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Abstract
We have used the theory of Bose-Einstein condensate to develop a theoretical model
to calculate the coherence length of the interacting particles. Three different types of atoms
are treated in this model in order to check its validity. Comparing our results with the
available experimental and theoretical data in the literature showed a very good agreement.
Since the atom laser is a brand new study and still a basic, according to our knowledge, no
other values could traced for atoms like 24Mg, 39K, and 133Cs in the literature. Therefore, we
can claim that our calculations for these atoms are made for the first time.
Keywords: Laser cooled atom, BEC atom, Trapping

Introduction
More than 45 years ago, the invention of the first optical lasers marked a scientific
breakthrough. With optical lasers the ultimate control over light waves at the quantum
limit had reached. Now, a similar spectacular degree of control over matter waves has
been achieved with the realization of Bose-Einstein condensation in dilute atomic
gases, see Anderson et al [1]; Davis et. al. [2]; and Bradley et. al. [3].
The highly phase coherent ensemble of atoms in a Bose-Einstein condensate is usually
created in a trapped state and different techniques have been developed to convert the
trapped atoms into freely propagating coherent matter waves, the so called atom lasers
Mewes et. al. [4]; Bradley et. al. [5]; Anderson and Kasevich [6]; Hagley et. Al; [7] and
Bloch et. al. [8]. These novel atomic beam sources promise to be important
constituents of future atom interferometers and atomic clocks and are also believed to
be important tools for the field of atom holography Morinaga et. al.[9]. The unique
properties of atom lasers will make it possible to enter an experimental regime in atom
optics that is not accessible for thermal atom sources. In light optics, the availability of
coherent sources has substantially increased the range of photonic applications.
Similarly, it expected that coherent matter wave sources will have a profound impact on
applications such as atom interferometer Berman [10], or the manipulation of atomic
beams on a nanometer scale. Focusing of the atom laser beam is a central step towards
an atom laser microscope Balykin and Letokhov, [11], Doak et. al. [12].
To achieve a highly mono energetic atom laser beam of short de Broglie wavelength
our novel atom optical element could be used to accelerate the beam. It should then be
possible to focus the beam to spot sizes much smaller than achievable in focal light
microscopy and comparable to high-energy electron microscopy. To fulfill these
expectations it is crucial to invent atom optical elements that are adapted to the
demands of the new highly coherent atom sources. For thermal atom, sources varieties
of atom optical elements have been investigated Adams et. al. [13]; Holst and Allison
[14]; Hinds and Hughes [15], which redirect, split, or shape atomic beams using
position- or time-dependent potentials. To preserve the coherence properties of atom
lasers a very high “surface quality” of atom optical elements is required. The de
Broglie wavelength of an atom laser beam can be well below ten nanometers. The
effective surface roughness of atom optical elements should therefore be even smaller.
The simplest approach to realize a coherent matter wave source is to suddenly releasing
a Bose-Einstein condensate from the magnetic trap. The mechanical manipulation of
released condensates has been demonstrated using optical standing wave fields Kozuma
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et. al. [16]; Stenger et. al. [17]. Suitably shaped off-resonant laser fields Bongs et. al.
[18], and pulsed magnetic fields Arnold [19]. Because of the sudden switch-off of the
confining potential, the energy of the repulsive interaction between the atoms is
transforming into kinetic energy. The velocity distribution of the released atoms is
therefore much broader than the Heisenberg limit associated with the spatial size of the
trapped condensate. The velocity spread is drastically reducing for atom lasers
employing continuous output coupling, where a Fourier limited output can be
approached Band et al. [20], and interaction effects are minimizing. The resulting
mono energetic atom laser beam is not susceptible to dispersive effects in the
manipulation of coherent matter waves Bongs et. al. [18], however these are unwanted
in most atoms optical applications. The atom laser output is extracting from 87Rb BoseEinstein condensate using continuous output coupling was investigating by Bloch, et al.
[8]. Immanuel Block, et. al. [21] reported the experimental results on the continuous
output coupling of atoms from magnetically trapped Bose-Einstein condensates.
The idea for an atom laser predates the deconstruction of the exotic quantum
phenomenon of Bose-Einstein Condensation (BEC) in dilute atomic gases. However, it
was only after the first such condensate was produced in (1995) by Anderson et. al.[1],
that the pursuits to create a laser-like source of atomic de Broglie waves become
intense. In a Bose condensate, all the atoms occupy the same quantum state and can be
describe by the same wave function. The condensate therefore has many unusual
properties not found in other states of matter. So, why can we think of Bose condensate
as a coherent source of matter wave? To address this crucial point we have to remind
ourselves of some of the physics behind the properties of laser light. In laser, all the
photons share the same wave function. This is possible because photons have an
intrinsic angular momentum, or “spin”, of Planck’s constant ħ. Particles that have a
spin that is an integer multiple of ħ obey Bose-Einstein statistic. This means that more
than one so-called boson can occupy the same spin such as electrons, neutron and
protons, which all have spin ħ/2 and obey Fermi-Dirac statistics, and only one fermion
can occupy a given quantum state. A composite particle, such as an atom, is a boson if
the sum of its protons, neutrons, and electrons is an even number; the composite
particle is fermions if this sum is an odd number. Sodium23 atoms, for example, are
bosons so a large number of them can force to occupy the same quantum state and
therefore have the same wave function. To achieve this, a large number of atoms must
confined within a tiny trap and cooled to sub-mille Kelvin temperatures using a
combination of optical and magnetic techniques (See Bose condensate make quantum
leaps and bound sand, Townsend et. al. [22] in further reading).
In this work, we will concentrate on the properties of the condensates rather than on
their creation. We have been able to create a numerical model to calculate the
coherence length of highly collimated and mono energetic beams of atoms such as
24
Mg, 39K, and 133Cs for the first time.

Theory
A) Mathematical background
The general vector state to describe a highly collimated non-interacting beam of
neutral atoms propagating in non-conducting medium, Castellanos and Lopez [23], is
given by:
+∞
r rr
r
r
(1)
ψ (r , t ) = ∫ A(k )e i ( k .r −ωt ) dk
−∞
r
Equation (1) indicates a vector sum, where k corresponds to the vector associated to the
plane wave solution for a free particle. On the other hand, the integral stems from the
possibility of the particle beam of taking any (continuous) value of momentum. In case
of discrete changes in momentum,
it is customary to write down:
r i ( kr .rr −ωt )
r
ψ (r , t ) = ∑ Ak (k )e
(2)
k

Going from equation (1) to equation (2) is straightforward, but the former it is not so
easy to deal with. For instance, the current density,
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In the integral form it reads:
v v
v
h  v v 2 v
J =
2 ∫ k A(k ) dk + ∫v Γ (k ′)dk ′
2mi 
k′

where,
v v v
v
v v
v
v
v
v
v
Γ (k ′) = ∫ k A(k ′) A* (k )e − i ( k − k ′).r + A* (k ′) A(k )e i ( k −k ′).r dk
k ≠k ′

{

(3)

(4)

(5)

}

(6)

The physicalv meaning
of equation
(5) is made visible when one writes:
v
v
v
v
τ = kv − k ′ ⇒ dτ = dk
(7)
for a fixed k ′ . Then the first term at the right-hand side of equation (6) (the remaining
is a complex conjugate) will be:
v v v v
vv
v v
v
v v
v
v
v v v
γ = ∫ k A(k ′) A* (k )e − i ( k − k ′).r dk ⇒ γ = ∫ A(k − τ )e i ( k −τ ).r k A* (k )e − ik .r dk
(8)

][

[

]

Equation (8) dose not quite satisfy the correlation (classical) definition for a pair of
functions g (ξ ) and h(ξ ) :

γ = g (ξ ) ⊗ h(ξ ) ⇒ γ = ∫ g (ξ )h * (ξ − τ )dξ
(9)
v
Because in this vexpression τ is a fixed correlation parameter
v and in this treatment (see
equation (7)), τ is changing continuously together with k . However, one still can say
that equation (8) has the meaning of a correlation, sincev the integrand
can be
v v
understood
as a correlation between particles of momentum k and (k − τ ) for a given
v
k ′ . Keeping this vin mind equation (6) makes account of all these correlations for
′
different values
v of k .v Then* one
v writes:
v
Γ(k ′) = ∫ γ (k ) + γ (k ) dk
(10)

[

]

v
Now, a particle beam can be experimentally prepared in such a way that A(k ) may be a
v
real number. This only means that for initial condition (t = 0, r = 0) A(k ) has already
some definite value (including zero). With this argument, equation (5) now reads:
v v 2 v
v
v v v v v v v vv v
v
h
(11)
J =
2∫ k A(k ) dk + 2∫ dk ′∫ Re A(k − τ )e i ( k −τ ).r k A* (k )e −ik .r dk
2m

{

[

{

][

[

]

]

}

}

v v 2 v
v
v v
v v v v v
v
h
J =
2 ∫ k A(k ) dk + 2 ∫∫ A(k ′) A* (k )k cos (k ′ − k ).r dk dk ′
(12)
2m
This equation represents the more general expression for describing non- interacting
particle beam propagation. The second term (associated with coherence throughout
correlation) describes focusing phenomena both directional (i.e., certain directions
contain a bigger amount of particles than other directions) and longitudinal (along a
particular direction, where some focus will exist).
From the second term on the right hand side of equation (12) one note that for a vpair of
atoms traveling in the same direction and with a slight difference in k , the
corresponding
v focusing
v v along z-axis will correspond to those points where:
(k ′ − k ) • z = 2nπ
(13)
v
v
v
where n = 1,2, … ; For de Broglie particles with p = hk = mv we have,

z≅

2nπh 2nπh
=
∆p
m∆v

(14)
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where ∆v = v ′ − v is the atomic velocity difference between atoms, m the atomic mass
and h is the Planck constant. If the coordinate z is measured from the beam origin, eq.
(14) can be put in the form
(15)
∆z∆p ≅ 2nπh
To understand eq. (15), it is straightforward from the quantum mechanical point of
view. In fact, this expression is identified as the uncertainty principle since ∆p = 0
means that we cannot localize any focus on z−axis. We are in the presence of a perfect
monochromatic plane wave (i.e. every particle in the beam has exactly the same
energy).
On the other hand, if we choose any two particles into the beam with a momentum
difference ∆p , and we track them in time, there is a certain possibility, different from
zero, that they will focus in some point z given by equation (15). This probability will
be smaller as ∆p increases. It comes out from this argument that, in geometrical term,
the existence of any focus will mean some degree of coherence, and therefore focus at
infinity means perfect or total degree of coherence (for a given n). On the contrary,
focusing near the origin without any farther focus will mean a lower degree of
coherence since the beam will spread along the propagation axes. When we deal with
light, we better put equation (15) as:
1
2π∆v∆z
n
(16)
(k ′ − k ) z = 2nπ ⇒ (∆ω ) = 2 nπ ⇒
= 2 nπ ⇒ ∆z =
c
∆v
c
c
c
For n=1 we obtain the so-called coherence length in optics ∆z =
, Born and Wolf
∆v
[24]. If we know the bandwidth of a laser, we will know the distance at which the field
will oscillate in rigorous phase. Therefore, it is interesting that requiring focusing in
equation (13) as a coherence condition, we arrive at the well-known formula of
coherence length.
Since the first Bose-Einstein condensate (BEC) was obtained, the laser of atoms
became visible, Anderson et. al. [1]. This object is defined as a device producing an
intense and well-collimated coherent beam of atoms, Ketterle [25] and Wisemen [26],
involving a process of coherent matter-wave amplification, Miesner et. al. [27]. Since
atoms have masses and they interact while traveling, the coherence of the beam
presents an additional spreading, which has to consider as variant of the Photon Laser.
One can do this by replacing equation (1) with the outgoing wave function of the
condensate Ψ0 and then perform the same prosecutor as before. In the following, we
describe briefly how to obtain Ψ0 . A more detailed and rigorous deduction can be
found in the paper by Gerbier et. al. [28].
These authors consider a (BEC) of 87 Rb in the hyperfine level with F=1. This
condensate could be in any of the sublevels m=−1,0,1. Atoms in a state with m=−1 is
confined in a magnetic potential of the form:
1
Vtrap = M ( w x2 x 2 + w⊥2 y 2 + w⊥2 z 2 ) ,
2
Atoms in a state with m=0 are the un trapped ones, and those with m=1 are rejected out
of the trap. These are the three components of the spinorial wave function of the
condensate Ψ = [ψ m ]m= −1,0,1 and they obey a set of Schrödinger coupled equations,

Ballagh et.al. [29]. When the limit of weak coupling is considered, Steck et. al. [30], the
population N m satisfy N 1 ≤ N 0 ≤ N −1 and only the states with m=−1 and m=0 are
considered. The condensate atoms are transferred from the state m =−1 (trapped) to the
state m=0 (un trapped) by using a rf. pulse:
v
(17)
Brf = B rf cos(ω rf t )eˆ x
− imω t

Thus the components of (BEC) ψ m = ψ m′ e rf satisfy the two coupled equations
Gerbier et. al. [28]:
v
hΩ rf
∂ψ −1
2
ih
= hδ rf + P 2 / 2M + Vtrap + U ψ −1 ψ −1 +
ψ0
(18)
∂t
2

[

]
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[

]

v
hΩ rf
∂ψ 0
2
= P 2 / 2 M − Mgz + U ψ −1 ψ 0 +
ψ −1
(19)
∂t
2
The intensity of the interaction is given by U = 4πh 2 aN / M , where N is the initial
number of trapped atoms, M is the atomic mass, and is the diffusion length for inter
atomic collision process which, for the 87 Rb is 5nm.
ih

The uncoupling intensity between states m =−1 and m =0 is given by the Rabi flopping
frequency:
hΩ rf = µ B Brf / 2 2
(20)

The detuning δ rf is
hδ rf = Voff − hω rf

(21)

Voff = µ B B0 / 2 + Kz 2 / 2

(22)

and
B0 is the background magnetic field due to the coils of the trap. Equations (18) and
(19) are uncoupled in the framework of the mean field theory and the weak coupling
limit, Gerbier et. al. [28], obtained for Ψ0,
v

ψ 0 (r , t ) ≈ A(Ω rf , F )
where,

A(Ω rf , F ) = − π

e

2
i ξr
3

2/ 3

ξr

−i

E −1t
h

(23)

1/ 2

hΩ rf

φ −1 ( x, y, z r ) F
(24)
Mgl
Here, F describes the finite extension of an atom laser beam due to the finite coupling
time (e.g. the time of rf irradiation) and is constant for each particular laser. The
dimensional parameter ξ r = ( z − z r ) / l provides a scale to the size of the trap,
z r = ηz 0 / 2 is the extraction point from the trap, and
1/ 2
µ
φ −1 ( x, y, z r ) = ( )1 / 2 [1 − ( x / x0 ) 2 − ( y / y 0 ) 2 − ( z / z 0 ) 2 ]

(25)
U
2
The quantity φ −1 ( x, y, z r ) corresponds to the trapped atomic population in the output

point z r . In what follows a definitions of some important figures such as l , z 0 , x 0 , y0
and η :
1/ 3

 h2 
2µ
2µ
2µ
1
 ; x02 =
l = 
; y 02 =
; z 02 =
;η = (2hδ rf + 4 µ / 7)
(26)
2 
2
2
2
2 mgz 0
Mwx
Mw⊥
Mw⊥
 2M g 
Where µ is the chemical potential, and is understood as the necessary energy to either
add or remove a condensed atom in the trap ensemble. The chemical potential µ is
defined as, Dalfovo et. al. [31]:
15aN −1 2 / 5
(27)
µ = (hω / 2)(
)

σ
with ω = (ω xω )
and the harmonic oscillator length defined as σ = (h / Mω )1 / 2 .
Note that l << x0 , y0 , z 0 .
2 1/ 3
⊥
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B) Numerical model for Coherence Length for an Atom Laser
We now use Eq. (13) invorder to find the coherence length. To do this we need to know
the propagation vector k , which is calculated using Eq. (23) and following the standard
v
v
2
procedures, Flugge [32]. We then calculate J , and find v = J / P with ρ = ψ 0 .
r
r
v
h
J
h
h z + zr
J =
ψ * ∇ψ − ψ ∇ψ * ; v = ⇒ v =
ξr ⇒ v =
(28)
2mi
P
ml
m l 3/ 2
v
v
where ξ r = zl + zlr . We now use the de Broglie relation P = hk = mv to obtain the
v
propagation vector k , we obtain for its magnitude:
z + zr
(29)
k=
l 3/ 2
We then replace equation (29) into equation (13):

(

)

[(z + z )

]

− ( z ′ + z r )1 / 2 z = 2nπl 3 / 2
(30)
It is clear from section A and Eq.(13) that z − z ′ is the correlation length for the
interacting atom laser beam between two different points of the beam. Since we are
interested in the coherence length measured from the extraction point z r , we make
z ′ = z r . Therefore:
1/ 2

r

[(z + z )

1/ 2

r

]

− ( z r )1 / 2 z = 2nπl 3 / 2

(31)

By solving this equation for n=1, we obtain the coherence length z for the atom laser.

Results and Conclusion
The coherence of a condensate or output beam can characterized using the theory
of "partially" coherent matter-wave fields. The theory incorporates various so-called
coherence functions that provide quantitative information about the coherence. The
simplest of these, first-order coherence, tells us whether we can see interference fringes
formed by two overlapping fields. Higher order coherence functions can represent
intensity correlations between fields, for example.
According to the theory, the matter waves output by an atom laser are coherent in two
respects: they contain a narrow range of wavelengths and they are much more stable in
intensity than thermal beam. An important challenge in building a continuous atom
laser is to design an output-coupling scheme that keeps the phase of the matter waves
"in step" over a long period. Suppose that we describe the matter wave by
I(x,t)=A(x,t)cos(ωt+f(x,t)) and we can keep the intensity, A, constant. The overall
coherence of the output is then limited by the stability of the phase, f, over time and in
space. If the phase wanders over time then it will also limit the line width of the atom
laser via the uncertainty principle. An atom laser is analogous to an optical laser, but it
emits matter waves instead of electromagnetic waves. Its output is a coherent matter
wave, a beam of atoms which can be focused to a pinpoint or can be collimated to travel
large distances without spreading. The beam is coherent, which means, for instance, that
atom laser beams can interfere with each other. Compared to an ordinary beam of
atoms, the beam of an atom laser is extremely bright. One can describe laser-like atoms
as atoms "marching in lockstep". Although there is no rigorous definition for the atom
laser (or, for that matter, an optical laser), all people agree that brightness and coherence
are the essential features. A laser requires a cavity (resonator), an active medium, and
an output coupler. In atom laser, the "resonator" is a magnetic trap in which the atoms
confined by "magnetic mirrors". The active medium is a thermal cloud of ultra cold
atoms, and the output coupler is an rf pulse which controls the "reflectivity" of the
magnetic mirrors.The analogy to spontaneous emission in the optical laser is elastic
scattering of atoms (collisions similar to those between billiard balls). In a laser,
stimulated emission of photons causes the radiation field to build up in a single mode. In
an atom laser, the presence of a Bose-Einstein condensate (atoms that occupy a "single
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mode" of the system, the lowest energy state) causes stimulated scattering by atoms into
that mode. More precisely, the presence of a condensate with N atoms enhances the
probability that an atom will be scattered into the condensate by N+1.
In a normal gas, atoms scatter among the many modes of the system. But when the
critical temperature for Bose-Einstein condensation is reached, they scatter
predominantly into the lowest energy state of the system, a single one of the myriad of
possible quantum states. This abrupt process is closely analogous to the threshold for
operating a laser, when the laser suddenly switches on as the supply of radiating atoms
is increased.In an atom laser, evaporative cooling does the “excitation” of the “active
medium” - the evaporation process creates a cloud, which is not in thermal equilibrium
and relaxes towards colder temperatures. This results in growth of the condensate.
After equilibration, the net "gain" of the atom laser is zero, i.e., the condensate fraction
remains constant until further cooling applied.Un-like optical lasers, which sometimes
radiate in several modes (i.e. at several nearby frequencies), the matter wave laser
always operates in a single mode. The formation of the Bose condensate actually
involves "mode competition": the first excited state cannot be macroscopically
populated because the ground state "eats up all the pie".
The output of an optical laser is a collimated beam of light. For an atom laser, it is a
beam of atoms. Either laser can be continuous or pulsed - but so far, the atom laser has
only realized in the pulsed mode. Both light and atoms propagate according to a wave
equation. Light is governing by Maxwell's equations, but matter is describing by the
Schrödinger equation. The diffraction limit in optics corresponds to the Heisenberg
uncertainty limit for atoms. In an ideal case, the atom laser emits a Heisenberg
uncertainty limited beam.Now we have a sufficient background to calculate the
coherence length for some atoms. In this calculation, we use the Mathematical program
to solve numerically equation (31). In the table shown below we list the results of all
possible atom lasers with alkaline species together with a comparison with the available
theoretical and experimental data:
Coherence length in micrometer
Atom

Our results

Other theoretical results

Na

2.4814

2.4622

87

Rb

1.0246

1.0299*

---

5.4803

5.4461*

---

7

Li

*

Experimental results

23

2.0 to 5.0**

24

Mg

2.3929

-----

---

39

K

1.7428

-----

---

0.7727

----

----

133

Cs

Table: Comparison between our results for the coherence length and the results of
Castellanos* et. al. [23] and Mark Trippenbach** et al. [34]
In particular, our treatment leads to a quantitative agreement with the experimental results of
Trippenbach et al. [34] for the atom of 23Na. In their experimental data, they obtained results
as different rf for the coherence length ranging between 2.0 µm to 5.0 µm. Moreover, our
results for atoms 23Na, 87Rb, 7Li are in excellent agreement with the theoretical values obtains
by Castellanos et al. [23].
In conclusion, we have proposed a very simple form for the calculation of the coherence
length for an atom laser, and have shown the validity of the method by comparison with the
experimental results of Trippenbach et al. [34]. This agreement encouraged us to calculate
the coherence length of atoms like 24Mg, 39K, 133Cs.
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…Numerical calculation of the coherence length of

ﺤﺴﺎﺒﺎت ﻋددﻴﺔ ﻝطول اﻝﺘﻨﺎﻏم ﻓﻲ ذرات  39K ،24Mgو Cs

133

ﻝﻠﻴزر اﻝﺠﺴﻴﻤﺎت
2

ﻨوري ﺤﺴﻴن ﻨور اﻝﻬﺎﺸﻤﻲ ،1ﻋﺒد اﻝﺒﺎﺴط ﻋﻠﻲ ﺼﺎﻝﺢ 2و ﺘوﻓﻴق أﺤﻤد اﻝﻌﺒﺴﻲ
ﻗﺴم اﻝﻔﻴزﻴﺎء ،ﻜﻠﻴﺔ اﻝﺘرﺒﻴﺔ ،ﺠﺎﻤﻌﺔ اﻝﺒﺼرة ،ﺒﺼرة-ﻋراق

اﻝﺨﻼﺼﺔ:

اﺴﺘﺨدﻤﻨﺎ ﻨظرﻴﺔ ﺒوز-اﻴﻨﺸﺘﻴن ﻝﻠﺘﻜﺜﻴف ﻝﺘﺸﻜﻴل ﻨﻤوذج ﻨظري ﻝﺤﺴﺎب طول اﻝﺘﻨﺎﻏم ﺒﻴن اﻝﺠﺴﻴﻤﺎت اﻝﻤﺘﻔﺎﻋﻠﺔ .ﺜﻼﺜﺔ
أﻨواع ﻤﺨﺘﻠﻔﺔ ﻤن اﻝذرات ﻋوﻝﺠت ﻓﻲ ﻫذا اﻝﻨﻤوذج ﻝﺒﻴﺎن ﺼﺤﺘﻪ .ﻗﺎرﻨﺎ ﻨﺘﺎﺌﺠﻨﺎ ﻝﺒﻌض اﻝذرات اﻝﺘﻲ ﺴﺒق دراﺴﺘﻬﺎ ﻤﻊ اﻝﺒﻴﺎﻨﺎت
اﻝﻌﻤﻠﻴﺔ واﻝﻨظرﻴﺔ اﻝﻤﺘوﻓرة ﻓﻲ اﻝﻤﺼﺎدر وﻗد أظﻬرت اﻝﻤﻘﺎرﻨﺔ ﻤطﺎﺒﻘﺔ ﺠﻴدة ﻤﻌﻬﺎ .ﺒﺎﻻﻋﺘﻤﺎد ﻋﻠﻰ ﻤﻌرﻓﺘﻨﺎ ﻓﺄن دراﺴﺔ اﻝﻠﻴزر
اﻝذري ﺘﻌﺘﺒر ﻤن اﻝدراﺴﺎت اﻝﺤدﻴﺜﺔ وﻻ ﺘزال ﻓﻲ ﺒداﻴﺘﻬﺎ ﻝذﻝك ﻻ ﻴﻤﻜن أن ﻨﺠد دراﺴﺔ ﺸﻤﻠت اﻝذرات اﻝﻤﻐﻨﻴﺴﻴوم)،(24
اﻝﺒوﺘﺎﺴﻴوم)  ,(39واﻝﺴﻴزﻴوم)  (139ﻓﻲ اﻝﻤﺼﺎدر .ﻝذﻝك ﻴﻤﻜﻨﻨﺎ اﻻدﻋﺎء إن ﻫذﻩ اﻝدراﺴﺔ ﻗد أﻨﺠزت ﻷول ﻤرة.
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