر اﻟﺔﻠﺛﺎﻣﺗﻣ ذات اﻟﺷق
 وﻗد ﺗم اﺳﺗﺧدام ﻧظرﯾﺔ ﺗﺷوه اﻟﻘص ذات. اﻟﻣﺎﺋل واﻟﺗﻲ ﺗﺧﺿﻊ ﻹرﺗﻔﺎع ﻣﻧﺗظم ﻟدرﺟﺎت اﻟﺣرارة ﺗﻣت دراﺳﺗﮭﺎ ﻲﻓ ھذا اﻟﺑﺣث
 ﻛذﻟك ﺗم اﺳﺗﺧدام ﺗﻘﻧﯾﺔ اﻟﻌﻧﺎﺻر اﻟﻣﺣددة،اﻟرﺗﺑﺔ اﻻوﻟﻰ اﻟﻣرﺗﺑطﻧ ﺔظرﯾﺔ اﻟطﺎﻗﺔ اﻟﻣﺗﻐﯾرة ﻲﻓ اﻟﺻﯾﺎﻏﺔ اﻟرﯾﺎﺿﯾﺔ ﻟﮭذا اﻟﺑﺣث
 ﻛﻣﺎ ﺗم دراﺳﺔ ﺗﺄﺛﯾرات ﺣﺟم اﻟﺷق.ﺑﺛﻣﺎﻧﯾﺔ ﻋﻘد ﻟﻠﺣﺻول ﻋﻠﻰ درﺟﺎت ﺣرارة اﻻﻧﺑﻌﺎج اﻟﺣراري ﻟﻠﺻﻔﺎﺋﺢ اﻟﻣرﻛﺑﺔ اﻟﮭﺟﯾﻧﺔ
 ان اﻟﺞﺋﺎﺗﻧ ﻣوﺿﺣﺔ ﻋﻠﻰ ﺷﻛل ﻣﺧطط.وﻣواﺿﻊ ﺗﺳﻠﺳل درﺟﺎت ﺣرارة اﻻﻧﺑﻌﺎج اﻟﺣراري ﻟﻠﺻﻔﺎﺋﺢ اﻟﻣﺔﻠﺛﺎﻣﺗ وﻏﯾر اﻟﻣﺗﻣﺎﺛﻠﺔ
وأﺧﯾرا ً وﻣن ﺧﻼل اﻟﺑﺣث ﺗم اﻟﺣﺻول ﻋﻠﻰ اھم اﻟﻧﺗﺎﺋﺞ وﻣﻧﮭﺎ ﺗﺄﺛﯾر اﻻﻧﺑﻌﺎج اﻟﺣراري ﻋﻠﻰ طول اﻟﺷق.وﺑﺷروط ﺣدﯾﺔ ﻣﺧﺗﻠﻔﺔ
. اﻟﻛﺑﯾر اﻛﺛر ﻣن اﻟﺷق اﻟﺻﻐﯾر ﺑﺎﻻﺿﺎﻓﺔ اﻟﻰ ان اﻷﻧﺑﻌﺎج اﻟﺣراري ﻟﻠﺻﻔﯾﺣﺔ ﻟﻛل زاوﯾﺔ ﻧﺎﺗﺟﺔ ﯾزداد ﻣﻊ زﯾﺎدة طول اﻟﺷق
INTRODUCTION
Fiber reinforced structures are widely used in so many engineering applications. because of
their low weight and high strength. Stability of these st ructures is important especially at
elevated temperatures.
The thermal buckling analyses or orthotropic plates including a crack, were investigated by
Avci , A. and Sahin , O.S.,2005 Thermal buckling analysis of symmetric and antisymmetric
cross-ply laminated hybrid composite plates with a hole subjected to a uniform temperature
rise for different boundary conditions was studied by using finite elements method by Avci ,
A. and Sahin , O.S.,2005. In that paper the effects of hole size, lay-up sequences and
boundary conditions on the thermal buckling temperatures were investigated. Akbulut, H.
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and Sayman,O.,2001 were studied the buckling behavior of laminated composite plates with
central square openings for various boundary conditions and stacking sequences by using
finite element method.
The thermal buckling of isotropic and composite plates with a hole by using both closed form
solution and finite elements method was investigated by Chang, J.S. an d S hi ao, F.J., 19 9 0.
Thermal buckling of antisymmetric cross-ply composite laminates was investigated by
Mathew, T.C. and Rao, G.V.,1992. Abramovich investigated the thermal buckling behavior
of cross-ply symmetric and nonsymmetrical laminated beams employing the first-order
deformation theory. Murphy, K.D. and Ferreira, D.,2000. Studied theoretical and
experimental approaches to obtain the buckling temperature and buckling mode for flat
rectangular plates. Huang, N.N. and Tauchert, T.R., 1992. Studied the thermal buckling of
clamped symmetric angle-ply laminated plates employing a Fourier series approach and the
finite element method. Prabhu, M.R. and Dhanaraj, R., 1994 Thangaratnam, K.R. and
Ramaohandran, J . , 1 9 8 9 , also studied the thermal buckling of the laminates subjected to
uniform temperature rise or non uniform temperature fields using the finite element approach.
An extensive overview of the general buckling problems of laminated composite plate was
made by Liessa,A.W.,1987.
In that study, some complicated effects were investigated such as shear deformation,
hydrothermal factors and post buckling behavior. The influence of temperature distribution on
buckling modes has investigated by Bednarczyk,H. and Rihter,M.,1985. The thermally
induced buckling of antisymmetic angle-ply laminated plates with Levy-type boundary conditions
was investigated by Chen,L.W. and Liu, W.H., 1993 . Thermal buckling behavior of composite
laminated plates with transverse shear deformation was studied by Sun,L.X. and Hsu,T.R.,1990.
Chockalingam, S. ,1992. investigated the thermal buckling of antisymmetric cross-ply hybrid
laminates by using finite element technique based on first-order shear d e fo r ma t io n theory.
Chen ,W. and Liu, W.H., 1993. also studied thermal buckling of laminates subjected to uniform
temperature rise or non uniform temperature fields using finite element approach. Local buckling
of composite laminar plates was considered and the critical strains of laminated plates with
various shaped local delamination and different stacking patterns are obtained by making use of
the energy principle. by Wang, X.and Lu,G.,2003. Also non-linear thermal buckling for local
delamination near the surface of laminated cylindrical shell problem was studied by Wang,
X.and Lu,G.,2003.
The present paper aims to determine the buckling temperature and buckling mode shapes for
hybrid composite laminates with different inclined crack by using the finite element method. The
thermal buckling of symmetric and antisymmetric cross-ply laminates with cracks is investigated,
based on the first-order deformation theory in conjunction with the variational energy method.
The finite clement approach is used for obtaining the thermal buckling temperatures for
boron/epoxy-glass/epoxy hybrid laminates. The effects of crack length, crack inclination angle
and lay-up sequences on the thermal buckling temperatures have been studied numerically . The
buckling behavior of boron/epoxy-glass/epoxy hybrid composite plates was compared with Eglass/epoxy plates.
MATHEMATICAL FORMULATION
The laminated orthotropic construction of the plate is consisted of N layers. Each layer is of
is the total thickness of the laminate.
thickness , so that h =
The longitudinal and lateral dimensions of the laminate are a and b and subjected to uniform
temperature difference T between ambient and laminated plate as shown in Fig. 1. The linear
stress-strain relation for each layer is expressed with
, y-axes and has the
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form(Whitney,J.M.,1973) .
=

(1)

Fig. 1. Geometry of the problem and coordinates

where

,
,
and
are the stress components,
are transformed reduced stiffnesses,
which can be expressed in terms of the orientation angle and the engineering constant of the
material. ∆T is temperature difference, αx, and αy, are the coefficients of thermal expansion in
directions of x and .y-axes, respectively. αxy is the apparent coefficient of thermal shear, such
as(Jones, R.M.,1975)
sin2
= cos2 +
=
cos2 + sin2
(2)
= 2(

-

)sin . cos

and 2 are the thermal expansion coefficients of the lamina along the longitudinal and
transverse directions of fibers, respectively.
In this study first-order shear deformation theory is used. The displacements u, v and w can be
written as follows:
u(x, y, z) = (x, y)+ z x(x, y)
v(x, y, z) = (x, y)+ z y(x, y)
(3)
w(x, y, z)= w(x, y)
where.
are the displacements along to x, y, and z-axes. respectively, at any point of
the middle surface, and,
,
are the bending rotations of normal to the mid plane about the x
1

and y axes, respectively. The bending strains
point of the laminate are (Jones, R.M.,1975)

=

+z

٢٨٦٥

and transverse shear strains

xy,

yz

,

at any

M.H. Faidh-Allah

Behaviour of Cross - Ply laminated Hybrid Composite
Plates With an Inclined Crack Subjected to A Uniform
Temperature Rise

=

(4)

The resultant forces
,

and

moments

,

and

and shearing forces

per unit length of the plate are given as

(5)
The total potential energy K of a laminated plate under thermal loading is equal to
K=
V
(6)
where Ub is the strain energy of bending, Us is the strain energy of shear and V represents the
potential energy of in-plane loadings due to temperature change
dz

dz
+ 2

Her e d A =

1 2 (∂ w/ ∂ x ) ( ∂ w/ ∂ y) d A - ∫ ∂ R (

is the region of a plate excluding the crack.

( 7)
and
are in-plane loads

applied on the boundary R. For the equilibrium, the potential energy K must be stationary. The
equilibrium equations of the cross-ply laminated plate subjected to temperature change can be
derived from the variational principle through use of stress-strain and swain-displacement relations.
One may obtain these equations by using
.
Finite Element Formulation
In general, a closed form solution is difficult to obtain for buckling problems Therefore
numerical methods are usually used for obtaining an approximate solution. In order to study the
buckling of the plate, an eight-node Lagrangian finite element analysis is applied in this study. The
stiffness matrix of the plate is obtained by using the minimum potential energy principle. Bending
stiffness [Kb], shear stiffness [ ] and geometric stiffness [ ] matrices can be expressed as

and

Where
=
and

=

(11)
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(12)

)=

A44 and
are the shear correction factors for rectangular cross section are given by
=
= 5/6(Whitney)
The total potential energy principle for the plate satisfies the assembly of the element
equations.
The element stiffness and the geometric stiffness matrices are assembled. The corresponding
eigenvalue problem can be solved using any standard Eigen value extraction procedures(Bathe,
K.J.,1982)

where
[ ] = [Kb] + [
The product of
=
T

and -

[Kθg] = [

]

(15)

and the initial guess value ΔT is the critical buckling temperature
(16)

. that is

NUMERICAL RESULTS AND DISCUSSION
There are many techniques to solve Eigen value problems. In this study the Newton Raphson
method is applied to obtain numerical solutions of the problem. For thermal buckling due to a T
temperature change in the plate, the uniaxial or biaxial in-plane loads are developed along the
rectangular edges, while the crack edges are free.
The E-glass/epoxy, and boron/epoxy are considered as components of hybrid plate and their
thermo-elastic properties are given in Table 1. Here, El and E2 are elastic moduli in 1 and 2
and , are thermal expansion coefficients of
directions, respectively. 12is Poisson's ratio and
, is neglected.
the materials used in the solution. The effect of
Stacking sequence of hybrid composite plates have been taken both symmetric and
antisymmetric. Stacking sequences have been represented below. Boron/epoxy and glass/epoxy
layers are named B and G, respectively.
Table 1 Material properties
E1
E2
E12
Material
υ12
α1(1/°C)
α2(1/°C)
(Gpa)
(Gpa) (Gpa)
-6
E-glass / epoxy
15
6
3
0.3
7.0×10
2.30×10-5
Boron/ epoxy
101
19
4.8
0.12 4.17×10-6
1.91×10-5
The sequence of 4 Layers symmetric lay up of glass/ epoxy-boron / epoxy is 0°G / 90oB
/90°B /0oG The sequence of 4 Layers ant symmetric lay up of glass / epoxy-boron/epoxy is 0oG
/90oB /0°G/90oB
Each layer has 0.25 mm thickness and the length of one edge of square plate is 100 mm.
2c/L. ratio. represents the crack size to length of one side of composite plate and represents the
crack inclination angle as shown in Fig. 1.
A wide range of boundary conditions can be accommodated, but only one kind of' boundary
conditions is chosen as defined below:
Two edges clamped and two edges are free
=u=w= = =0
Fig. 2 shows the meshed plate. Four edges of plate have divided into ten parts disregarding the
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crack size.
Buckling in this paper , ANSYS program version 9 has been used .Behavior of anti
symmetrically stacked hybrid composite plate is shown in Fig.3. In this figure. T/T0 ratio is used
instead of buckling temperature and 2C/L ratio is used instead of crack length C. Here
represents the buckling temperature of hybrid plate without crack. Thus graph is plotted by using
dimensionless axes. It can be seen that when the crack inclination angle = 90°' and = 60° T/T0
ratio decreases while crack length increases. The case of = 30° and = 0° T/T0 ratio increases
while crack length increases. If inclination angle decreases, the buckling temperature or T/T0 ratio
decreases. For larger values of crack length, the difference between temperatures for different
inclination angles increase. These results show that buckling temperature is effected by both crack
length and inclination angle.

Fig.2.Typical mesh

Fig.3.Effect of crack size and position on buckling temperature of antisymmetrically stacked
hybrid composites plate.
The buckling behavior of symmetrically stacked hybrid plate is shown in Fig. 4.
Fig. 3 shows that, the buckling temperature is depending on crack length and crack inclination
angle. But T/To ratio in symmetrically stacked plate is greater than antisymmetrically stacked one
for fixed crack length and inclination angle. This result shows that the buckling temperature and
consequently the buckling resistance of symmetrically stacked hybrid plate is greater than that of
antisymmetrically stacked hybrid plates.
The relationship between crack size and buckling temperature is shown in Figs. 5 and 6.
Buckling temperature is plotted with respect to crack size for various inclination angels of
antisymmetrically stacked E-Glass/epoxy plates in Fig. 5. The smallest T/T0 ratios are obtained
for crack inclination angle of = 90°. On the other hand, it is concluded that, the effect of cracks
upon buckling temperature become clear as the crack length increases. Though this behavior is
similar for all crack inclination angles, for small inclination angles, this behavior can be seen
٢٨٦٨
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clearly.

Fig.4. Effect of crack size and position on buckling temperatures of symmetrically stacked hybrid
plate.

Fig.5.Variation of bucking temperatures of antisymmetrically stacked E-galss/epoxy plate.

Fig.6.Variation of bucking temperatures of symmetrically stacked E-galss/epoxy plate
The first buckled mode shapes generated glass/epoxy cross-ply laminated plates with inclined
crack are shown in Figs. 7 and 8. It is found that critical temperature for crack angle of 0°is 26,284
°C. for crack angle of 60 is 20,851 °C. for crack angle of 90° is 17,148 °C and critical
temperature for plate without crack is 24,572 °C, respectively. The mode shapes presented in Figs.
7 and 8 show considerable skewing for the laminated plates
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Fig.7.Bukled mode shape of hybrid plate with: (a) crack angle of 0 ;(b)crack angle of 60°

Fig.8.Bukled mode shape of hybrid plate: (a) with crack angle of 90 ;(b)without crack
CONCLUSIONS
Following are the main summarized conclusions drawn from this paper are considered:
1. Thermal buckling behaviours of cross-ply laminated hybrid plates with inclined crack
have been examined by employing the first-order shear deformat ion theory and finite
lement technique.Both symmetric and antisymmetric lay-up sequence are considered.
2. Because of absence of bending-extension coupling, symmetric cross-ply E-glass/epoxy
laminat es does not yield the highest buckling resistance as expected. Effect of crack
upon thermal buckling is minimum while crack inclination angle is 90°.
3. As the crack length increases, this effect becomes clear. Effect of cracks upon thermal
buckling for hybrid laminated composite plate and E-glass/epoxy laminates are
different.
4. Effect of' crack upon thermal buckling for ant isymmet rically st acked hybrid laminates
is neative while cracks cause positive effect on symmetrically stacked hybrid plates and
effect of cracks upon thermal buckling for antisymmetrically stacked E-glass/epoxy
laminates is positive while cracks cause negative effect on s ym m e t rically stacked Eglass/epoxy plates.
5. The buckling t emperat ure is affected the larger crack length more than the small crack
length as shown in Figs. 3-6 . For small crack length the high temperature or high thermal
stresses can be support ed by the imperforated section of the plate. This result can be
seen for every perforation angles in Figs. 3-6. T / T 0 rates converge the "1 " for small
perfo rat io ns at all plates.
6. Ano t her result is that buckling t emperat ure of the plate for every perforat ion angel is
to increase while crack length is increasing. This result is expected. Because the higher
t emperat ure needs for reaching the same stress level for buckling when the perforation is
٢٨٧٠
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bigger. If the crack length is great, that means that s t ressed cross section is fewer so this
cross section must be heated much more than when the imperforated section is higher.
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