Raf. J. of Comp. & Math’s. , Vol. 9, No. 2, 2012

On iα - Open Sets
Amir A. Mohammed
College of Education
University of Mosul
Received on: 22/04/2012

Omar y. kahtab

Accepted on: 28/06/2012
اﻟﻤﻠﺨﺺ

A  اﻟﻤﺠﻤﻮﻋ ﺔ اﻟﺠﺰﺋﯿ ﺔ: ﻗﺪﻣﻨﺎ ﻧﻮﻋﺎ ﺟﺪﯾﺪا ﻣﻦ اﻟﻤﺠﺎﻣﯿﻊ اﻟﻤﻔﺘﻮﺣﺔ اﻟﻤﻌﺮﻓﺔ ﺑﺎﻟﺼﯿﻐﺔ اﻟﺘﺎﻟﯿﺔ،ﻓﻲ ھﺬا اﻟﺒﺤﺚ
 إذا وﺟ ﺪت ﻣﺠﻤﻮﻋ ﺔ ﺟﺰﺋﯿ ﺔ ﻓﻌﻠﯿ ﺔ ﻏﯿ ﺮ،iα- ( ﯾﻘﺎل ﻋﻨﮭﺎ ﻣﺠﻤﻮﻋ ﺔ ﻣﻔﺘﻮﺣ ﺔ ﻣ ﻦ اﻟﻨ ﻮعX , ) ﻣﻦ اﻟﻔﻀﺎء اﻟﺘﺒﻮﻟﻮﺟﻲ
 واﻟﺘﻄﺒﯿﻖ،iα- ﻛﺬﻟﻚ ﻗﺪﻣﻨﺎ ﻓﻜﺮة اﻟﺘﻄﺒﯿﻖ اﻟﻤﺴﺘﻤﺮ ﻣﻦ اﻟﻨﻮع. A  Cl ( A  O)  ﺑﺤﯿﺚ أنO  O( X ) ،O ﺧﺎﻟﯿﺔ
- واﻟﺘﻄﺒﯿ ﻖ ﺿ ﺪ، iα- و اﻟﺘﻄﺒﯿﻖ اﻟﻜﻠﻲ اﻟﻤ ﺴﺘﻤﺮ ﻣ ﻦ اﻟﻨ ﻮع،iα- واﻟﺘﻄﺒﯿﻖ اﻟﻤﺘﺮدد ﻣﻦ اﻟﻨﻮع،iα-اﻟﻤﻔﺘﻮح ﻣﻦ اﻟﻨﻮع
. ﻣ ﻊ ﺗﺤﻘﯿ ﻖ ﺑﻌ ﺾ اﻟﺨ ﺼﺎﺋﺺ ﻟﺘﻠ ﻚ اﻟﺘﻄﺒﯿﻘ ﺎتiα– اﻟﻤ ﺴﺘﻤﺮ ﻣ ﻦ اﻟﻨ ﻮع- واﻟﺘﻄﺒﯿ ﻖ ﺿ ﺪ، i- اﻟﻤ ﺴﺘﻤﺮ ﻣ ﻦ اﻟﻨ ﻮع
- واﻟﺘﻄﺒﯿﻘﺎت اﻟﻤﺮﺗﺒﻄﺔ ﻣﻊ ﺑﺪﯾﮭﯿﺎت اﻟﻔﺼﻞ ﻣ ﻦ اﻟﻨ ﻮعiα- ﻗﺪﻣﻨﺎ ﺑﻌﺾ ﺑﺪﯾﮭﯿﺎت اﻟﻔﺼﻞ ﻣﻦ اﻟﻨﻮع،ﺑﺎﻹﺿﺎﻓﺔ إﻟﻰ ذﻟﻚ
.iα
ABSTRACT
In this paper, we introduce a new class of open sets defined as follows: A subset
A of a topological space ( X , ) is called iα-open set, if there exists a non-empty subset
O of X, O  O( X ) , such that A  Cl ( A  O) . Also, we present the notion of iαcontinuous mapping, iα-open mapping, iα-irresolute mapping, iα-totally continuous
mapping, i-contra-continuous mapping, iα-contra-continuous mapping and we
investigate some properties of these mappings. Furthermore, we introduce some iαseparation axioms and the mappings are related with iα-separation axioms.
1 Introduction and Preliminaries
A Generalization of the concept of open sets is now well-known important
notions in topology and its applications. Levine [7] introduced semi-open set and semicontinuous function, Njastad [8] introduced α-open set, Askander [15] introduced iopen set, i-irresolute mapping and i-homeomorphism, Biswas [6] introduced semi-open
functions, Mashhour, Hasanein, and El-Deeb [1] introduced α-continuous and α-open
mappings, Noiri [16] introduced totally (perfectly) continuous function, Crossley [11]
introduced irresolute function, Maheshwari [14] introduced α-irresolute mapping,
Beceren [17] introduced semi α-irresolute functions, Donchev [4] introduced contra
continuous functions, Donchev and Noiri [5] introduced contra semi continuous
functions, Jafari and Noiri [12] introduced Contra-α-continuous functions, Ekici and
Caldas [3] introduced clopen-T1, Staum [10] introduced, ultra hausdorff, ultra normal,
clopen regular and clopen normal, Ellis [9] introduced ultra regular, Maheshwari [13]
introduced s-normal space, Arhangel [2] introduced α-normal space. The main aim of
this paper is to introduce and study a new class of open sets which is called iα-open set
and we present the notion of iα-continuous mapping, iα-totally continuity mapping and
some weak separation axioms for iα-open sets. Furthermore, we investigate some
properties of these mappings. In section 2, we define iα-open set, and we investigate the
relationship with, open set, semi-open set, α-open set and i-open set. In section 3, we
present the notion of iα-continuous mapping, iα-open mapping, iα-irresolute mapping
and iα-homeomorphism mapping, and we investigate the relationship between iαcontinuous mapping with some types of continuous mappings, the relationship between
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iα-open mapping, with some types of open mappings and the relationship between iαirresolute mapping with some types of irresolute mappings. Further, we compare iαhomeomorphism with i-homeomorphism. In section 4, we introduce new class of
mappings called iα-totally continuous mapping and we introduce i-contra-continuous
mapping and iα-contra-continuous mapping. Further, we study some of their basic
properties. Finally in section 5, we introduce new weak of separation axioms for iαopen set and we conclude iα-continuous mappings related with iα-separation axioms.
Throughout this paper, we denote the topology spaces ( X , ) and (Y , ) simply by X and
Y respectively. We recall the following definitions, notations and characterizations. The
closure (resp. interior) of a subset A of a topological space X is denoted by Cl ( A) (resp.
Int (A) ).
Definition 1.1 A subset A of a topological space X is said to be
(i) semi-open set, if O   such that O  A  Cl (O) [7]
(ii)  –open set, if A  Int (Cl ( Int ( A))) [8]
(iii) i-open set, if A  Cl ( A  O) , where O   and O  X ,  [15]
(iv) clopen set, if A is open and closed.
The family of all semi-open (resp. α-open , i-open, clopen) sets of a topological space is
denoted by SO(X)(resp. αO(X), iO(X), CO(X)). The complement of semi-open (resp. αopen, i-open) sets of a topological space X is called semi-closed (resp. α-closed, iclosed) sets.
Definition 1.2 Let X and Y be a topological spaces, a mapping f : X  Y is said to be
(i) semi-continuous [7] if the inverse image of every open subset of Y is semi-open set
in X.
(ii) α-continuous [1] if the inverse image of every open subset of Y is an α-open set in X.
(iii) i-continuous [15] if the inverse image of every open subset of Y is an i-open set in X.
(iv) totally (perfectly) continuous [16] if the inverse image of every open subset of Y is
clopen set in X.
(v) irresolute [11] if the inverse image of every semi-open subset of Y is semi-open
subset in X.
(vi) α-irresolute [14] if the inverse image of every α-open subset of Y is an α-open subset
in X .
(vii) semi α-irresolute [17] if the inverse image of every α-open subset of Y is semiopen subset in X.
(viii) i-irresolute [15] if the inverse image of every i-open subset of Y is an i-open subset
in X.
(ix) contra-continuous [4] if the inverse image of every open subset of Y is closed set in
X.
(x) contra semi continuous [5] if the inverse image of every open subset of Y is semiclosed set in X.
(xi) contra α-continuous [12] if the inverse image of every of open subset of Y is an αclosed set in X.
(xii) semi-open [6] if the image of every open set in X is semi-open set in Y.
(xiii) α-open [1] if the image of every open set in X is an α-open set in Y.
(xiv) i-open [15] if the image of every open set in X is an i-open set in Y.
Definition 1.3 Let X and Y be a topology space, a bijective mapping f : X  Y is said
to be i-homeomorphism [15] if f is an i-continuous and i-open.
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Lemma 1.4 Every open set in a topological space is an i-open set [15].
Lemma 1.6 Every semi-open set in a topological space is an i-open set [15].
Lemma 1.8 Every α-open set in a topological space is an i-open set [15].
2 Sets That are iα-Open Sets and Some Relations With Other Important Sets
In this section, we introduce a new class of open sets which is called iα-open set
and we investigate the relationship with, open set, semi-open set, α-open set and i-open
set.
Definition 2.1 A subset A of the topological space X is said to be iα-open set if there
exists a non-empty subset O of X, O  O ( X ) , such that A  Cl ( A  O ) . The
complement of the iα-open set is called iα-closed. We denote the family of all iα-open
sets of a topological space X by iαO(X).
Example 2.2
Let X={a,b,c}, τ={Ø,{b},{b,c},X}, SO(X) =αO(X) ={Ø,{b}, {a,b},{b,c},X}and
iαO(X)={Ø,{a},{b},{c},{a,b},{a,c},{b,c},X}. Note that SO(X) = αO(X)  iαO(X).
Example 2.3
Let X={a,b,c,d}, τ={Ø,{a,d},{b,c},X}=αO(X), iαO(X)={Ø,{a},{b},{c},{d},{a,d},{b,c},
X}.
Example 2.4
Let X={a,b,c}, τ={Ø,{a},{b},{a,b},X} iαO(X)={Ø,{a},{b},{a,b},{a,c},{b,c},X}.
Lemma 2.5 Every i-open set in any topological space is an iα-open set.
Proof. Let X be any topological space and A  X be any i-open set. Therefore,
A  Cl ( A  O ) , where O  and O  X ,  . Since, every open is an α-open[8], then
O  O ( X ) . We obtain A  Cl ( A  O ) , where O O(X ) and O  X ,  . Thus, A
is an iα-open set■ The following example shows that iα-open set need not be i-open set
Example 2.6 Let X ={1,2,3,4}, τ={Ø,{4},X}, iO(X)={Ø,{4},{1,4},{2,4},{3,4},{1,2,4},
{1,3,4},{2,3,4},X}  iαO(X){ ,{1},{2},{3},{4},{1,2},{1,3,},{1,4},{2,3},{2,4},{3,4},
{1,2,3},{1,2,4},{1,3,4},{2,3,4},X}.
Remark 2.7
(i) The intersection of iα-open sets is not necessary to be iα-open set as shown in the
example 2.4.
(ii) The union of iα-open set is not necessary to be iα-open set as shown in the example
2.3.
3 Mappings That are iα-Continuous and iα-Homeomorphism
In this section, we present the notion of iα-continuous mapping, iα-irresolute
mapping and iα-homeomorphism mapping.
Definition 3.1 Let X, Y be a topological spaces, a mapping f : X  Y is said to be iαcontinuous, if the inverse image of every open subset of Y is an iα-open set in X.
Example 3.2 Let X=Y={a,b,c}, τ={Ø,{b},{c},{b,c},X}, iαO(X)={Ø,{b},{c},{a,b},
{a,c},{b,c},X} and σ={Ø,{a,b},X}. Clearly, the identity mapping f : X  Y is an iαcontinuous.
Proposition 3.3 Every i-continuous mapping is an iα-continuous.
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Proof. Let f : X  Y be an i-continuous mapping and V be any open subset in Y. Since,
f is an i-continuous, then f -1(V) is an i-open set in X. Since, every i-open set is an iαopen set by lemma 2.5, then f -1(V) is an iα-open set in X . Therefore, f is an iαcontinuous ■
Remark 3.4 The following example shows that iα-continuous mapping need not be
continuous, semi-continuous, α-continuous and i-continuous mappings.
Example 3.5 Let X={a,b,c} and Y={1,2,3}, τ={Ø,{b},X}, SO(X)=αO(X)=iO(X)=
{Ø,{b},{a,b},{b,c},X}, iαO(X)={ Ø,{a},{b},{c},{a,b},{a,c},{b,c},X}, σ={Ø,{2},Y}. A
mapping f : X  Y is defined by f{a}={2}, f{b}={1}, f{c}={3}. Clearly, f is an iαcontinuous, but f is not continuous, f is not semi-continuous, f is not α-continuous and
f is not i-continuous because for open subset {2},
f-1{2}={a}τ and f -1{2}={a}SO(X)=αO(X)=iO(X).
Definition 3.6 Let X and Y be a topological space, a mapping f : X  Y is said to be
iα-open, if the image of every open set in X is an iα-open set in Y.
Example 3.7 Let X=Y{a,b,c}, τ={Ø,{b,c},X}, σ={Ø,{a},Y}, and iαO(Y)={Ø,{a},{b},
{c},{a,b},{a,c},{b,c},Y}. Clearly, the identity mapping f : X  Y is an iα-open.
Proposition 3.8 Every i-open mapping is an iα-open.
Proof. Let f : X  Y be an i-open mapping and V be any open set in X. Since, f is an
i-open, then f (V) is an i-open set in Y. Since, every i-open set is an iα-open set by
lemma 2.5, then f (V)is an iα-open set in Y. Therefore, f is an iα-open ■
Remark 3.9 The following example shows that iα-open mapping need not be open,
semi-open, α-open and i-open mappings.
Example3.10 Let Let X=Y={1,2,3}, τ={Ø,{3},X} σ={Ø,{1},Y},SO(Y)=αO(Y)=iO(Y),
={Ø,{1},{1,2},{1,3},Y}, iαO(Y)={Ø,{1},{2},{3},{1,2},{1,3},{2,3},Y}. A mapping
f : X  Y is defined by f(1)=2, f(2)=1, f(3)=3. Clearly, f is an iα-open, but f is not
open, f is not semi-open, f is not α-open and f is not i-open because for open subset{3},
f -1{3}={3}σ and f -1{3}={3}SO(Y)=αO(Y)=iO(Y) .
Definition 3.11 Let X and Y be a topological space, a mapping f : X  Y is said to be
iα-irresolute, if the inverse image of every iα-open subset of Y is an iα-open subset in X.
Example 3.12 Let X=Y={a,b,c}, τ={Ø,{b},X},iαO(X)={Ø,{a},{b},{c},{a,b},{a,c},
{b,c},X}, σ={Ø,{c},Y} and iαO(Y)={Ø,{a},{b},{c},{a,b},{a,c},{b,c},Y}. Clearly, the
identity mapping f : X  Y is an iα-irresolute.
Proposition 3.13 Every i-irresolute mapping is an iα-irresolute.
Proof. Let f : X  Y be an i-irresolute mapping and V be any iα-open set in Y. Since,
f is an i-irresolute, then f -1(V) is an i-open set in X. Hence, iα-open set in X by lemma
2.5. Therefore, f is an iα-irresolute■
Remark 3.14 The following example shows that iα-irresolute mapping need not be
irresolute, semi α-irresolute, α-irresolute and i-irresolute mappings.
Example 3.15 Let X=Y={a,b,c}, τ={Ø,{a},X}, SO(X)=αO(X)=iO(X)={Ø,{a},{a,b},
{a,c},X}, iαO(X)={Ø,{a},{b},{c},{a,b},{a,c},{b,c},X}, σ={Ø,{c},Y}, SO(Y)=αO(Y)=
iO(Y)={Ø,{c},{a,c},{b,c},Y} and iαO(Y)={Ø,{a},{b},{c},{a,b},{a,c},{b,c},Y}. Clearly,
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the identity mapping f : X  Y is an iα-irresolute, but f is not irresolute, f is not αirresolute, f is not semi α-irresolute and f is not i-irresolute because for semi-open, αopen and i-open subset {c}, f -1{c}={c}SO(X)=αO(X)=iO(X).
Proposition 3.16 Every iα-irresolute mapping is an iα-continuous.
Proof. Let f : X  Y be an iα-irresolute mapping and V be any open set in Y. Since,
every open set is an iα-open set. Since, f is an iα-irresolute, then f -1(V) is an iα-open
set in X. Therefore f is an iα- continuous■ The converse of the above proposition need
not be true as shown in the following example
Example 4.17 Let X=Y={a,b,c}, τ={Ø,{a,b},X}, iαO(X)={Ø,{a},{b},{a,b},{a,c},{b,c}
,X}, σ={Ø,{a,c},Y} and iαO(Y)={Ø,{a},{b},{c},{a,b},{a,c},{b,c},Y}. Clearly, the
identity mapping f : X  Y is an iα-continuous, but f is not iα-irresolute because for iαopen set {c}, f -1{c}={c}iαO(X).
Definition 3.18 Let X and Y be a topological space, a bijective mapping f : X  Y is
said to be iα-homeomorphism if f is an iα-continuous and iα-open.
Theorem 3.19 If f : X  Y is an i-homomorphism, then
homomorphism.

f : X Y

is an iα-

Proof. Since, every i-continuous mapping is an iα-continuous by proposition 3.3. Also,
since every i-open mapping is an iα-open 3.8. Further, since f is bijective. Therefore, f is
an iα-homomorphism ■ The converse of the above theorem need not be true as shown
in the following example
Example 3.20
Let X=Y={a,b,c}, τ={Ø,{a},X}, iO(X)={Ø,{a},{a,b},{a,c},X}, αO(X)={Ø,{a},{b},{c},
{a,b},{a,c},{b,c},X}, σ={Ø,{b},Y}, iO(Y)={Ø,{b},{a,b},{b,c},Y} and iαO(Y)={Ø,{a},
{b},{c},{a,b},{a,c},{b,c},Y}.Clearly, the identity mapping f : X  Y is an iαhomomorphism, but it is not i-homomorphism because f is not i-continuous, since for
open subset {b}, f -1{b}={b}iO(X).
4 Mappings That are iα-Totally Continuous and iα-Contra-Continuous
In this section, we introduce new classes of mappings called iα-totally
continuous, i-contra-continuous and iα-contra-continuous.
Definition 4.1 Let X and Y be a topological space, a mapping f : X  Y is said to be iαtotally continuous, if the inverse image of every iα-open subset of Y is clopen set in X.
Example 4.2 Let X=Y={a,b,c}, τ={Ø,{a},{b,c},X}, σ={Ø,{a},Y} and iαO(Y)={Ø,{a},
{b},{c},{a,b},{a,c},{b,c},Y}. The mapping f : X  Y is defined by f{a}={a},
f{b}=f{c}=b. Clearly, f is an iα-totally continuous mapping.
Theorem 4.3 Every iα-totally continuous mapping is totally continuous.
Proof. Let f : X  Y be iα-totally continuous and V be any open set in Y. Since, every
open set is an iα-open set, then V is an iα-open set in Y. Since, f is an iα-totally
continuous mapping, then f -1(V) is clopen set in X. Therefore, f is totally continuous■
The converse of the above theorem need not be true as shown in the following example
Example 4.4 Let X=Y={a,b,c}, τ={Ø,{a},{b,c},X} σ={Ø,{a},Y} and iαO(Y)={Ø,{a},
{b},{c},{a,b},{a,c},{b,c},Y}. Clearly, the identity mapping f : X  Y is totally
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continuous, but f is not iα-totally continuous because for iα-open set {a,c},
f -1{a,c}={a,c}CO(X).
Theorem 4.5 Every iα-totally continuous mapping is an iα-irresolute.
Proof. Let f : X  Y be iα-totally continuous and V be an iα-open set in Y. Since, f is
an iα-totally continuous mapping, then f -1(V) is clopen set in X, which implies f -1(V)
open, it follow f -1(V) iα-open set in X. Therefore, f is an iα-irresolute■ The converse of
the above theorem need not be true as shown in the following example
Example 4.6 Let X=Y={1,2,3}, τ={Ø,{2},X}, iαO(X)={Ø,{1},{2},{3},{1,2},{1,3},{2},
{3},{1,2},{1,3},{2,3},X} σ={Ø,{1,2},Y} and iαO(Y)={Ø,{1},{2},{1,2},{1,3},{2,3},
Y}. Clearly, the identity mapping f : X  Y is an iα-irresolute, but f is not iα-totally
continuous because for iα-open subset{1,3}, f -1{1,3}={1,3}CO(X).
Theorem 4.7 The composition of two iα-totally continuous mapping is also iα-totally
continuous.
Proof. Let f : X  Y and g : Y  Z be any two iα-totally continuous. Let V be any iαopen in Z. Since, g is an iα-totally continuous, then g -1(V) is clopen set in Y, which
implies f -1(V) open set, it follow f -1(V) iα-open set. Since, f is an iα-totally continuous,
then f -1( g -1(V))=(g o f )-1(V) is clopen in X. Therefore, gof : X  Z is an iα-totally
continuous■
Theorem 4.8 If f : X  Y be an iα-totally continuous and g : Y  Z be an iαirresolute, then gof : X  Z is an iα-totally continuous.
Proof. Let f : X  Y be iα-totally continuous and g : Y  Z be iα-irresolute . Let V
be iα-open set in Z. Since, g is an iα-irresolute, then g -1(V) is an iα-open set in Y. Since,
f is an iα-totally continuous, then f -1(( g -1 (V))=(g o f )-1(V) is clopen set in X. Therefore,
gof : X  Z is an iα-totally continuous■
Theorem 4.9 If f : X  Y is an iα-totally continuous and g : Y  Z is an iαcontinuous, then gof : X  Z is totally continuous.
Proof. Let f : X  Y be iα-totally continuous and g : Y  Z is an iα-continuous . Let
V be an open set in Z. Since, g is an iα-continuous, then g -1(V) is an iα-open set in Y.
Since, f is an iα-totally continuous, then f -1(g-1(V))=(g o f )-1(V) is clopen set in X.
Therefore, gof : X  Z is totally continuous■
Definition 4.10 Let X, Y be a topological spaces, a mapping f : X  Y is said to be iαcontra-continuous (resp. i-contra-continuous), if the inverse image of every open subset
of Y is an iα-closed (resp. i-closed) set in X.
Example 4.11 Let X=Y={a,b,c},τ={Ø,{a},X}, σ={Ø,{c},Y} and iαO(X)={Ø,{a},{b},
{c},{a,b},{a,c},{b,c},X}. Clearly, the identity mapping f : X  Y is an i-contracontinuous and iα-contra-continuous.
Proposition 4.12 Every contra-continuous mapping is an i-contra-continuous.
Proof. Let f : X  Y be contra continuous mapping and V any open set in Y. Since, f is
contra continuous, then f -1(V) is closed sets in X. Since, every closed set is an i-closed
set, then f -1(V) is an i-closed set in X. Therefore, f is an i-contra-continuous■ Similarly
we have the following results.
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Proposition 4.13 Every contra semi-continuous mapping is an i-contra-continuous.
Proof. Clear since every semi-open set is an i-open set■
Proposition 4.14 Every contra α-continuous mapping is an i-contra-continuous.
Proof. Clear since every α-open set is an i-open set■ The converse of the propositions
4.12, 4.13 and 4.14 need not be true in general as shown in the following example
Example 4.15 Let X=Y={a,b,c}, τ={Ø,{a,c},X}, iO(X)={Ø,{a},{c},{a,b},{a,c},{b,c},
X} and σ={Ø,{c},Y}. Clearly, the identity mapping f : X  Y is is an i-contra
continuous, but f is not contra-continuous, f is not contra semi-continuous, f is not contra
α-continuous because for open subset f -1{c}={c} is not closed in X, f -1{c}={c}is not
semi-closed in X and f -1{c}={c}is not α-closed in X.
Proposition 4.16 Every i-contra-continuous mapping is an iα-contra-continuous.
Proof. Let f : X  Y be an i-contra continuous mapping and V any open set in Y.
Since, f is an i-contra continuous, then f -1(V) is an i-closed sets in X. Since, every iclosed set is an iα-closed, then f -1(V) is an iα-closed set in X. Therefore, f is an iαcontra-continuous■
Remark 4.17 The following example shows that iα-contra-continuous mapping need
not be contra-continuous, contra semi-continuous, contra-α-continuous and i-contracontinuous mappings.
Example 4.18 Let X=Y={a,b,c}, τ={Ø,{a},X}, SO(X)=αO(X)=iO(X)={Ø,{a},{a,b},
{a,c},X}, iαO(X)= {Ø,{a},{b},{c},{a,b},{a,c},{b,c},X}, σ={Ø,{c}, Y}. A mapping
f : X  Y is defined by f (a)=c, f(b)=b, f(c)=a. Clearly, f is an iα-contra-continuous,
but f is not contra-continuous, f is not contra semi continuous, f is not contra αcontinuous and f is not i-contra-continuous because for open subset {c}, f -1{c}={a} is
not closed,f -1{c}={a} is not semi-closed , f -1{c}={a} is not α-closed and f -1{c}={a} is
not i-closed in X.
Theorem 4.19 Every totally continuous mapping is an iα-contra continuous.
Proof. Let f : X  Y be totally continuous and V be any open set in Y. Since, f is
totally continuous mapping, then f -1(V) is clopen set in X, and hence closed, it follows
iα-closed set. Therefore, f is an iα-contra-continuous■ The converse of the above
theorem need not be true as shown in the following example
Example 4.20 Let X=Y={a,b,c}, τ={Ø,{c},X}, σ={Ø,{a},Y} and iαO(X)={Ø,{a},{b},
{c},{a,b},{a,c},{b,c},X}. Clearly, the identity mapping f : X  Y is an iα-contracontinuous, but f is not totally continuous because for open subset f -1{a}={a}CO(X).
5 Separation Axioms with iα-open Set
In this section, we introduce some new weak of separation axioms with iα-open sets.
Definition 5.1 A topological space X is said to be
(i) iα-To if for each pair distinct points of X, there exists iα-open set containing one
point but not the other.
(ii) iα-T1 (resp. clopen -T1 [3]) if for each pair of distinct points of X, there exists two iαopen (resp. clopen) sets containing one point but not the other .
(iii)iα-T2 (resp. ultra hausdorff (UT2)[10]) if for each pair of distinct points of X can be
separated by disjoint iα-open (resp. clopen ) sets.
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(iv) iα–regular (resp. ultra regular [9]) if for each closed set F not containing a point in X
can be separated by disjoint iα-open (resp. clopen) sets.
(v) clopen regular [10] if for each clopen set F not containing a point in X can be
separated by disjoint open sets.
(vi) iα–normal (resp. ultra normal[10], s-normal[13], α-normal[2]) if for each of nonempty disjoint closed sets in X can be separated by disjoint iα-open (resp. clopen, semiopen, α-open) sets.
(vii) clopen normal [10] if for each of non-empty disjoint clopen sets in X can be
separated by disjoint open sets.
(viii) iα-T1/2 if every iα-closed is i-closed in X.
Remark 5.2 The following example shows that iα-normal need not be normal, snormal, α-normal spaces
Example 5.3 Let X={1,2,3,4,5}, τ={Ø,{1,2,3},{1,2,3,4},{1,2,3,5},X} and iαO(X)=
{Ø,{1},{2},{3},{4},{5},{1,2},{1,3},{1,4},{1,5},{2,3},{2,4},{2,5},{3,4},{3,5},{4,5},
{1,2,3},{1,2,4},{1,2,5},{1,3,4},{1,3,5},{1,4,5},{2,3,4},{2,3,5},{2,4,5},{3,4,5},{1,2,3,4
},{1,2,3,5},{1,3,4,5},{1,2,4,5},{2,3,4,5},X}. Clearly, the space X is iα-To, iα-T1, iα-T2,
iα–regular, iα–normal and iα-T1/2, but X is not normal, s-normal and α-normal.
Theorem 5.4 if a mapping f : X  Y is an iα-contra–continuous mapping and the
space X is an iα-T1/2, then f is an i-contra-continuous.
Proof. Let f : X  Y iα-contra–continuous mapping and V is any open set in Y.
Since, f is an iα-contra-continuous mapping, then f -1(V) is an iα-closed in X. Since, X is
an iα-T1/2, then f -1(V) is i-closed in X. Therefore, f is an i-contra-continuous■
Theorem 5.5 If f : X  Y is an iα-totally continuous injection mapping and Y is an iαT1, then X is clopen-T1.
Proof. Let x and y be any two distinct points in X. Since, f is an injective, we have f (x)
and f (y)  Y such that f (x)≠ f (y). Since, Y is an iα-T1, there exists iα-open sets U and V
in Y such that f (x)  U, f (y) U and f (y)  V, f (x) V. Therefore, we have x  f 1
(U),yf--1(U) and y  f--1(V) and xf--1(V), where f--1(U) and f--1(V) are clopen subsets
of X because f is an iα-totally continuous. This shows that X is clopen-T1■
Theorem 5.6 If f : X  Y is an iα-totally continuous injection mapping and Y is an iαTo, then X is ultra-Hausdorff (UT2).
Proof. Let a and b be any pair of distinct points of X and f be an injective, then f (a)≠ f
(b) in Y. Since Y is an iα-To, there exists iα-open set U containing f (a) but not f (b),
then we have a  f--1(U) and bf--1(U). Since, f is an iα-totally continuous, then f--1(U) is
clopen in X. Also a  f--1(U) and b  X-f--1(U). This implies every pair of distinct points of
X can be separated by disjoint clopen sets in X. Therefore, X is ultra-Hausdorff■
Theorem 5.7 Let f : X  Y be a closed iα-continuous injection mapping. If Y is an iα–
normal, then X is an iα–normal.
Proof. Let F1and F2 be disjoint closed subsets of X. Since, f is closed and injective, f
(F1) and f (F2) are disjoint closed subsets of Y. Since, Y is an iα–normal , f (F1) and f
(F2) are separated by disjoint iα-open sets V1 and V2 respectively. Therefore, we obtain,
F1  f--1(V1) and F2  f--1(V2). Since, f is an iα-continuous, then f--1(V1) and f--1(V2) are
iα-open sets in X. Also, f--1(V1)∩ f--1(V1)= f--1(V1∩V2)= Ø. Thus, for each pair of non-
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empty disjoint closed sets in X can be separated by disjoint iα-open sets. Therefore, X is
an iα–normal ■
Theorem 5.8 If f : X  Y is an iα-totally continuous closed injection mapping and Y
is an iα–normal, then X is ultra-normal.
Proof. Let F1and F2 be disjoint closed subsets of X. Since, f is closed and injective, f
(F1) and f (F2) are disjoint closed subsets of Y. Since, Y is an iα–normal , f (F1) and f
(F2) are separated by disjoint iα-open sets V1and V2 respectively. Therefore, we obtain,
F1  f--1(V1) and F2  f--1(V2). Since, f is an iα-totally continuous, then f--1(V1) and f--1(V2)
are clopen sets in X. Also, f--1(V1)∩ f--1(V2)= f--1(V1 ∩V2)= Ø. Thus, for each pair of nonempty disjoint closed sets in X can be separated by disjoint clopen sets in X. Therefore,
X is ultra-normal■
Theorem 5.9 Let f : X  Y be a totally continuous closed injection mapping, if Y is
an iα–regular, then X is ultra-regular.
Proof. Let F be a closed set not containing x. Since, f is closed, we have f (F) is a closed
set in Y not containing f (x). Since, Y is an iα–regular, there exists disjoint iα-open sets A
and B such that f (x)  A and f (F)  B, which imply x  f--1(A) and F  f--1(B), where f-1
(A) and f--1(B) are clopen sets in X because f is totally continuous. Moreover, since f
is an injective, we have f--1(A) ∩ f--1(B)= f--1(A∩B)= f--1(Ø)= Ø. Thus, for a pair of a
point and a closed set not containing a point in X can be separated by disjoint clopen
sets. Therefore, X is ultra-regular■
Theorem 5.10 If f : X  Y is totally continuous injective iα-open mapping from a
clopen regular space X into a space Y, then Y is an iα–regular.
Proof. Let F be a closed set in Y and yF. Take y =f (x). Since, f is totally continuous,
f--1(F) is clopen in X. Let G=f--1(F), then we have xG. Since, X is clopen regular, there
exists disjoint open sets U and V such that G  U and x  V. This implies F= f (G)  f (U)
and y =f(x)  V. Further, since f is an injective and iα-open, we have f (U) ∩f (V)= f
(U∩V)= f (Ø)= Ø, f (U) and f (V) are an iα-open sets in Y. Thus, for each closed set F in
Y and each y F, there exists disjoint iα-open sets f (U) and f (V) in Y such that F  f (U)
and y  f (V). Therefore, Y is an iα–regular■
Theorem 5.11 If f : X  Y is a totally continuous injective and iα-open mapping from
clopen normal space X into a space Y, then Y is an iα–normal.
Proof. Let F1and F2 be any two disjoint closed sets in Y. Since, f is totally continuous,
f--1(F1) and f--1(F2) are clopen subsets of X. Take U= f--1(F1) and V= f--1(F2). Since, f is
an injective, we have.U∩V= f--1(F1)∩f--1(F2)= f--1(F1∩ F2)=f--1(Ø)= Ø. Since, X is clopen
normal, there exists disjoint open sets A and B such that U  A and V  B. This implies
F1=f (U)  f (A) and F2=f (V)  f (B). Further, since f is an injective iα-open, then f (A)
and f(B) are disjoint iα-open sets. Thus, each pair of disjoint closed sets in Y can be
separated by disjoint iα-open sets. Therefore, Y is an iα–normal■
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