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Abstract
In this paper, the use of multi-GPS receiver to estimate the parameters of
attitude (orientation) of a platform is developed. The GPS receiver has two
measurements; pseudorange and carrier phase. The latter is highly accurate (sub
centimeter-level).Therefore, it is used to give precise attitude parameters. But the
carrier phase has one problem; an initial integer ambiguity must be resolved first.
Without resolution of this integer, the carrier phase is meaningless. Therefore, the
attitude determination technique based on the carrier phase observable of the GPS
involves two steps; integer ambiguity resolution and attitude estimation. Here, two
methods are used for attitude estimation; first, Single-point method that is based on
the least square approach is developed using the quaternion representation. Second,
Eigenproblem algorithm that is used to minimize a quartic quaternion-based cost
function. In order to resolve the integer ambiguity, an attitude-independent
algorithm is developed. This algorithm first incorporates an instantaneous integer
search to significantly reduce the search space using a geometric inequality. Then,
a batch-type loss function is used to check the remaining integers in order to
determine the optimal integer. The results show that the Single-point method is
more accurate (with RMS 0.137, 0.079 and 0.197 degree in yaw, pitch and roll
respectively), and it convergences exponentially to the correct solution. The
Eigenproblem may diverge when the initial quaternion is far.

(GPS) ﻨﻅﺎﻡ ﺍﻟﻤﻼﺤﺔ ﺍﻻﺘﺠﺎﻫﻲ ﺒﺎﺴﺘﺨﺩﺍﻡ ﻤﻨﻅﻭﻤﺔ ﺘﺤﺩﻴﺩ ﺍﻟﻤﻭﻗﻊ ﺍﻟﻌﺎﻟﻤﻲ
ﺍﻟﺨﻼﺼﺔ
 ﺍﻥ.( ﻟﺘﻁﻭﻴﺭ ﻨﻅﺎﻡ ﺘﺤﺩﻴﺩ ﺍﻻﺘﺠﺎﻩGPS) ﺩﺓ ﻤﺴﺘﻠﻤﺎﺕ ﺍﻟـ ﺘﻡ ﺍﺴﺘﺨﺩﺍﻡ ﻋ، ﻓﻲ ﻫﺫﺍ ﺍﻟﺒﺤﺙ
carrier ) ( ﻭﻨﺎﻗل ﺍﻟﻁﻭﺭpseudorange )  ﺍﻟﻤﺩﻯ ﺍﻟﻜﺎﺫﺏ،( ﺘﺴﺘﺨﺩﻡ ﻤﻘﻴﺎﺴﻴﻥGPS) ﻤﺴﺘﻠﻤﺔ ﺍﻟـ
ﻭﻟﻜﻥ ﺘﻭﺠﺩ ﻤﺸـﻜﻠﺔ ﻓـﻲ. ﺴﺘﺨﺩﻡ ﻹﻋﻁﺎﺀ ﺍﺘﺠﺎﻩ ﺩﻗﻴﻕ ﺍﻥ ﺍﻻﺨﻴﺭ ﻴﻤﻠﻙ ﺩﻗﺔ ﻋﺎﻟﻴﺔ ﻟﺫﺍ ﻴ. (phase
 ﺒﺩﻭﻥ ﻤﻌﺭﻓـﺔ. ﻭﻫﻲ ﻭﺠﻭﺩﻋﺩﺩ ﺼﺤﻴﺢ ﻏﺎﻤﺽ ﻴﺠﺏ ﺍﻥ ﻴﺤل ﺍﻭﻻﹰcarrier phase ﻗﻴﺎﺴﺎﺕ ﺍﻟـ
 ﻟﺫﺍ ﻓﺎﻥ ﺘﻘﻨﻴﺔ ﺘﺤﺩﻴﺩ ﺍﻻﺘﺠﺎﻩ ﺍﻟﻤﺴﺘﻨﺩﺓ ﻋﻠﻰ ﺍﻟـ. ﻴﺒﻘﻰ ﺒﻼ ﻤﻌﻨﻰcarrier phase ﻫﺫﺍ ﺍﻟﻌﺩﺩ ﻓﺎﻥ ﺍﻟـ
 ﻫﻨﺎ ﺘﻡ. ﺤل ﻏﻤﻭﺽ ﺍﻟﻌﺩﺩ ﺍﻟﺼﺤﻴﺢ ﻭﻤﻥ ﺜﻡ ﺍﺤﺘﺴﺎﺏ ﺍﻻﺘﺠﺎﻩ، ﻥ ﺨﻁﻭﺘﻴﻥ ﺘﹶﺘﻀﻤcarrier phase
 ﺍﻟﺘﻲ ﺘﻌﺘﻤﺩ ﻋﻠـﻰSingle point ﺍﻻﻭﻟﻰ ﻜﺎﻨﺕ ﺍﻟﻨﻘﻁﺔ ﺍﻟﻭﺤﻴﺩﺓ, ﺍﺴﻨﺨﺩﺍﻡ ﻁﺭﻴﻘﺘﻴﻥ ﻟﺤﺴﺎﺏ ﺍﻻﺘﺠﺎﻩ
 ﺍﻤـﺎ ﺍﻟﻁﺭﻴﻘـﺔ.quaternion ﺭﺕ ﻟﺘﺴﺘﺨﺩﻡ ﺍﻟـﻁﻭ
( ﻭﺍﻟﺘﻲ ﹸLeast square)ﺍﻟﺘﺭﺒﻴﻌﺎﺕ ﺍﻟﺼﻐﺭﻯ
 ﺍﻟﻤﺜﺎﻟﻲ ﻤـﻥ ﺩﺍﻟـﺔ ﺍﻟﻜﻠﻔـﺔquaternion  ﻭﺍﻟﺘﻲ ﺘﻘﻭﻡ ﺒﺎﻴﺠﺎﺩ ﺍﻟـEigenproblem ﺍﻟﺜﺎﻨﻴﺔ ﻓﻬﻲ
 ﺘ ﺘﻀﻤﻥ ﻫﺫﻩ.ﺘﻡ ﺘﻁﻭﻴﺭ ﺨﻭﺍﺭﺯﻤﻴﺔ ﻻ ﺘﻌﺘﻤﺩ ﻋﻠﻰ ﺍﻻﺘﺠﺎﻩ،  ﻭﻟﺤل ﻏﻤﻭﺽ ﺍﻟﻌﺩﺩﺍﻟﺼﺤﻴﺢ.ﺍﻟﺭﺒﺎﻋﻴﺔ
ﺍﻟﺨﻭﺍﺭﺯﻤﻴﺔ ﺍﻭﻻﹰ ﻋﻤﻠﻴﺔ ﺒﺤﺙ ﺁﻨﻴﺔ ﻀﻤﻥ ﺍﻻﻋﺩﺍﺩ ﺍﻟﺼﺤﻴﺤﺔ ﺒﺎﺴﺘﺨﺩﺍﻡ ﻤﺘﺒﺎﻴﻨﺔ ﻫﻨﺩﺴﻴﺔ ﻟﺘﻘﻠﻴل ﻤﺠﺎل
( ﻟﻔﺤـﺹ ﺍﻻﻋـﺩﺍﺩloss function)  ﺒﻌﺩ ﺫﻟﻙ ﻴﺘﻡ ﺍﺴﺘﻌﻤﺎل ﺩﺍﻟﺔ ﺨﺴﺎﺭﺓ. ﺍﻟﺒﺤﺙ ﺒﺸﻜل ﻤﻠﺤﻭﻅ
 ﺍﻅﻬﺭﺕ ﺍﻟﻨﺘﺎﺌﺞ ﺍﻥ.ﺍﻟﺼﺤﻴﺤﺔ ﺍﻟﻤﺭﺸﺤﺔ ﻤﻥ ﻋﻤﻠﻴﺔ ﺍﻟﺒﺤﺙ ﻟﻜﻲ ﻴﺘﻡ ﺘﺤﺩﻴﺩ ﺍﻟﻌﺩﺩ ﺍﻟﺼﺤﻴﺢ ﺍﻟﻤﺜﺎﻟﻲ
 ﻭ0.079 ,0.137  ﺍﻜﺜﺭ ﺩﻗﺔ ) ﺍﻟﺠﺫﺭ ﺍﻟﺘﺭﺒﻴﻌﻲ ﻟﻤﺘﻭﺴﻁ ﺍﻟﺨﻁﺄ ﻴﺴـﺎﻭﻱSingle-point ﻁﺭﻴﻘﺔ
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 ﻋﻠﻰ ﺍﻟﺘﻭﺍﻟﻲ ( ﻭﺘﻘﺘﺭﺏ ﺘﺼﺎﻋﺩﻴﺎ ﻤﻥ ﺍﻟﺤلroll ,pitch,yaw  ﺩﺭﺠﺔ ﺒﺎﻟﻨﺴﺒﺔ ﺍﻟﻰ ﺯﻭﺍﻴﺎ0.197
 ﺭﺒﻤﺎ ﺘﺒﺘﻌﺩ ﻋﻥ ﺍﻟﺤل ﺍﻟﺼﺤﻴﺢ ﻋﻨﺩﻤﺎ ﺘﻜﻭﻥ ﻨﻘﻁﺔEigenproblem  ﻓﻲ ﺤﻴﻥ ﺍﻥ ﻁﺭﻴﻘﺔ.ﺍﻟﺼﺤﻴﺢ
.ﺍﻟﺒﺩﺍﻴﺔ ﺒﻌﻴﺩﺓ
Keywords: Global Positioning System (GPS), attitude determination, carrier phase
double difference, integer ambiguity, least-square method,
Eigenproblem method.
available from the GPS signals. The
pseudorange
measurement
is
estimated from the coarse/acquisition
(C/A) random noise code while the
carrier phase measurement is derived
from
the
carrier
waves of
L1(1575.42MHz)
or
L2(1227.60MHz) for more details see
Ref. [6,7].

1-Introduction
With the advance of satellite
navigation technology, the Global
Positioning System (GPS) has
become widely used as an accurate
sensor in many navigation and
location systems [1]. Although GPS
was originally designed as a
positioning and timing system, its
usage in attitude determination for
ship, aircraft and spacecraft has been
heavily discussed in the past
[2,3].With multiple closely-spaced
GPS antennas, the GPS attitude
system can precisely estimate the 3D
attitude parameters
of
mobile
platforms without error drift over time
[1].
Although code measurements
can be used in attitude determination
[4], the carrier phase measurements
are preferable in estimating attitude
parameters because of their high
accuracy. The use of carrier phase
measurements results in the ambiguity
problem of carrier phase integer
cycles. This is because the GPS
receiver can only measure a fraction
of a cycle very accurately and the
number of cycles after tracking the
signal, while the initial number of
complete cycles remains unknown, or
ambiguous. Therefore, the attitude
determination techniques based on
GPS carrier phase measurements
involve
two
steps,
ambiguity
resolution and attitude estimation.
[1,2,5]
2-GPS Observables
Two
main
kinds
of
measurements are simultaneously

2.1 Pseudorange Measurement
The basic observation equation of
the pseudorange measurement can be
expressed as: [8]
j
p αj = ρ αj + dρ + dion + dtrop + c(dTα dt j)+ ε(pmult) + ε(pnois)
…..(1)
where
is
the
pseudorange
measurement from satellite
j to receiver α (m) ,
is the geometric range from
ραj
satellite j to receiver α ( m),
dρj
is the orbital error of
satellite j ( m),
dion
is the ionospheric delay
(m),
dtrop
is the tropospheric delay
(m),
dtj
is the clock error of satellite
j (sec),
dTα
is the clock error of receiver
α (sec),
ε(pmult ) denotes the pseudorange
multipath errors ( m),
ε(pnois) represents the measurement
error due to the receiver
noise (m)and
c
is the speed of light (m/sec)
.

p αj
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The geometric range equation
expressed in terms of Earth-fixed
coordinates is:

ραj = |rj - rα| = [(xj -xα)2 +(yj -yα)2 +
j

r

(zj - zα )2 ]1/2

…(2)
is the satellite position vector
referenced to the Earth-fixed
frame computed using
the
broadcast ephemeris at epoch tk
(m),and

rα

is the position vector for antenna
α referenced to the Earth-fixed
frame at epoch tk (m).
2.2 Carrier-phase Measurement
The equation of the carrier
phase measurement can be written as
[8]:
λΦαj = ραj + dρj + c(dTα − dtj ) + λNαj − dion + dtrop

+ ε (Φ mult ) + ε(Φ nois ) + ε (Φ ant ) (3)
where
is
the
carrier
phase
Φ αj
measurement
made
from
receiver α to satellite j at tk
(cycles).
j
is the carrier phase ambiguity,
Nα

ε(Φmult ) is the error in the carrier
phase measurement due to
multipath (m),
ε(Φnois) is the error in the carrier phase
measurement due to receiver
noise (m),
ε(Φant ) is the antenna phase center
variation (m), and
λ
is the carrier wavelength (m) .
while the remaining terms in Eq.(3)
are the same as those defined in
Eq.(1).
3- Attitude Determination
Attitude determination with
GPS and multiple antennas is based
on the interferometric model that is
shown in Figure (1). The signal
wavefront can be considered planar
when it arrives to the antennas
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because the distance between GPS
antennas is much smaller as compared
to the distance to GPS satellites. A
signal transmitted from a distant GPS
satellite arrives at the closest antenna
slightly before reaching the other. By
measuring the difference in carrier
phase between the two antennas, it is
possible to determine the relative
distance Δρ between the antennas in
the direction of the GPS satellite
[1,9]. In this case we can define the
relative distance as the projection of
the baseline vector b onto the
sightline s vector as [10]:
Δρ = |b| cos (α) = b Ts
…(4)
The components of the sightline
vector are known in the reference
frame ECEF and the baseline vector is
given in the body frame, therefore
Eq.(4) becomes as:
Δρ = b TA s
…(5)
3×3
is the rotation
where the A∈ ℜ
matrix from the ECEF frame to body
frame which represents the attitude
parameters .
If Eq.(5) is substituted in the
carrier phase single
difference
equation will become as :
λΔΦ = b T As + λΔN + c ∆ dT …(6)
In fact, the single difference
technique is used to eliminate the
satellite clock error and the residual
ionospheric and the tropospheric
refraction effects are negligible. In
order to eliminate the receiver clock
error, the carrier phase double
difference technique will be used as
follows:
for satellite ith and receivers α and ß ,
the single difference is :
λΔΦ iαβ = b αβ As i + λΔN iαβ + c∆dTαβ .(7)
and for satellite jth and receiver α , ß
the single difference is :
j
j
λΔΦ αβ
= b αβ As j + λΔN αβ
+ c∆ dTαβ .(8)
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then the carrier phase
difference measurement is :
i
j
λ∇ΔΦ ijαβ = λΔΦ αβ
− λΔΦ αβ

double

= (b Tαβ Asi + λΔN iαβ + c∆dTαβ )
j
j
− (b αβ
As j + λΔN αβ
+ c∆dTαβ )

…(9)
or
λ∇ΔΦ ijαβ = b Tαβ Asij + λ∇ΔN ijαβ + ε ..(10)

where

sij = si - sj

..(11)
If Eq.(11) is multiplied by 1/λ , it
can be rewritten as :
ij
(12)
∇ ΔΦ ijαβ = b Tαβ As + ∇ ΔN ijαβ + ε
In this case the bαß will be in
wavelengths (cycles) units. The
integer ambiguity double difference
∇ΔN ijαβ must be determined at startup
before any attitude determination can
take place, and will be constant as
well as there is no cycle slip (will be
described later) [2,3]. In order to
estimate the three attitude parameters
(roll, pitch and yaw), the minimum
number of antennas must be three
(two baselines) [2,9].
An optimal attitude solution for
a
given
set
of
range
measurements, ∇ΔΦ ijαβ , taken at a
single epoch for kth baseline and
difference sight of lines sij (difference
between a master si and a slave sj ) is
obtained by minimizing the quadratic
cost function [2]:
J(A ) =

m

n

k

j

∑∑ w

ij
k

(∇ ∆Φ ijk − b Tk As ij ) 2

… (13)
where m is the number of baselines, n
is the number of satellites and w ijk is a
weight assigned to each range
measurement. The value of the
weights w ijk should be an indication
of
the
uncertainty
in
the
measurements. If the measurement
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noise ε is zero-mean Gaussian white
noise with covariance (σ ijk ) 2 , then

w ijk is given by (σ ijk ) −2 .
3.1 Single-point Algorithm
The Single-point algorithm uses
nonlinear least squares technique to
find the correction to a priori estimate
of the attitude. Firstly, Eq.(12) must
be linearized as:
∇∆Φ ijk ( x̂ ) ≈ ∇∆Φ ijk ( x c ) + H ijk δx …(14)
where

δx =δq 13 (the first three components
of quaternion), xc =q c (nominal state)
and the Jacobian matrix H ijk is given
by [11] :
∂ T
ij
Hijk = [bk A(q)s ] = −2(A(qc )sij )T[b×k ] .(15)
∂q
qc
where

 0 − b3 b 2 
[b ] =  b3
0 − b1 


− b 2 b1
0 
×

....(16)

Then, the measurement residual can
be written as:
e = ∇∆Φ ijk − ∇∆Φ ijk ( x̂ )
≈ ∇∆Φijk − ∇∆Φijk (x c ) − Hijk δx
….(17)
= δy ijk − H ijk δx
For all the available measurements,
the overall Jacobian matrix is:
.




.


H = − 2(A(qc )sij )T [b×k ]


…(18)
.


 for all k,ij

.

and the overall measurements residual
is:

e r = δy − Hδx
where
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.




.


ij
ij
δ y = ∇ ∆Φ k − ∇ ∆Φ k ( x c ) 


.




.
for all k, ij

…(20)

Then
the
full
correction
quaternion is obtained by forcing the
fourth component to 1 and then
normalizing to ensure a length of 1 as:
δq =

1
δq

2
1

δq 22 δq32

..(22)

This is done to keep the small angle
assumption made in the linearization
of Eq.(12). If the fourth component is
calculated directly from the three
other (δq 4 = 1 − δq12 − δq 22 − δq 23 ) then
for large values of δq1…δq3, the
fourth component becomes imaginary
and the algorithm fails. Therefore, by
use of Eq.(22) the robustness is
increased.
Finally, the a-priori
quaternion estimate (old) can be
updated using the standard quaternion
multiplication as: [7]

q new = δq ⊗ q old
 δq 4
 δq
3
=
 δq 2

− δq1

− δq 3

δq 2

δq 4

− δq1

δq1

δq 4

− δq 2

− δq 3

m

n

k

j

J ( q ) = ∑∑ w ijk (∇∆Φ ijk − b Tk A (q )s ij ) 2

E ij − µ ij I
Lijk =  k ijT k 3
 pk

p ijk 

µ ijk 

… (23)

3.2 Using Quartic Cost Function
If the attitude matrix A is a
known function of quaternion q, the
J(A) can be replaced by J(q), where
[12] :

..(25)

where
C ijk = s ij b Tk
E ijk = C ijk + C ijT
k

..(26)
..(27)

p ijk = b k × s ij

..(28)

..(29)
µ =b s
and
I3 is identity matrix 3×3
It can be shown that: [13]
..(30)
b Tk A (q )sij = q T Lijk q
Substitution of Eq.(30) into Eq.(24)
yields:
ij
k

T ij
k

m

n

k

j

J(q ) = ∑∑ w ijk (∇ΔΦ ijk − q T Lijk q ) 2

Because ∇∆Φ ijk
qTq=1, assuming:

(31)

is a scalar and

Bijk = ∇ΔΦ ijk I 4

..(32)

∇ΔΦ ijk

..(33)

=q

T

Bijk q
4× 4

where B ijk ∈ ℜ
Therefore,

∇ΔΦ ijk − q T Lijk q = q T B ijk q − q T Lijk q
= q T ( B ijk − Lijk )q

.. (34)

Using the definition:
1

M ijk = ( w ijk ) 2 (B ijk − Lijk )
δq1   q 1 
δq 2  q 2 
δq 3  q 3 
 
δq 4  q 4  old

..(24)

In order to facilitate the search for the
quaternion q* that minimizes J(q) ,
the latter is now converted into an
explicit function of q . To meet this
end, define:

Then we can estimate the optimal
correction of
the
first
three
components of quaternion (δq13) by
using:
..(21)
δx = (H T WH) −1 H T Wδy

 δq1 
δq 
 2
1 δq3 
 
 1 
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..(35)

where Mijk is a 4×4 symmetric matrix.
Then Eq.(24) can be written as :
m n
..(36)
J (q ) = ∑ ∑ (q T M ij q ) 2
k

k

j

or
m n

J(q) = q T ∑ ∑ M ijk qq T M ijk q
k j


..(37)

Obviously, the problem of
finding the matrix A* that minimizes
J(A) defined in Eq.(13), has been
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transformed into finding q* that
minimizes J(q) of either Eq.(36) or
Eq.(37) which are explicit of q .
Unfortunately, J(q) is quartic in
q,therefore an iterative algorithm can
be used to minimize the quartic cost
function J(q) .
3.2.1 Minimization of Quartic Cost
Function
Define C(q) as follows:
m n
C (q ) =
M ij qq T M ij …..(38)

∑∑
k

k

k

j

Then, the quartic cost function of
Eq.(37) can be written as:
…...(39)
J ( q ) = q T C( q ) q
We wish to minimize J with respect
to q where the latter has to satisfy the
normality constraint :
q Tq=1
....(40)
To accomplish this, define
following Lagrange function:

L(q,λ) = J(q) + λh(q)

the

.. (41)

where

h(q) = 2(1– q Tq)

…. (42)

The necessary condition for q* to be a
local minimum is as follows [14]:
∂L
Lq =
=0
∂q
(43a)
∂L
…..(43b)
Lλ =
=0
∂λ
When performing the differentiation
and
after
some
elaborate
manipulations one obtains the
following equations:
Lq =4C(q)q–4qλ=0 ⇔ C(q)qλq ..(44)
or
λ =qTC(q)q
..(45)
and
Lλ = 2(1– qTq) = 0 ⇔ qTq = 1 ..(46)
where q ∈ ℜ 4 , λ ∈ ℜ
Observe that:
λ = qT C(q) q = J(q) ≥ 0

..(47)
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and, therefore :
min J(q) = λmin ≥ 0

…... (48)

q

This observation is used later to
initialize the minimization algorithms
near the minimum point of the quartic
cost function by selecting λ0 = 0. Also
observe that C(q) should be
nonnegative definite to guarantee
λ≥0.
3.2.2 Minimization
via
the
Eigenproblem Algorithm [13]
Eq.(44) can be rewritten as:
..(49)
(C(q*) – λ*I)q* = 0
Because the q*≠ 0, therefore the
homogeneous system above has
nontrivial solution if and only if:
det(C(q *) – λ*I) = 0
..(50)
where det(.) is the determinant of a
matrix .
In fact , the solution of Eq.(50) ,
which is known as the characteristic
equation of the matrix C(q*) , gives
four values of λ which are called
eigenvalues, and the corresponding
nontrivial solution vectors q’s of the
system
Eq.(49)
are
called
eigenvectors.
Recalling Eq.(48)
……. (51)
min J (q) = λmin ≥ 0
q

therefore, the smallest eigenvalue of
C(q) will represent the minimum
value of the cost function J(q) , and its
corresponding eigenvector q will
minimize J(q) .
From this idea, a solution that
immediately comes to mind is the
following. Guess an initial q and use
it in Eq.(38) to compute C(q). Then,
find the eigenvalues and eigenvectors
of C(q) and we select the eigenvector
which is corresponding to smallest
eigenvalue .Then , this eigenvector
will be used as q for next iteration .
The eigenvalues associated with
the equation C(q)q = λq should be
real and nonnegative since ¸ λ =
qTC(q)q = J(q) ≥ 0. Therefore, a
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necessary
condition
for
the
convergence of the above algorithm is
that the matrix C(q) must be
symmetric and nonnegative definite.
Such a matrix has real nonnegative
eigenvalues. The matrix C(q) is
indeed
symmetric
because
the
matrices Mij and qqT that compose
C(q) are symmetric. In addition the
matrix C(q) is positive definite.
It
was
found
that
the
convergence
of
the
preceding
algorithm is very slow and near the
end it alternates between two values,
none of which is the correct solution.
It was observed, however, that the
two values are almost symmetric
about the correct solution. Therefore,
the algorithm is modified in the
following way. The solutions obtained
from two successive iterations are
averaged. The average solution is then
fed into the iterative algorithm, which
is run twice again. The results of these
two iterations are averaged again and
so on.
4- Integer Ambiguity Resolution
Since
the
receivers
only
measure the fractional part of the
carrier phase, the range difference is
ambiguous until the integer ambiguity
resolution is solved. In this paper the
attitude-independent algorithm refers
to the method described by Crassidis
[15] is presented. It is based on
geometric inequality constraints to
reduce the integer space search and on
a cost-function to be minimized in
order to determine the optimal
solution. The algorithm can use three
sightlines and then consider one
baseline at a time (when three noncoplanar sightlines are available), or
can use three baselines and then
consider one sightline at a time (when
three non-coplanar baselines are
available). Since in this paper it is
assumed that the baseline array is
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coplanar, due to the experiment
configuration, a set of non-coplanar
sightlines must be available.
4.1Geometric Constraint [15]
The first step involves reducing
the integer search space by using a
subset of only two sightlines
simultaneously, instead of three. The
reduced subset consists of the integers
that pass the following geometric
inequality for kth baseline and
differenced sightlines s12 and s13 :
[b k ⋅ (As12 × As 13 )]2 > 0 … (52)
This means that the bk, As12, and As13
must not lie in the same plane. This
constraint can be rewritten as attitudeindependent as:
|| b k || 2 || s12 || 2 || s13 || 2 − || b k || 2 (s12 ⋅ s13 ) 2
2
13 2
12
− || s 12 || 2 (∇∆Φ13k − N 13
|| (∇∆Φ 12
k ) − || s
k − Nk )

12
13
13
12
+ 2(∇∆Φ12
⋅ s13 )
k − N k )(∇ ∆Φ k − N k )(s
>0
..(53)

Although double differences
may increase the search space size
twice as much as using single
differences, a significant reduction of
the search space size is achieved by
using the constraint in Eq.(53). For
example, with three sightlines
(assuming that k denotes all possible
integers associated with each baseline,
where k is twice the number of the
wavelength contained in the baseline)
the search space required to determine
the integers is on the order of (2k)3;
however, with the reduced subset
using Eq.(53), the search space is now
on the order of 3(2k)2. Furthermore,
by taking the common integers
corresponding to each baseline, found
between any two sightline pairs, the
search space becomes much smaller.
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4.2 Cost Function Minimization
[15]
Next, the following negative-loglikelihood function is used :
L 
2


J(nk ) = 1 ∑ σk−2 (p) S−1(p)Γ (p)(Φ (p) − n )
2 p=1 
k
k
k
k



− bk

2

]

(54)
where

[
= [w

n k = N 12
k

Γk

[

}

2

+ trace(S −k1 (p)) + log σ 2k (p )

N 13
k

12 12
k

s

Φ k = ∇∆Φ 12
k

N 14k

13
w 13
k s

∇∆Φ 13
k

]

T

14
w 14
k s

∇∆Φ 14
k

]

]

T

..(55)
..(56)
..(57)

12 12 T
13 13 13 T
14 14 14 T
Sk = w12
k s (s ) +wk s (s ) +wk s (s ) ...(58)
σ 2k (p) = 4(Φ k (p) − n k ) T ΓkT (p)S k−3 (p)Γk (p)
(Φ k ( p) − n k ) − trace 2 (S−k 1 ( p)) (59)
The symbol p denotes the variable at
time tp. Eq.(54) can be used to
determine the double differenced
integer ambiguities instantaneously
(when L=1) or using a small amount
of data (i.e. L > 1), by checking the
remaining integers that pass the
inequality condition in Eq.(53) .The
integer set that minimizes Eq.(54) is
chosen as the final solution.
5-Simulation Results
In this section, the results will
be showed as obtained from applying
the algorithm that shown in Figure(2).
A real data recoded from an
experiment of GPS attitude system
which had been made by the
University
of
Calgary
on
29/06/2005, is used [16]. This data
consists of five files; four for the data
observations of the four GPS
receivers
(Antenna1.obs,
Antenna2.obs, Antenna3.obs and
Antenna4.obs files), and one for the
ephemeris (Antenna1.eph file) that
corresponds to master antenna
(Antenna1).The configuration of the
antenna array is shown in Figure(3).
The recorded data is taken from a
static case and the actual yaw, pitch
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and roll are (-113.9, -0.5 and -141)
degree respectively. Some of the
statistic analysis will be evaluated.
Also the effects of the wrong integer
ambiguities will be shown.
During the period of the data
recorded (30 minutes), the satellites
(3, 15, 18, 19, 21, and 22) are
observed by the all receivers.
Moreover,
during
this
period
(319099-320898 seconds in GPS
time), (1800) epochs will be sampled.
For each epoch, complete information
for each satellite will be extracted
(ephemeris
data,
GPS
time,
pseudorange, L1 carrier phase, and
Doppler).
In this work, the baselines are
coplanar therefore three sightlines
non-coplanar case will be considered
for the resolution integer ambiguity
stage. Four of the observed satellites
(15, 19, 21 and 22) will be used only
in the calculation in order to perform
the required three double differences
equations to resolve the integer
ambiguities (three integers for each
baseline).
At first, we must resolve the
integer
ambiguities
using
the
resolution
integer
ambiguity
technique that has been described.
Firstly, when the geometric constraint
(Eq.(53)) is used, the search space for
each baseline will be reduced as
shown in Table (1). It is clear that a
significant reduction in the integer
sets is achieved by using this
constraint.
After that, these integer sets that
pass the geometric constraint will be
as inputs to the cost function in
Eq.(54).The
integer
sets
corresponding to the minimum cost
will be selected as the correct
integers. The integer ambiguities are
resolved for each baseline as shown in
Table (2). These integers will be fixed
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during the period of simulation
because there are no cycle slips.
Figure (4) and Table (3) show
the
comparison
between
the
algorithms of attitude estimation
(Single-point and Eigen-problem)
using three baselines. In Table (3), the
root mean square (RMS) is for the
error between the estimated and the
actual attitude parameters. Note that
the Single-point algorithm converges
exponentially to the correct solution
and it is faster than others.
Obviously,
the
standard
deviation (STD) and the accuracy of
Single-point method for all attitude
parameters (roll, pitch and yaw) are
smaller than those of the other
method. Actually, the main difference
between the two algorithms is in the
convergence to minimum point from
any initial quaternion. Figure (5)
shows the performance of the two
methods. This example is taken from
the data at epoch one when they are
used to estimate the roll angle. In this
test a large initial quaternion is chosen
to demonstrate that there are cases
where the Eigen problem algorithm
converges to the wrong extreme point
whereas the Single-point converges to
the correct solution. Figure (6) shows
another performance using initial
condition which is different from that
used in Figure (5). From this
comparison, we note that the Singlepoint
algorithm
converges
exponentially to the correct solution
and it is faster than other.
In Figure (7), the residual error
between the measured and estimated
carrier phase double difference of
Single-point test is shown. Since
multipath errors still exit in the
measurements, oscillations are shown
in the residual errors. However, the
residual errors are below 2-sigma (i.e.
2×0.0368). The assumed standard
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deviation for carrier phase double
differenced is (√2×.026).
To show the effect of the
incorrect integer ambiguity on the
attitude estimation, the integer of
SV15-SV19
corresponding
to
baseline1 will be shifted by (+1)
cycles. Figure (8) shows this effect on
yaw, pitch and roll estimation.
Obviously, there is a large error in roll
angle, this is because the baseline1
represents roll axis.
6-Conclusions
Actually, the carrier phase
measurement represents part of the
range between the GPS receiver and
viewed satellite in GPS signal
wavelength because the integer
ambiguity (the rest part of the range),
which is unknown parameter, must be
resolved firstly. Without resolving the
integer ambiguity, the carrier phase
measurements remain meaningless.
Therefore, the integer ambiguity
resolution is the key for the attitude
estimation.
The results show that the
accuracy of Single-point is better than
other ( i.e the RMS of yaw, pitch and
roll respectively are 0.137, 0.079 and
0.197 degree for single-point and
0.146 , 0.117 and 0.247 degree for
Eigenproblem) and is faster. It was
shown that when the initial quaternion
is far from the correct solution then
Eigenproblem
algorithm
may
converge to the wrong extreme point
because the search direction may
jump and miss the minimum.
The obtained standard deviation
values in this paper are better than
that obtained in Ref. [10] (in this
paper the STD of yaw, pitch and roll
are 0.029, 0.028 and 0.172 degree
compared with 0.412, 0.394 and 0.378
degree in [10] ).
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Table (1) Useful of the Geometric Constraint.
Baselines
1
2
3

Integer range

Integer sets

Integer sets

(cycles)

without constraint

with constraint

-28:28
-102:102
-104:104

185193
8615125
9129329

23427
1154150
1433304

Reduction %
87.3
86.6
84.3

Table (2) The Resolved Integer Ambiguities for the Three Baselines.
Integers

Baselines
Baseline1
Baseline2
Baseline3

N15 _ 19

N15 _ 21

N15 _ 22

9
4
6

-1
1
-1

3
6
7

Table (3a) The Statistics of Yaw Estimation (degree).
Method
Single-point
Eigen problem

Min

Max

Mean

STD

RMS

-113.8
-113.9

-113.7
-113.7

-113.8
-113.8

0.029
0.036

0.137
0.146

Table (3b) The Statistics of Pitch Estimation (degree).
Method
Single-point
Eigen problem

Min

Max

Mean

STD

RMS

-0.536
-0.557

-0.330
-0.014

-0.426
-0.403

0.0281
0.061

0.079
0.117

Table (3c) The Statistics of Roll Estimation (degree).
Method

Min

Max

Mean

STD

RMS

Single-point

-141.6

-140.5

-141.1

0.172

0.197

Eigen problem

-141.4

-140.2

-140.9

0.225

0.247
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Figure (1) Interferometric Model.

Start

Define the ant. body coord. and the fixed
baseline lengths

Observations and
Ephemeris files

1

Read recorded data

Read one epoch of observations and latest eph
data

Compute SV positions and SV clock errors

Compute position of the master ant. and then
calculate the sightlines

Find the common SVs between the
three (four) receivers

2
Figure (2) The Flowchart of the Attitude Determination system
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2

Form carrier phase double
differences

Yes

No

Has cycle slip
occurred? Or
new SV?

Estimate Yaw, Pitch and
Roll using (Single point
and Eigen- problem)

Carrier phase ambiguity
resolution algorithm

Attitude
storage

1

No

End of obs.
data?

Yes
End

Figure (2) The Flowchart of the Attitude Determination system (continued).
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9.597m
b

-y

ant1

ant3
9.936m

ant4

2.601m
ant2

xb
Figure (3) Antenna Body Coordinates

Figure (4a) Yaw Estimation

Figure (4b) Pitch Estimation
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Figure (4c) Roll Estimation

Figure (5) Performance Comparison to Estimate the Roll Angle.

Figure (6) The Performance Using Different Initial Quaternion
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_ 19
Figure (7a) The Residual Error of ∆∇Φ 15
1

~

_ 21
Figure (7b) The Residual Error of ∆∇Φ15
1

~

_ 22
Figure (7c) The Residual Error of ∆∇Φ15
1
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_ 19
Figure (7d) The Residual Error of ∆∇ Φ 15
2

~

_ 21
Figure (7e): The Residual Error of ∆∇Φ 15
2

~

_ 22
Figure (7f) The Residual Error of ∆∇Φ 15
2
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Figure (8a) Yaw Estimation Using Incorrect Integer.

Figure (8b) Pitch Estimation Using Incorrect Integer.

Figure (8c) Roll Estimation Using Incorrect Integer.
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