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Abstract
This paper proposes two important mathematical models related to network topology
which helps in computing some of the efficiency or reliability factors of communication
network as well as design purposes. Each of these models represents a topology
property. The first (second) of these models is used to compute the number of
appearances of any link (node) in the geodesics between nodes in a given network
topology, and so can be used to help in uniformly distributing the data flow through
links (nodes), as well as helping in measuring the degree of survivability of the network
in case of failure of some of its links (nodes). The two models have been developed
using “Graph Theory”, and so, giving the advantage of using the very wide range of
ideas, tools, and theorems of this field in case of developing other network topology
formulas based on the two models proposed in this paper.
Keywords: Network topology, Graph theory, Topology modeling and properties, Node
and link utilization.

ﺣﺴﺎب ﻋﺪد ﻣﺮات ظﮭﻮر اﻟﻌﻘﺪ و اﻟﻮﺻﻼت ﻓﻲ اﻟﻤﺴﺎرات اﻻﻗﺼﺮ ﺿﻤﻦ طﻮﺑﻮﻟﻮﺟﯿﺎت اﻟﺸﺒﻜﺎت
ﺑﺎﻋﺘﻤﺎد ﻧﻈﺮﯾﺔ ﺣﺎﻟﺔ اﻻﺷﻜﺎل
اﻟﺨﻼﺻﺔ
 ﯾﺴﺎﻋﺪ ھﺬﯾﻦ اﻟﻨﻤﻮذﺟﯿﻦ ﻓﻲ ﺣﺴﺎب.ﯾﻘﺘﺮح ھﺬا اﻟﺒﺤﺚ ﻧﻤﻮذﺟﯿﻦ رﯾﺎﺿﯿﯿﻦ ﻣﮭﻤﯿﻦ ﯾﺨﺼﺎن طﻮﺑﻮﻟﻮﺟﯿﺔ اﻟﺸﺒﻜﺔ
 ان ﻛﻞ ﻣﻦ. ﻛﻤﺎ ﯾﺨﺪﻣﺎن ﺑﻌﺾ اھﺪاف اﻟﺘﺼﻤﯿﻢ ﻓﻲ اﻟﺸﺒﻜﺎت،ﺑﻌﺾ ﻋﻮاﻣﻞ اﻟﻜﻔﺎءة و اﻻﻋﺘﻤﺎدﯾﺔ ﻟﺸﺒﻜﺎت اﻻﺗﺼﺎل
 اﻟﻨﻤﻮذج اﻻول )اﻟﺜﺎﻧﻲ( ﻣﻦ ھﺬﯾﻦ اﻟﻨﻤﻮذﺟﯿﻦ ﯾﺴﺘﺨﺪم.ھﺬﯾﻦ اﻟﻨﻤﻮذﺟﯿﻦ ﯾﻤﺜﻞ ﺧﺎﺻﯿﺔ ﻣﻦ ﺧﺼﺎﺋﺺ اﻟﻄﻮﺑﻮﻟﻮﺟﯿﺔ
 و ﺑﺎﻟﺘﺎﻟﻲ،ﻟﺤﺴﺎب ﻋﺪد ﻣﺮات ظﮭﻮر أي و َ ﺻـﻠﺔ )ﻋﻘﺪة( ﻓﻲ اﻟﻤﺴﺎرات اﻻﻗﺼﺮ ﺑﯿﻦ اﻟﻌﻘﺪ ﺿﻤﻦ طﻮﺑﻮﻟﻮﺟﯿﺔ ﺷﺒﻜﺔ ﻣﺎ
ﯾﻤﻜﻦ ان ﯾﺴﺘﺨﺪم ﻓﻲ اﻟﻤﺴﺎﻋﺪة ﻓﻲ اﻟﺘﻮزﯾﻊ اﻟﻤﻨﺘﻈﻢ ﻻﻧﺴﯿﺎب اﻟﺒﯿﺎﻧﺎت ﻋﺒﺮ اﻟﻮ َ ﺻﻼت ) اﻟﻌﻘﺪ( و ﻛﺬﻟﻚ اﻟﻤﺴﺎﻋﺪة ﻓﻲ
 ﻟﻘﺪ ﺗﻢ ﺗﻄﻮﯾﺮ اﻟﻨﻤﻮذﺟﯿﻦ ﺑﺎﻋﺘﻤﺎد. (ﻗﯿﺎس درﺟﺔ ﻗﺪرة اﻟﺸﺒﻜﺔ ﻋﻠﻰ اﻟﺒﻘﺎء ﻓﻲ ﺣﺎﻟﺔ ﻓﺸﻞ ﺑﻌﺾ و َ ﺻ َﻼﺗﮭﺎ )ﻋﻘﺪھﺎ
 و ھﺬا ﺑﺪوره اﻋﻄﻰ ﻣﯿﺰة اﻣﻜﺎﻧﯿﺔ اﻻﺳﺘﻔﺎدة ﻣﻦ اﻟﻤﺪى اﻟﻮاﺳﻊ ﻣﻦ اﻻﻓﻜﺎر و اﻻدوات و،ﻧﻈﺮﯾﺔ ﺣﺎﻟﺔ اﻻﺷﻜﺎل
اﻟﻨﻈﺮﯾﺎت اﻟﺘﻲ ﯾﺘﯿﺤﮭﺎ ھﺬا اﻟﺤﻘﻞ اﻟﻤﻌﺮﻓﻲ ﻋﻨﺪ اﻟﺤﺎﺟﺔ ﻟﺘﻄﻮﯾﺮ دوال اﺧﺮى ذات ﺻﻠﺔ ﺑﻄﻮﺑﻮﻟﻮﺟﯿﺔ اﻟﺸﺒﻜﺔ اﻋﺘﻤﺎدا
.ﻋﻠﻰ اﻟﻨﻤﻮذﺟﯿﻦ اﻟﻤﻘﺘﺮﺣﯿﻦ ﻓﻲ ھﺬا اﻟﺒﺤﺚ
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computing the number of appearances of
nodes and links on all possible routes.
Here, two important mathematical
topology models (properties) are proposed
which could be used for computing links
and nodes appearances on routes in the
network.
The two models or properties are
developed using graph theory approach.
2- Definition of Nodes and Links
Utilization
In general, the amount of traffic
between a source-sink pair is the amount
of information carried between them. The
measure of traffic is dependent on the
switching strategy followed by the system.
If a packet switched network is considered
then the minimum packet size may be
defined as one unit of traffic. If a circuit
switched network is considered, an
arbitrary small amount of time can be
considered as the amount of traffic. But
for either of the cases it will be assumed
that a direct or virtual connection has been
established between the source-sink pair
prior to initiation of the information
transfer. So while routing the information
through the pre-established path some
specific links and nodes will be utilized.
When a unit amount of traffic is routed
through a link or a node, it is said that that
particular link or node has been utilized
once [10].

1- Introduction
Network topology, and hence topology
modeling, plays a very important role in
many issues related to network design
such as network reliability and network
performance. In reality, many of the
measures or factors of reliability and
performance of a network are based on its
topology model. Moreover, choosing a
proper topology model can help in easing
network design.
Topology modeling
could be done many ways and depends on
the purpose behind modeling. The degree
of complexity of the topology model also
depends on the purpose behind
modeling[1-8].
When it comes to communication network
design, one of the important issues is the
traffic distribution over links and nodes in
the network. It is an important matter that
the network utilizes its nodes and links as
uniformly as possible. Unfortunately,
determining the traffic distribution in a
communication network is a very complex
process and in many cases is
unpredictable which makes some use
statistical methods to help in predicting to
some extent the nature of the traffic or
load in the network. The traffic
distribution and link and node utilization
is a function of many parameters among
which are: the topology, the relative
positions and number of the source and
destination nodes, and the presence of
high, medium or low traffic carrying
source-destination node pairs [9].
Considering the difficulties in estimating
links and nodes utilization mentioned
above, it will be helpful to find an
estimation approach which is only
topology dependent and so avoiding the
uncertainty and unpredictability of other
factors. This will, at least, help in
designing a topology which provides a fair
ground for uniform use of nodes and links
. But any such approach will need

3- Modeling Network Topology with
Graph Theory
Graph theory is a branch of mathematics
concerned mainly with structures. This
theory is concerned with patterns of
relationships among pairs of abstract
elements and has applications in many
science and engineering fields like
communication engineering, computer
science and engineering, electrical
engineering, and computational biology.
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Graph theory is quite useful when the be depended when developing the
main interest is in the structural properties properties here.
of any empirical system as it provides
concepts,
theorems,
and
methods A-Developing
the
“Number
of
appropriates to the analysis of structures
Appearances of Nodes on Geodesics”
Graph theory represents structures as Array
graphs which in turn will be represented The first property to be developed is the
as matrices. These matrices of the way number of appearances of nodes on
nodes are connected in the graph are geodesics (NAG(D)) array. This array
called adjacency matrices. Graph theory shows the number of times a given node is
will be used here for two main purposes on the geodesics between a given
the first of which is to model the connected nodes pair in a given graph D.
network topology in question, keeping in Here a formula (F1) is derived to support
mind that the topology of a network is in finding the array (NAGij(Nk)), which is a
reality a structure, and the second will be three dimension array and stands for the
in computing topology properties. Figure number of times node k is on the
(1) shows a simple network with its geodesics from node i to node j. The NAG
corresponding graph and adjacency matrix array is found as follows:
[11-18].
a- Find the distance matrix.(Refer to
appendix A for how to find the distance
matrix)
b- For a given i, j, k (where: 1 ≤ i,j,k ≤ n
and k≠i≠j, n=number of nodes in the given
network or graph), check if the node k is
on the geodesics from node i to node j.
This is done by checking if the distance
from node i to node k plus the distance
A-Network topology B- Topology Graph
from node k to node j is equal to the
distance from node i to node j. If this is
true then apply formula (F1) which states:
"If node k is on one or more of the
geodesics from node i to node j, then the
number of times node k is on the
geodesics from node i to node j is equal
to the number of geodesics from node
C-Adjacency Matrix
i to node k multiplied by the number
Figure (1): A sample network topology
of geodesics from node k to node j".
with its representative graph and
Figure (2) illustrates this formula
adjacency matrix.
which is to be proved as follows:
i- Since it is assumed that k is on one (or
4- Computing the “Number of more) of the geodesics from node i to
Appearances of Links and Nodes on
node j, then all geodesics from node i to
Geodesics” Properties
node k and all geodesics from node k to
There are different strategies of data
node j are part of these geodesics. This is
movement over the network through the
obtained from the theorem which states
links and nodes. One well known and used
that a point k is on a geodesic from point i
strategy is the shortest distance path
to point j if and only if dik + dkj = dij, and
(geodesic) strategy [19]. This strategy will
the converse is right [11].
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A) A 10 nodes network
A- Part of a sample topology showing all
possible paths from node i to node j.

B) Adjacency matrix
B- Details of the paths from node i to node j
through node k. Number of times node k is on
the geodesics from node i to node j = 2 × 3 = 6.

Figure (2): Illustration of the formula (F1).
ii- Each geodesic from node i to node k
can be completed by any of the geodesics
from node k to node j to form a geodesic
from node i to node j. This is obtained
from the theorem which states that every
subpath of a geodesic is a geodesic, then
the number of times k will appear on the
geodesics from node i to node j is equal to
the number of geodesics from node i to
node k multiplied by the number of
geodesics from node k to node j [11].
Figure (3) shows a 10-nodes sample
topology with its adjacency Matrix and
the number of appearances of nodes on
geodesics.

C- Number of times a given node is on the geodesics
between 2 connected nodes

Figure (3): Number of appearances of
nodes on geodesics.
B-Developing
the
“Number
of
Appearances of Links on Geodesics”
Matrix
The second property to be developed is
the number of appearances of links on
geodesics (LAG(D)) matrix. This matrix
shows the number of times a given link is
on the geodesics between a given linked

99

IJCCCE, Vol.12, No.1, 2012

COMPUTING NODES AND LINKS APPEARANCES ON
GEODESICS IN NETWORKS TOPOLOGIES USING
GRAPH THEORY

______________________________________________________________________
nodes pair. To form LAG(D) means
finding the number of times a given link
i
a
b=j
(ab) is on the geodesics from node i to
node j, for all i's and j's (where i≠j). A
formula is derived here for this purpose
and is given below:
n

LAGab  

n



LAGab (i, j ) …. (1)

Case 1
( There are 5 geodesics from i to j.) (There are 8 paths
from i to j.) ( a is 3 times on the geodesics from i to j.)
( The link ab is 3 times on the geodesics from i to j.)

i 1 j 1( j i )

where;

where;
- LAGab: number of times link (ab)
appears on network's geodesics.
- LAGab(i,j): number of times link (ab)
is on the geodesics from node i to
node j.
- n: number of nodes in the network.
- NAG(i,j,b): number of times node b is
on the geodesics from node i to node
j, and similarly for the other NAGs.
Examples for the four cases or
possibilities covered by this formula are
shown in Figure (4).
The LAG formula (equation 1)
could be proved as follows:
i- If b=j, this means that node a is directly
linked to node j (i.e. distance from node a
to node j is 1), and so the link ab will
appear on the geodesics from i to j as
much as node a appears on these
geodesics because all the geodesics
passing from node i to node j through
node a have to pass through the unique
geodesic of length one, namely link ab.
This is given by: NAG(i, j, a).
ii- If a=i and b=j, then ab is a unique
geodesic of length one between node i and
node j. Hence, the link ab appears once
whenever node i approaches node j.

i=a

b

j

Case 2
( There are 5 geodesics from i to j.) (There are 8
paths from i to j.)( b is 2 times on the geodesics from
i to j.) (The link ab is 2 times on the geodesics from i
to j.)

b
i

j

a

Case 3:
( There are 8 geodesics from i to j.) ( There are 13
paths from i to j.) ( There are 2 geodesics from i to
a.) ( There are 2 geodesics from b to j.) ( The link ab
is 2×2 = 4 times on the geodesics from i to j.)

a=i

b=j

Case 4: ( There is 1geodesic from i to j.)( There is 1
path from i to j.)( The link ab is 1 time on the geodesic
from i to j.)

Figure (4): The four possible cases for
link ab appearance on the geodesics
between nodes i and j.
iii- If a≠i and b≠j, then for the link ab to
appear on the geodesics from node i to
node j, each of these geodesics must pass
through nodes a and b simultaneously.
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Hence, the number of appearances of link
ab depends on the number of times node a
appears on the geodesics from node i to
node j with the condition of passing
through node b, and on the number of
times node b appears on the geodesics
from node i to node j with the condition of
passing through node a. Based on this
mutual dependability, the number of times
link ab appears on the geodesics from
node i to node j is given by the number of
Figure (5): A 10 nodes network with a
appearances of node a on the geodesics
matrix showing the number of
between node i and node b, multiplied by
the number of appearances of node b on appearances of each link on the geodesics
for the network.
the geodesics between node a and node j,
or:
NAG(i,b,a) 5- Conclusions
Two new important mathematical models
× NAG(a,j,b).
iv- If a=i, this means that node b is related to network topology have been
directly linked to node i (i.e. distance from introduced here. The models are used to
node b to node i is 1), and so the link ab compute the number of appearances of
will appear on the geodesics from i to j as links and nodes on the geodesics between
much as node b appears on these nodes in a given network topology. The
geodesics, because all the geodesics two models have the following
passing from node i to node j through advantages:
node b have to pass through the unique - They could be used for many design
geodesic of length one, namely link ab. purposes such as, fair load distribution
among nodes and links, improving
This is given by: NAG (i, j, b).
Figure (5-b) shows the links number network reliability, and improving
of appearances on geodesics matrix for the network efficiency.
- Although the work concentrated on the
network of Figure (5-a).
usefulness of the models for fair load
distribution among nodes and links in
communication networks, the models
could be used for any other kind of
networks which could be represented by
nodes and links, and traffic networks is
just an example.
- The proposed properties could be used
when developing topology objectives for
topology optimization purpose.
- The models have been developed using
graph theory approach and so they are
backed up and powered by the tools,
ideas, and theorems of this field.
- The models are quite suitable for
programming purposes.
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rather than arithmetic multiplication,
between any given two points.
and
as
an
example:
The procedure for constructing the
distance
matrix N(D) from the adjacency
1  1  1  0  1  1  1 ).
3. N(D) only tells the length of the matrix will be illustrated for the graph
geodesic between two points, and does of Figure (6).
not tell how many geodesics are there

Figure (6): Constructing the distance matrix N(D) for graph D.
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